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PREFACE 


A non-linear wave is one of the fundamental objects of nature. They are inherent to 
aerodynamics and hydrodynamics, solid state physics and plasma physics, optics and 
field theory, chemistry reaction kinetics and population dynamics, nuclear physics and 
gravity. All non-linear waves can be divided into two parts: dispersive waves and 
dissipative ones. The history of investigation of these waves has been lasting about two 
centuries. In 1834 J.S. Russell discovered the extraordinary type of waves without the 
dispersive broadening. In 1965 N.J. Zabusky and M. D. Kruskal found that the 
Korteweg-de Vries equation has solutions of the solitary wave form. This solitary wave 
demonstrates the particle-like properties, i.e., stability under propagation and the elastic 
interaction under collision of the solitary waves. These waves were named solitons. In 
succeeding years there has been a great deal of progress in understanding of soliton 
nature. Now solitons have become the primary components in many important problems 
of nonlinear wave dynamics. It should be noted that non-linear optics is the field, where 
all soliton features are exhibited to a great extent. 

This book had been designed as the tutorial to the theory of non-linear waves in 
optics. The first version was projected as the book covering all the problems in this 
field, both analytical and numerical methods, and results as well. However, it became 
evident in the process of work that this was not a real task. The project had be reduced 
at least at the first stage. So we will dwell on the basic aspects of the theory, on the 
analytical methods and on the non-dissipative phenomena. Nevertheless, the work 
appeared to have been more bulky than it was expected to be. Besides, there exist 
remarkable books embracing some of the problems listed above. So, we have restricted 
ourselves to the fundamental and up-to-date problems which hold interest nowadays. 
We shall also consider only one-dimensional waves. The book has grown out of a series 
of lectures delivered to graduate students and post-graduates in the frame of the courses 
“Photonics” “Quantum Electronics’, “Nonlinear and Integrated Optics” and “Quantum 
optics” in the Moscow Engineering Physics Institute. 

This book has the following structure. Chapter 1 is devoted to the basic 
mathematical aspects of non-linear optics theory. In general case all optical processes 
can be regarded either as resonant or non-resonant ones. The non-resonant processes are 
described in terms of non-linear susceptibilities contained in the Maxwell equations or 
reduced Maxwell equations. Moreover, the responsibility of the resonant medium 
should be considered in the frame of the density matrix formalism leading to the 
Maxwell-Bloch equations or to generalisation of these equation. We derive in a unified 
manner the basic equations describing both non-resonant and resonant processes by 
means of unitary transformation of initial atomic Hamiltonian. The broad class of 
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resonant phenomena arises from the coherent transient processes. They are considered 
in Chapter 2. There is optical nutation, free induction decay, photon echoes, and 
superfluorescence. General characteristic of all these phenomena is the short time 
duration in relation to the relaxation times of the resonant medium. The coherent 
transient phenomena are often discussed in the case of an optical thin medium, where 
the propagation effects are of minor importance. If one considers the optical wave 
propagation in long-haul medium, for instance, optical fibres, then the space-time 
variations of the envelope wave become an essential feature of the processes under 
consideration. The greatest advance in the non-linear wave theory was made after the 
discovery of the powerful method of non-linear evolution equations analysis by 
C.S.Gardner, J.M.Greene, M.D.Kruskal, and R.M.Miura in 1967. Chapter 3 has been 
written to sketch out the method named inverse scattering transform method or the 
method of inverse scattering problem. In the following chapters we shall exploit this 
effective technique to obtain useful results. 

The self-induced transparency phenomenon sets the bright example of an important 
role of solitons in non-linear optics. The self-induced transparency theory by McCall- 
Hahn and several generalisations of this theory are represented in Chapter 4. The 
advance in the investigation of the ultra-short pulse propagation (when the self-induced 
transparency takes the place) has been achieved under consideration of the pulses of the 
polarised radiation. A self-induced transparency phenomenon at the two-photon 
resonance condition is the non-trivial example of the coherent pulse propagation too. 
More complicated examples of the ultra-short propagation are considered in Chapter 5. 
The steady-state solitary waves in these examples are not solitons in the strict sense. 
However, such pulses are often referred to as optical solitons. 

The non-linear wave propagation in non-resonant medium also occupies an 
important place in non-linear optics. Nowadays the optical solitons propagation in fibres 
has attracted considerable attention. The number of important results in this field are 
represented in Chapter 6. The picosecond and femtosecond pulses, two- and multi- 
component solitons have been treated. The bright illustration of the effective application 
of the inverse scattering transform method yields the problem of the soliton formation 
from the initially chirped pulses. Here we have restricted ourselves to several exactly 
analytical approaches to investigate solitary wave propagation. As an example of the 
approximate method, we consider the variational approach to the studies of the pulse 
envelope evolution. The role of higher nonlinearity and birefringence of the fibres can 
be studied in the frame of this method. 

The classical problem of non-linear optics is the parametric interaction of waves. 
The harmonic generation, stimulated by both Raman and Brillouin scattering, 
parametric amplifications, sum-frequency mixing, and four-wave mixing have been the 
subject of many investigations in this field. Three- and four-wave parametric 
interactions theory is represented in Chapter 7. The three-wave interaction process is of 
particular interest because it gives us a new instance of the application of the inverse 
scattering transform method to non-linear system without any dispersion. 

A new field of the non-linear optics is non-linear integrated optics. The parametric 
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interactions and coherent transient phenomena there can be considered similarly to the 
case of the bulk medium. The specific feature of non-linear integrated optics is the 
existence of the surface and guided waves. We shall discuss these waves in Chapter 8. 
The non-linear wave in the directed couplers and the wave in the distributed feedback 
structures are also worthy of our attention. The coherent transient phenomena, optical 
bistability and parametric wave interaction into the thin film of resonant atoms at the 
interference of two linear dielectrics have been the subject of the recent investigation in 
integrated optics. These phenomena are considered in Chapter 9. We present here an 
example of the application of the inverse scattering transform method to a system of 
ordinary differential equations. 

At the beginning of each chapter there is a summary of the results obtained in the 
theory of the considered phenomena. Here we also try to represent the references review 
as completely as possible. Several important theoretical approaches to problems of non- 
linear optics are represented in Appendixes. 

We are particularly grateful to Dr. S.O. Elyutin, who has read the manuscript of this 
book. The text has been greatly improved by his criticism. We would like to express 
sincere respect to Pr. Е.А. Manykin and Pr. А.Т. Alekseev, who encouraged our interest 
in the problems of non-linear optics and non-linear wave phenomena. We are also 
thankful to our colleagues for helpful remarks. 


November, 1998 А.Т. Maimistov, 
A.M. Basharov 


CHAPTER 1 


BASIC EQUATIONS 


The theoretical analysis of various coherent optical effects in gas media, liquids, dielec- 
trics, semiconductors in exciton spectrum bands can be carried out semiclassically by 
use of classical Maxwell equations for electromagnetic fields and quantum-mechanical 
equation for atomic density matrix [1-3]. For non-magnetic media without carriers of 
current, which we will consider, the Maxwell equations reduce to a wave equation for 


an electric field strength Е: 
1a 2—4 д?Р 
с? ot с? or 
div(E+4nP)=0, 


+ graddiv E , (1.0.1) 


where the vector of polarisation of a medium (the dipole momentum of a unit volume) 
P=Sp(pd) (1.0.2) 


is determined by a density matrix p and atomic dipole moment operator 4. We nor- 
malise the density matrix to makeSpp be a density of atoms in the unit volume. The 
equation for density matrix (or master equation) in the electric-dipole approximation is 
given by 


nf aT p= (ts Ba)o-p et Ea) (1.0.3) 


where we neglect the difference between macroscopic field E and microscopic field 
acting on atom. This difference can be taken into account by the Lorentz field. In a non- 
resonant case it reduces to a simple factor in optical susceptibility (see sec. 1.2.2). In 
resonant interactions Lorentz field sometimes provides an essentially new effect (see 
section 9.2.5). Phenomenological account of the Lorentz field consists in the replace- 


ment of Ё in eq.(1.0.3) by E + Zep , where factor & (the Lorentz parameter) is of 


order of unity. 
The relaxation operator Г allows for the damping processes. The simple and effec- 
tive way for obtaining relaxation operator is the use of the quantum stochastic Ito equa- 
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tion [4]. In Appendix 1 we derive the master equation and relaxation operator for the 
resonant interaction of an atom with coherent and broadband squeezed fields by the 
quantum stochastic Ito equation. Below, the usual assumptions are made for relaxation 
operator Г: 


(Гра) = у. (ро) 7.2, 
(BIL) = у„„ (Во) 


Labels о,В,..., enumerate the eigenstates of Hamiltonian Но of an isolated atom in the 
absence of external fields 


На) = E,|0), (O[B)= 8p, (аа) = 1. 


a 


These states are distinguished from one another by their energy Е’, and other quantum 
numbers, ро represents the matrix element of a diagonal density matrix р of an atom in 
thermodynamic equilibrium. In other words, ро is an equilibrium density of atoms at 
level Jor) . 


Usually the polarisation of a medium (1.0.2) can be expanded into a series in terms 
of degrees of an electrical field strength [5] 


PG) = PG, (1.0.4) 


PM F,t) = py ceed eee ee (unt, Tia) x (1 0 5) 
п. 0 - 


XE, (FRET ods РТ); 


in which we take into account that the polarisation P = P(7,t) in a point 7 and at time 
t depends оп the magnitude of a field in some neighbourhood of 7 (space dispersion) in 
the preceding ¢ instants (temporal dispersion). Factor os is an optical susceptibility 
of the n-th order. Indices 7,i,,... number the Cartesian projection of a vector on axes 
x(i=1), yé@=2) and z(i=3). Expression (1.0.4) sometimes is written аз 


P =P" +P", where P! = P" and P™ are linear and nonlinear (on a field) compo- 
nents of medium polarisation respectively. 

Optical susceptibilities are conveniently used to describe the non-resonant interac- 
tion of light with matter, when only few first terms in expansion (1.0.4) are essential. 
Thus, the solution of the equation for a density matrix can be obtained by means of 
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turbation theory. It will only establish the connection of 4”) with microscopic charac- 
teristics of a medium. 

In resonance situation it is necessary to allow in (1.0.4) a large number of terms, so 
the standard using of optical susceptibilities appear ineffective. In this case, however, it 
is possible to simplify considerably the equations for density matrix by reducing them to 
the equations describing the interaction of light with a two-level quantum system. After 
such renormalisation of the atomic Hamiltonian, the non-resonant energy levels can be 
additionally taken into account by means of optical susceptibilities. 

The reduction of the total Hamiltonian to the two-level one with regard to non- 
resonant levels by means of optical susceptibilities and parameters of renormalised 
Hamiltonian is the method of unitary transformation of Hamiltonian. The unitary trans- 
formation of Hamiltonian to simplify a problem is used from the first steps of quantum 
mechanics. The typical example from quantum mechanics, most closely related to the 
problem under consideration, is the canonical transformation of Foldy and Wouthuysen. 
They have reduced the Dirac equations to the pair of equations. One of this pair coin- 
cides with Pauli equation in nonrelativistic limit [6]. Thus, the unitary transformation 
method in question is a specific formulation of perturbation method. As to an analogy 
with classical mechanics, the unitary transformation method may be compared with the 
application of the Lie transformation in the Hamiltonian perturbation theory [7]. There 
are many branches of nonlinear optics where unitary transformations are applied. But for 
our purposes the method in the simplified form was firstly introduced in the resonance 
optics by Takatsuji [8] and was correctly applied by Grischkowsky et al [9] and by Iva- 
nova and Melikyan [10]. The further development of the method of unitary transforma- 
tion was done in papers [11-15]. In refs.[11,12] atomic level degeneracy and wave po- 
larisation were taken into account. In ref.[13] the description of various relaxation proc- 
esses was given on the base of the methods of unitary transformation and quantum sto- 
chastic Ito equation. Ref.[14] is devoted to establishing the relationships between the 
exactly integrable models of nonlinear optics, which are not gauge equivalent. We com- 
bine the unitary transformation method with the optical susceptibility [15] to describe 
the resonant and non-resonant atomic levels in a unified manner. 

The equations derived in this chapter provide a basis for a semiclassical description 
of the various type of nonlinear optical phenomena. In the first section we develop the 
method of unitary transformation to reduce the resonance problems to two-level models. 
In section 1.1.1 we will discuss the various resonant situations such as one photon and 
two photon resonance with one or two light waves and we will obtain the renormalised 
Hamiltonians for their description. In sec. 1.1.2 the Bloch equations will be derived with 
the use of renormalised Hamiltonians. Section 1.1.3 is devoted to a proper presentation 
of a medium polarisation through transformed atomic density matrix and effective di- 
pole moment operator. In paragraph 1.2 the optical susceptibilities are considered. After 
the review of some simple properties of optical susceptibilities (sec.1.2.1) we will give 
the common form of nonlinear optical susceptibilities and its representation by diagrams 
(sec.1.2.2). In paragraph 1.3 we consider the simplifications of wave equations. Firstly 
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we will derive equations to describe non-resonant wave propagation, and then the vari- 
ous types of parametric processes will be considered without wave polarisation (sec. 
1.3.1-1.3.6). Then, in 1.3.7 the Maxwell-Bloch equations for various types of resonant 
interactions are observed. Generalisation of the developed methods in order to include 
polarisation effects and level degeneracy is given in paragraph 1.4. 

This chapter is accompanied by four Appendices. Appendix 1 is devoted to the deri- 
vation of the density matrix equation and the relaxation operator using the unitary trans- 
formation method and quantum stochastic Ito equation. In section A1.6.5 the quasiclas- 
sical description of the total angular momentum is developed and its use in deriving the 
density matrix equation, describing the resonant interactions with arbitrary polarised 
waves, is demonstrated. The density matrix equation of atoms moving in gas medium is 
developed in Appendix 2. It is shown how the recoil in radiation processes can be taken 
into account in gases. In Appendix 3 we consider the Bloch equations without allowance 
for level degeneracy and we describe their solution by the method of adiabatic following 
approximation. In Appendix 4 we establish, with the help of the method of unitary trans- 
formation, the relationships between the exactly integrable models of nonlinear optics, 
which are not gauge equivalent. 


1.1 The method of unitary transformations 


Let us now consider main processes of the resonance interaction of light with matter. 


Fig. 1.1.1. Some typical cases of resonance interaction. The energy levels E,, and Е’ relate to optically 
allowed transition, and Е, and Е, relate to two-quantum (optically forbidden) transition. 


Е В designates the non-resonant levels. 
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A. One-photon resonance (Fig. 1.1.1, A). In this case a carrier frequency 0, of the 


electromagnetic wave 


E=E(F,t)expli(k,F — @pt)| + с.с. (1.1.1) 
is close to the frequency @,,=(E,—E,)h' of an optically allowed atomic transition 
|b>>|a>, @)=@,,. Characters с.с. designate a term, complex conjugated to previ- 


ous. 


B. Two-photon degenerate resonance (Fig. 1.1.1, B). In this case the double frequency 
of a carrying wave is close to the frequency ®,,=(E,—E,)/h of an optically forbid- 
den atomic transition |c>—>|a>, 20, =@,,. Also, we will name this case as two- 


photon one-wave resonance. 


С. Two-photon nondegenerate resonance (Fig. 1.1.1, С). The sum of carrier frequencies 
@, and @, of two waves 


Е, =Е (7, t)expli(k,7 —@,t)| + с.с. Cid) 
Е, =E,,(7,t)expli(k,7 — @,1)] + c.c. (1.1.3) 


is close to the frequency ,,, of an optically forbidden transition @,+ 0, = @,,. Another 


name of this case is two-photon two-wave resonance. 


D. Raman resonance (Fig. 1.1.1, D). In this case the difference of frequencies of two 
carrying waves (1.1.2) and (1.1.3) is close to the frequency @., of an optically forbidden 


transition, @,— @, = O,,. 

The matrix element of atomic dipole moment operator for optically allowed transi- 
tions is different from zero (b|d,|a) #0, whereas for optically forbidden transitions it is 
equal to zero. In the case of two-quantum optically forbidden transition |c >—|a> 
there are energy levels E,, for which transitions |c >—|B > and |B>—|a> are opti- 
cally allowed (c|d,|B)(Bld 501} 0. 

Along with the notation |a>—|B > for the atomic transition, we will use the fol- 
lowing Е, > £, or j, > j,, where /, and j, are the total angular momenta of upper 
and lower energy levels, respectively. 

In this paragraph we use the notation , for carrier frequency of the wave propa- 


gating under the condition of one-photon (A) or two-photon (B) resonance to distinguish 
this frequency from the frequency variable in Fourier transformation. From section 1.3.4 
we will designate this carrier frequency through @ keeping the notation @, for the cen- 


tral frequency of inhomogeneously broadened spectral line of resonant transition. We 
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hope misunderstanding does not take place. 
In the cases mentioned above the interaction of light with levels Е, and Е, (or Е, 


and Е.) is considerably more intensive than with other quantum levels, which manifests 
in the unlimited growth of appropriate terms in optical susceptibilities и . This 


dominating role of the resonance levels enables to consider a medium approximately as 
an ensemble of two-level atoms, and the presence of the non-resonant levels is taken 
into account in a renormalised Hamiltonian of two-level atoms. So far created a two- 
level model of a medium is extremely useful in the various problems of resonance op- 
tics. Usually for a substantiation of a two-level model one uses rather bulky method of 
averaging over fast oscillations of field [16]. The method of unitary transformation is 
considerably more elegant and powerful. 

We transform the density matrix using the unitary operator exp(iS) with some Her- 


mitian operator S = S* 
р=е “ре”. (1.1.4) 


The equation for the transformed density matrix р 


nf +P P= Яр-вА. (1.1.5) 
is determined by Hamiltonian 


H =e Hye’ -е“Е4е“ —ihe® oe (1.1.6) 


The unitary transformation (1.1.4) affects also the relaxation operator Г. The correct 
approach for deriving the transformed relaxation operator consists in the consequent de- 
velopment of the relaxation theory from the first principles. As an example of such de- 
velopment, the detailed analysis of spontaneous relaxation in external non-resonant 
monochromatic field was done in Appendix | on the basis of the methods of unitary 
transformation and quantum stochastic Ito equation. Further in the book we will neglect 
this influence and we consider the relaxation operator as a phenomenological one. In 
section (2.7.2) we describe the form of the relaxation operator corresponding to the 
model of depolarising atomic collisions. In section 9.2.4 the relaxation operator takes 
into account the atomic relaxation in broadband squeezed light. 

Below, we will neglect for simplicity the level degeneracy due to the various orien- 
tation of the total angular momentum. Also, we will neglect the waves polarisation and 
omit the sign of the vector in electric field strength and dipole moment operator assum- 
ing that all of them are parallel to one axes and the values without the vector sign are 
their projection on this axis. The generalisation of the main equations to allow for the 
level degeneracy and wave polarisation will be done in paragraph 1.4. 
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1.1.1. THE EFFECTIVE HAMILTONIANS 

According to representations of a two-level model we will require, that the matrix 
elements of a transformed Hamiltonian Я describing the transitions between non- 
resonant levels and also between resonant and non-resonant levels, should be equal to 
Zero: 


For the one photon resonance 


cig: et ays eee (1.1.7a) 
For the two-photon resonance 


ОНО (1.1.76) 


where the indices В # B' number the non-resonant levels. 
Identity [6] 


селе = + СИЧвАв,..[в,4}-], 


where A and В are arbitrary operators, and [B, A] = ВА- AB, provides the following 
=H, -is,H,]-s[sIs,H]-..- Ea +ils,Ea}+ 
р 5 [, 5. Ba] +... техр(+5) © expliS) 
We represent S and Я by series in power of an electric field strength 


5=50+59+., Ha H+ 7+ 7%... 


(S ™ and A (*) are the terms of the п -th order over a field). Then we obtain the equa- 
tions forming the basis for the subsequent construction of effective Hamiltonians: 


AO =F, 


A" =-ва-150,Н, |+ ns, (1.1.8) 


A) = о, ви] : [5°, Я] - 59, н, |+ nes? 
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In accord with (1.1.7) and (1.1.8) matrix S satisfies the equations: 


In a case of one photon resonance (A) 


$0), £ _ 
at + iO Sey =4 ft HE expli(k,? — a)] + Е*ехр[-КЁ о? — 60 | 


ог’ ^^ о 


Sy . (1) ГЕ * Ир 
Spot soi =d,,h'E*exp[-i(k,7 — 6,1], (1.1.9) 


50 = 50 = 0; 


For two-photon resonance (cases C and D) 


ВА (1) “f “EF Ея 
5, + оби, = Ч ий YE, expli(k,7 — 0,0)]+ E, exp[i(k,7 — ,1)] + 
+ Е'ехр[-КЁЯ -0,1)]+ Exexp[-i(k,? — ©, 0] (1.1.10) 


50 = 50 = = s = = 0. 


In a case of two-photon degenerate resonance (case В) equation for 50, and its so- 
lution are similar to those in case A, and S° = §“ = 5 =0. Everywhere one of the 


. . у . 
indices © ог @ can designate a resonance level. 


We will solve equations (1.1.9) and (1.1.10) under condition of adiabatic switch of 
the field. Let us assume that the time of increase of the front of a field is much longer 
than a period of oscillation of an electromagnetic wave, and the spectral components of 
a wave do not affect non-resonant levels. We can write the solution of (1.1.9) as 


Ste = dat fare fact HE (pele 00") 4 Bree toro} 


Integration by parts gives a series 


50, <q pid Eexplike? — вы, E*expl—iky? — 50] | 
в Ко — Oy) Ко + Wy) 
OE Spey — Wp t)] GE ote р — 650] 
+d, 14-0 ot 


(Wp — Wy)? (Wa + Oy)? 


an’ 
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We suppose that the amplitudes of the fields (1.1.1)-(1.1.3) vary slowly with respect 
to fast oscillating exponents. Then the solutions of (1.1.9) and (1.1.10) give: 


for one photon resonance (A) 


$0 > “ita } Eexp[i(k,7 —@,¢)] 2 Е“ ехр[-К т — 9, 0]] р 


о, 7 6% Do’ a7 Wp 
(kof — @pt)]. 


S00 =-ia, pe PE | 
„+ Dy 


Гог two-photon resonance (cases С and О) 


Е expli(k,7 — @,t)] “Ee exp[—i(k,7 — 61] р 
Dory — O; Dow’ + 0), 


aa 


50. =-id mf 


в E ,exp[i(k,7 — 6,1] is Е’ exp[-i(k,7 — ,1)] 
Doe’ i 6, О af 6, 


The sum of the terms in A? 


ca? 


containing (after the substitution of explicit expressions 


for 5) no factors 
exp[2i(ko7 — 63,0], expli(k, +k)? —(@,+0,)/]}, exp{il(k, -k,)7 — (@, - 0,) 1}, 


is zeroed for B, С and О cases accordingly. 

We do not present here the expressions for S“ , which will not be needed. They can 
be easily obtained in the same manner as the S“” terms. It is important to note that the 
values 5“? and §” contain no resonant denominator. This absence of resonant denomi- 
nators confirms that the assumptions made concerning Я are not contradictory. 

Finally, we obtain the effective Hamiltonian in the form 


for one-photon resonance (co, = 0, ) 
Н„ =—Ed,, expli(ky? -@t)1=Hi,, Ay, =E, + Es, 


2 2 


d d 
ЕЯ =Е |?) П ee Ae ЕЯ = ЕП [rab] 
a | | a (My) 210, ? b | | p(@)) + 210, ? 


Е =|E[ T,(@,): 
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for two-photon resonance (B) (20, = o,,) 


H= -Е п (6, )ехр2 КАР — 1] =Я*, H,,=E,+E*, 


ЕЯ =|E| П. (6%); 
Гог two-photon resonance (С) (o, + ©, = o,, ) 
Я. =-4E,E,(,,(@,) +11,,(@,)lexpul&, +.) -(@, + 0,4 Й,., 
A,,=E,+E%; E* =|E/11,(@,)+|E,)0,(@,); 


for Raman resonance (D) (©, — ©, = o,, ) 


A, =-4E,ES(1,,(@,) +11,,(-o,)lexp¥l(k, -&,)7 -(@, -@, )AJ= A, 
A ES =|E,|11,(@,) +E, TL, (@,). 


Values E* represent the Stark shifts of energy level |) due to the dynamical Stark ef- 


fect. We see that the effective Hamiltonians are determined by the following parameters 


аа 
нара! 
В 


о,+® @,-@ 
(1.1.11) 


2 
п (o) = ye Bayes 
.. г fh | Ogt@ Me-O 


One should use the following symmetry properties of the parameter II,,(@). In the 


case С of nondegenerate two-photon resonance @,+@,=0,, the equality 
II,,(@,) =I1,,(@,) is valid. In the case D of Raman resonance ©, — ©, = @,, we can 
obtain another equality II,,(@,) = П.,(—@,) from the above definition of IT,,(@). We 
have not applied these properties above to emphasise a peculiar kind of symmetry to 
permutation of resonant waves. 

In the case A (one photon resonance) the terms in Stark shifts Е” and Е” without 
factors II, or II, are named the Bloch-Siegert shifts [1]. When, as usual, there are 
many non-resonant levels the Bloch-Siegert shifts are negligibly small. 


1.1.2. THE BLOCH EQUATIONS 


The matrix elements of a density matrix р, describing the resonance levels and the tran- 
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sitions between them, obey the equations 


9... | 
G =IA +5; fe = iA(R, =R, i 


9 . * * 
[Fit fail aR 4 (1.1.12) 


д . * * 
| +7, he Sh (A К, - ЛК» )+ YN. 


Here, A is a detuning from resonance including the Stark shifts of resonant levels, con- 
stants y, and y, describe the relaxation of atomic densities at lower А, and upper К, 
levels whereas y,, is the relaxation constant of an optical coherence R,,; N, and №, 
are stationary atomic densities at lower and upper resonant levels in the absence of all 
electromagnetic fields. The value 2|A| is a Rabi frequency; it represents the energy (in 


terms of f) of resonance interaction of a radiation with atom. 

The equations (1.1.12) are known in resonance optics as the Bloch equations. They 
play an important role in each theory describing any resonance interaction. For a con- 
crete case they can be modified, for example to include level degeneracy (see section 
1.4.1) or to describe an additional resonant interaction with a broadband squeezed light 
(see Appendix 1 and section 9.2.4). 

For cases considered above we have the following notation : 


A (0, =O, ). 
Ry = Py, exp[—i(kyF —,¢)], 
К =P. R=Py, A=Ed,,/h, 
A=, —@,, — (Еь — ES) fh, N,=Py, М, =Рь; 


R,, = Ва exp[—2i(ky? = @)t)] > eg = Baa R, = Divs 
A=E°'IL,, (@,)/2h, A=20,-@,,-(E* -E*)/h, 
№ =р., Ny =р.о; 
С (o, + ©, = o,,). 
В, =. expt i(k, + -(@, +} 
R,=§,,. А, =p... A=E,E,T,,(0,)/h, 
A =@,+@, —@,, —(E* — E*)/h, 
N, =p N, = pe 


с? 


сс? 
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D (0, -@, ~@,,). 


BI 


я = Dog exp ИС = К," — (®- o,f 


In writing the expressions for A in cases C and D we have taken into account the sym- 
metry properties of parameters (1.1.11). 

The Bloch equations (1.1.12) will be completed by the equations for field amplitudes 
in section 1.3.8. 

Usually, the solution of the Bloch equations is represented as a sum of stationary 
solution of (1.1.12) and deviation from this stationary solution. The simple methods for 
obtaining the deviations from the stationary regime will be considered in Appendix 3 
(the adiabatic following approximation), and in sections 2.2 and 2.6.1 (the given field 
approximation). 

In a stationary case when all values in (1.1.12) do not depend on time, the deriva- 
tives in (1.1.12) can be omitted. Then a solution of obtained system of algebraic equa- 
tions yields 


(N, —N,)A(-A + 1Y,,) 


Ry == 5 (1.1.13) 
А’ +, +2] Yo (9, +1, 
АРСМ. — 
R, =N, -— | ae No) ¥a/%: | (1.1.14) 
А+ у + AL Yo (у, +15) / № 
2 
В =М, + А (М -М,) 1 / > (1.1.15) 


A+ +2] Ау 1 +, 


As the Stark shifts of levels are small, the density matrix Ps, Юг the non resonant 


levels coincides with an equilibrium density matrix dg. Ps : 
1 


1.1.3. POLARISATION OF THE MEDIUM 


By substituting expression р = ехр(15 р exp(- iS) in (1.0.2), we receive 


P=Splbe ie") sp\ ald - ds.d]-F[s,[s.d]}-..)}- 


(1.1.16) 
=P 


nonres* 
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Expression (1.1.16) is a sum of two terms. The first one P... is due to resonance in- 


res 


teraction of electromagnetic waves with two-level atoms. Under conditions of one- and 
two-photon resonances it can be written in the unified form 


ee = Bea Puc + с.с. + p D,, + Б.В (1.1.17) 


where index e=b corresponds to one-photon resonance with the atomic transition 
Е, > E,, whereas index e=c describes all cases B-D of two-photon resonance with 


atomic transition Е, — Ё, considered above. In (1.1.17) the effective operator of dipole 
momentum is introduced in the form: 


D =exp(-iS)d exp(iS) = d -i[S,d] -518,{S,dIF A (1.1.18) 


For our purposes it is sufficient to take the effective dipole moment operator with the 
accuracy up to the first order of electric field: 


D~=d+ilds—Sd)~d +ilés™ - sa). (1.1.19) 


For one photon resonance, P.,. represents a wave packet with the same carrier fre- 


res 


quency equal to the frequency of resonant field 
ae = бы. + с.с.+ О Е Раб > 


rik (1.1.20) 
=(R,,d,, — R,E, (@,) — ЕП, (@,) expli(k,7 — @t)] + с.с.., 


Note that 


D,, =d wy Ур =-ЕпП, (®,)ехр [КЁ — 60+ с.с, (1 1 21) 
D,,, =—ETI,(@,) exp[i(Ap7 — @pt)] + с.с.. 


Resonance polarisation of a medium at two-photon interaction, is characterised by 


several carrier frequencies. Before we discuss them, let us write the matrix elements of 
the operator (1.1.19): 


In the case B (20, = o,,) 
р. =ЕП’ (-@,) expli(k)# — @)t)] + E*IT.,(@,)exp[-i(k,7 — 0], = (1.1.22а) 
р, =-ЕП, (@) expli(ky? — @2)] + c.c., (1.1.22b) 


р. =-ЕП, (a )expli(k,7 — 50] + c.c., (1.1.22c) 
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In the cases C (o, + ©, = o,, ) and D (©, — ©, = ®_) 


2 
р. =У Е п. (-@explié,# - @,1)]+ E51, (@expl-ik,F в} (1.1.23a) 
Ги 


2 > 
D,, =-У ЕП, (@, expli(k,F — @,t)] + c.c., (1.1.23b) 


/=1 


2 = 
D,, =-)ET,(@, expli(k,F — 11+ с... (1.1.23c) 


/=1 


It can be seen from here that two-photon interaction induces polarisation P.,.. at the fre- 


res 
quencies: @,and 3@, (case В), ®, 0, 20,+@, and @,+2@, (case С) and 
@,, ©, 20 —@, and | 265, (case О). 


There are no reasons to write the polarisation of the medium P... for each considered 


res 


case. It is more useful to discuss the Raman scattering on an excited two-quantum (opti- 
cally forbidden) atomic transition of any non-resonant wave 


E=E'(7,texpli(k 7 — wt)| +c.c. (1.1.24) 


If р., #0, the additional polarisation of the medium P' arises not only at the carrier 


frequency @ of non-resonant wave (1.1.24), but also at the combination frequencies 


W+O,,| : 


Р=Б..0’, +с.с.+р„0О’ +р.0’, (1.1.25) 


where 
О, = ETL, (-)expli(k’F — w2)] +E, (@)expl-i(kF-o)], — (1.1.26a) 
р’, =-ETL, (@)expli(k’7 — wt) + c.c., (1.1.26b) 


р’, =-ET1,(@)expli(k 7 — wt)] + с... (1.1.26c) 


As an example we consider the excitation of two-quantum transition ЕЁ, —> Е, by 
the wave (1.1.1) under condition of two-photon degenerate resonance 20%, = @,,. Then 


the following representation of the density matrix elements by slowly varying functions 
R,,, К, and К, holds: 


р. = Ry exp[2i(k yr — 02], Р 


аа 


BASIC EQUATIONS 15 


The resonant polarisation P.., under the additional action of non-resonant wave 


res? 


(1.1.24), consists of two terms. The first one is due to two-photon interaction of the 
wave (1.1.1) with two-quantum (optically forbidden) transition Е, > E,. The second 


term is an additional term which appears to be due to the auxiliary propagation of non- 
resonant wave in the two-photon pre-excited medium. The additional polarisation has 
the form 


P’ =4R, ET’, (-)exp{il(2k, + КЕ —(20, + W)t]} + c.c. f+ 
+{R, Е^П* (@)exp(i[(2k, - Е —(20, - вп} + c.c.}+ 
+ ie RET, (@)expli(k F — 't)]+ c.c.}+ 
+E в ЕП. (wexpli(k? —o't)]+c.c} 


(1.1.27) 


Under conditions of spatially synchronism it determines the emission of wave packets 


with the carrier frequencies approximately equal to +20, or oto,,| since 


20, = @,,. Further, the last two terms determine the reaction of the resonantly excited 
medium to the propagating of the low intensive non-resonant waves. 

One should distinguish the additional polarisation of the resonantly excited by a 
weak non-resonant wave from the non-resonant polarisation P in (1.1.16) 


nonres 


P= Ys - ay Sid due) lt | (1.1.28) 


which describes the interaction of the field with non-resonant energy levels. This term 
will be considered in section 1.2.2. Here, Рь is the equilibrium density matrix of atoms 
on account of the Stark shifts of energy levels. 

We emphasise that non-resonant propagation of wave (1.1.24) determines not only 
polarisation P' but makes contribution to the polarisation P 


nonres * 


It is necessary to note that a nonlinear character of resonance polarisation P begins 


res 


revealing at such electric field strengths, when [A] x Y,, (see (1.1.13)), that is much less 


than electric field strength, causing nonlinear effects at non-resonant interaction. There- 
fore in a rather wide range of intensities the resonance interaction of light with sub- 
stance is possible to regard as the interaction with two-level atoms, and the presence of 
non-resonant atoms and energy levels to take into account in a Hamiltonian of two-level 
atoms and in a linear dielectric constant of a medium. 


1.2. The optical susceptibilities 


We present an electric field strength and polarisation of a medium through Fourier 
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integrals 
о - т dkde 
E(F,)) = | E(k, o)exp{i(kF a) oe | 
АТБ 7a an dkdo 
POF.) = | РА, @exp{i(hr р 


The Fourier transformation of the expressions (1.0.4) and (1.0.5) gives 


P(k,0) =) P”(k,@), (1.2.1) 
n=l 
- dk,...dk 46...40, 
РК, 6) = (2п)* бы ЕЕ 8) SOS 
XI (2n)"" : (1.2.2) 
x &(k —k, -...—k, (O- O, —...- 0, JE, (K,@,)...E, (k,, ) 
where the value 
Pee К, ‚ 65...00, ) = 


о 


я - (1.2.3) 
= | df,...dr, | dt,...dt, expli(kyF, +t, +...+k,F, +0,,)}000 (Я, 
0 


we shall also name as an optical susceptibility of n—th order. 


1.2.1. PROPERTY OF OPTICAL SUSCEPTIBILITIES 


If the specific distance 7 of variance of values re i, G-F,.T.T,) 18 much less than 
length of a wave A=1/k 


h<<i, (1.2.4) 


the dependence rae a, (kk O)-..0,) on ный, (i.e. space dispersion) can Бе пе- 


glected. Note, that . is typical size of the particle moving area in a medium, in which 
the particle keeps the memory about the action of a field in preceding instants. In di- 
electrics and semiconductors without carriers of a current 7% is of the order of intera- 
tomic distance, and in gases it is defined by the length of free run. Therefore in optical 
and longer wavelength domain the inequality (1.2.4) is fulfilled. We shall neglect the 
space dispersion, and taking into account the presence of 6 -function 6(@— @, —...— @, ) 
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in (1.2.2), we shall note the optical susceptibility of n—th order as reg i, (—-O,Q,...0,), 


where —@+ @,+...+@,=0. 
From the form of (1.2.2) the relation follows 
GC" ет (- , ,.-.O,.--O,..-O, ) =X 


reflecting a permutation ee of 4) 


The optical susceptibilities x are tensor values, their tensor property, including 


the number of nonzero Ssmnponents is determined by point group of a symmetry of 
crystal (atom or molecule in case of gas). For crystals and molecules with a centre of 
inversion the obvious equality ‘Ge ip, =9,n =1,2,... holds. The analysis of the tensor 
properties of the optical susceptibilities: is given in [5]. 

Apart from restrictions, superimposed by group of a symmetry, for crystals, trans- 
parent in the whole range of frequencies of the nonlinear process, there are the addi- 
tional restrictions, expressed by the equations 


ee j,i, F ©: O)...0,...0, )= rite о (Oy 3@)...— @...0, ). 


We shall underline, that the knowledge of a tensor structure of optical susceptibili- 
ties is necessary for studying polarisation properties of nonlinear phenomena. 

Physical mechanisms, underlying to polarisation of medium and, therefore, defining 
optical susceptibilities, are various in each domain of frequencies of an electromagnetic 
field. They determine density matrix equations. 


1.2.2. NONRESONANT OPTICAL SUSCEPTIBILITIES 


We consider electromagnetic fields as a set of waves / =1, 2, ... in the form 
Е = Е (Р.ехр КЁ — 810] +с.с., (1.2.5) 


where Е, is slowly varying amplitude of an electrical field (in comparison with expo- 


nential factor); &, is a wave vector and @, is the carrier frequency. The line over the 
characters @, and А; distinguishes the indicated values from the variables in the Fourier 


components. We will omit them when it does not cause the mistakes. 
Fourier transform of a. 2.5) distinguishes from zero in the vicinity of the points 


k= k, @=@, and k= a @®=—@,. The dimensions A А; and Ao, of these vicinities 


satisfy the inequalities Ak, <<k,, A, << @,. Therefore, expression (1.2.5) represents 
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the wave packet with a carrier frequency @,. 
Assume that both the spectrum of electromagnetic waves @, — До, < WS @, + AQ, is 


not superimposed with a absorption spectrum of atoms of a medium and characteristic 
frequency of interaction (interaction energy divided by й) is much less than the mini- 
mum detuning A from the frequencies of atomic transitions 


y<<A, E|d|\/n<<A (1.2.6) 


(d is the dipole matrix element of atomic transition corresponding to A, and y is the 
effective width of this transition). Then the effective Hamiltonian (1.1.6) is diagonal 
with matrix elements distinguishing from that of H, on the values of Stark shifts. 

We represent the unitary operator exp(iS) as 


exp(iS) = exp(—iHt/h)U (7, t)exp(iHt/h). 


We assume the interaction with a field to be switched on adiabatically at #-— —©, 
which means we represent the electric field strength as E(7,t)exp(Bt), В > +0. The 
equation for evolution operator U follows from (1.1.6) in the form 


po) GEN: 
ot (1.2.7) 
U(F,t) = 1, 


where 
= —exp(iH,t)Ed exp(—iH,f). 


Expression (1.1.28) for nonresonant polarisation of a medium takes the form: 


P(F,t)= р’ (тре дер, ny} 


PFD = VRU (а re Vara (F Hexp-io,..«t) (1.2.8) 


ой," 


where the diagonality of the matrix f° and of the transformed Hamiltonian H was 


taken into account. The index % enumerates the eigenvalues and the eigenstates (quan- 
tum levels) of atom Hamiltonian 


Myo = (Е, ao )/hy dei =(a! d 


a), Ира. 
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For the sake of simplicity we suppose that all eigenvalues of Ну are nondegenerate: 
each E, corresponds to only one quantum level |a@), which means we may neglect the 


polarisation effects and change vectors E,P and d parallel to one axis for their projec- 
tions Ё , P and d on this axis. 
After the Fourier transformation of (1.2.8) we have 


dk'‘dk"'do' 46" . = и 
P(k,@ k+k—-k 0+ @'-O''—-@,,,,.,) X 
Е 2 cae (2n)* Ome © Ja wa) (1.2.9) 


хр" (KO )d rg Vang (k's 6’). 


Now we will calculate the Fourier component of the matrix element of the evolution 
operator 


(а, = | exp{-i(kF — Of) JU yng (F.t)dFdt. 


Using condition (1.2.6), we present a solution of the equation (1.2.7) as a series 


ky qT Th 
u=14+¥| | (ae, [м (de, Ft, VF.t,).VG%,). 
ih k k 

k=1 oo —со —oo 


Since 
dkdw 


(= Чи, | E(K,@+ Wy, .,, expli(kF — home ; 


Dey tied Oy explil(k, +...) —(@, +... + ©, Jt] 


-1 " Я ая dg a i 
a a ee ВЫ E(k, O+ Myra, X 


m 6, + ©,,_;)--(®,, +... + @, ) 


X E(ky,@, + Wy, „,)...Е (Ky: On + Ox, cs) 


it is easy to find Ц * (k's. 6’) and Ва Below we will neglect the Stark shifts 
of the levels and we omit the sign tilde over the equilibrium density matrix. 

By substituting the result for U;., (k',Q') and Using (k"'",@") in (1.2.9) and by exe- 
cuting an integration on dk'dk''dw'do'' we receive, that P(k,@) is identical to (1.2.1) 
and (1.2.2) with the following expressions for optical susceptibilities 


0 (-0:0,...0,)= VX") (-O;0,...0,,,0...0, ) (1.2.10) 


m+s=n 
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where @ = @ ‚ ©, =@,, and 


m+ 1°** 


~(m+s р : 1 mt+s : 
ay (me (-@;0,...0,,,0,...0,) =|-— Ур’ ы 
h а, от. Pee 
| и ee 
(Pear, 9). = о Sa @ ,)(O,,+ + O- Oe, kan Os a) 


Each term in (1.2.11) can be represented graphically following [17,18]. Let us divide 
a straight line by т+5 points into m+s+1 segments. Let an output vector exit from 
the m+1 segment from the right end of the line and let the others enter the remaining 
segments (Fig. 1.2.1, a). The output vector is spoken about as a radiation of quantum 
with © frequency while input vectors - as an absorption of the quanta of the frequencies 


@,,...,0,, (to the right from "radiation") and @,,...,@, (to the left from "radiation"). 


Fig.1.2.1. The correspondence between points dividing the line a) of graphical description of 
a term in optical susceptibility of m+s-th order and energy levels of conventional 
radiative system b). 
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Each grid point on the line is associated with the quantum level with energies 
Ey, >-»Eq, located above level Е„, and accordingly £,,.,...,E. located below level 


у 
Oy On a? Q's 


Е, (Fig. 1.2.1, b). A fraction is put in correspondence with each absorbed quantum 
from the right hand side from the radiated quantum. The numerator of this fraction is 
equal to the matrix element of dipole moment operator of transition between levels, 
where the absorption takes place. The denominator is the difference between a sum of 
frequencies of absorbed quanta from the right (including the given one) and the transi- 
tion frequency from the lowest level to level E,,. Absorbed quantum from the left hand 
side from radiated one is represented by a fraction with a similar numerator but with a 
denominator equal to the difference between the transition frequency from level Е, to 


the highest level (excluding E,, ) and a sum of frequencies of absorbed quanta from the 
left (including the given one). Matrix element of dipole moment operator of a transition 
between the two levels surrounding level Е’ is assigned to the radiated quantum. Thus, 
eq.(1.2.11) represents a product of factor (- И)“ pe and all factors associated with 


the vectors from Fig. 1.2.1 a) with the summation over all atomic quantum states. 

It is necessary to multiply the obtained expression (1.2.10) for optical susceptibility 
of the n-th order by the Lorentz correction L-factor to take into account the interior 
field. This represents the fact that the field which enters the interaction operator 
—E(f,t)d in the equation for a density matrix is macroscopic (i.e. averaged on physi- 
cally infinitesimal volume) electrical field, whereas a microscopic field affects an atom. 
For liquids, gases and crystals with a cubic symmetry this factor has the form 


L 


5 


_ &(@) +2 тт (O,) +2 
3 I] 3 


where €(@,) is linear dielectric susceptibility at frequency ,. 


Equation (1.2.10) is the most effective to calculate optical susceptibilities of atomic 
and molecular gases, for which a sufficient amount of the matrix elements of an dipole 
moment operator is known. This applies to rare gases, alkaline metals vapour and some 
other media. In other cases it is convenient to determine optical susceptibilities experi- 
mentally. 

It should be noted that when one of the carrier frequencies or the algebraic sum of 
carrier frequencies becomes equal to the frequency of some atomic transition, the de- 
nominator in (1.2.11) is zero. Expression (1.2.11) then tends to infinity. In this case the 
resonance interaction of a radiation with matter takes place. The resonant levels must be 
excluded from eq. (1.2.11) in accordance with the condition (1.2.6). The method of 
unitary transformation described above allows to separate the account of the resonant 
levels from one of nonresonant levels in polarisation. One can show that the Fourier 


component of nonresonant polarisation P has the form (1.2.1) and (1.2.2) with the 


nonres 
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optical susceptibilities in the form (1.2.10) and (1.2.11) without the resonant terms. 


1.3. The wave equation 


We discuss now the coupling of nonlinear polarisation (1.1.16) to Maxwell equations 
for fields. In each specific problem equations (1.0.1) and (1.1.16) can be noticeably 
simplified in different ways. The most straightforward way is to substitute expressions 
for the wave packets in (1.0.1) and to omit the higher derivatives of slow amplitudes. 
Apparently, the most preferable way is to derive the simplified equations for amplitudes 
of electrical field proceeding from the dispersing equations. It makes possible to receive 
the equations in need from rather common suggestions about the character of the disper- 
sion relations [19]. Here we follow the elementary version of such approach. 


1.3.1. LINEAR PARABOLIC EQUATION 


First we shall explicitly discuss a derivation of the simplified equations for distribution 
of wave packet in linear isotropic medium. In the course of detailed treatment it will 
make clear how the nonlinear effects can be taken into account in the obtained equa- 
tions. Then the nonlinear parabolic equation will be formulated for self-focusing and 
self-modulation. The equation for parametric interaction of waves and generation of op- 
tical harmonics and generalised Maxwell-Bloch equations will be discussed as well. 

We begin from the equations for Fourier-components of an electric field strength 


E (k ,@) and polarisation of a medium P 


nonres ? 


which imply from (1.0.1): 


КЕ, 6) ЕЕК.) ЕЕ.) БЕ.) = 0, (1.3.1) 
Cc Cc 
(ЕЕ) + 4nP(K,))= 0. (1.3.2) 


Assume that the Fourier-component £ (k,@) distinguishes from zero in a narrow region 


of the points k=k,®=@ and k =-k, ®=-@, that relates to the case of a wave 
packet, when 


као 
(2n)* 
= E(F,t)expli(kr — @t)]+ c.c. 


| EK. @)explitk? — 60] = E(7,t)= (1.3.3) 


Fourier-component of slowly varying amplitude 


E(K,v)= | drdtE (F,1)exp[-i(® # — ve)] 
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is coupled to a Fourier-component of an electric field strength by the relation 
E(k +®&,0+v) =E(K,v) + E*(-2k — ®,-20—v). It is possible to assign with the expo- 
nential accuracy that 


E(k +%,0+v) =E(&v). (1.3.4) 


It is worth noting, that the range of variation of E(,v), i.e. the characteristic values of 
к and У is much less than & and @, respectively. 


After the replacement k= Е +« and @=@+V in (1.3.1) and (1.3.2) we receive for 
(1.3.3) with the allowance made in (1.3.4) 


[С к) ть - Е +E, + Е - 
Cc 


j (1.3.5a) 
— 2 a 
У) rE +% B+) =0, 
С 
Vik, +R IE Rv) АР Е): 0. (1.3.5b) 
We rewrite eq (1.3.5a) as 
Ba (@+v) = = 
pe +k) — Gow, —(k, + Kk, + Е = 
j . (1.3.5'a) 
= 2 =, = > 
в P'(k+,O+V) = oo) P™(k+¥®,O+V) 
Cc С 


ша linear Р=Р^, P™ =0 isotropic medium 
Pik + K,O+V)= 4(-@-v:0+v) E(,v), 


so, introducing a linear dielectric susceptibility of a medium €(@) = 14+42y7(-@@) , 
we can obtain (if €(@+ Vv) #0): 


G к)” AO а »| =(K,Vv) =0, (1.3.6) 
С 


(k +®E(K,v) = 0. (1.3.7) 
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The case K=0 and у=0 corresponds to the propagation of a plane monochromatic 


wave with wave vector К and frequency @ coupled by the dispersing relation 
x > 2 
k? =" =). 
с 


Equation (1.3.6) can be simplified. Let us involve E and К as a sum E = 21 ae Е, 
and K=K, + Kk, of two terms - the transversal E,,«, and the longitudinal Е К || сот- 
ponents with respect to vector А. We assume that the dimension of the variation do- 


main for E in transversal direction is less than the one in longitudinal direction. That 
means that the inequality к, >> «, holds. Thus (1.3.6) is reduced to the expression 


= ee ed 
кет ze РЕВ (1.3.8) 
У У 


8 8 


where the terms, containing a group velocity v, = d®/dk and its derivative 


у, = (dv р /do) з› came from the following expansion of К? (©) = ео) in a series 
over degrees of a small parameter У: 

р 2 

+ Koos 


V+] | — V+... 
beset do |5 
Here k(@)=k . 


In a considered approximation a longitudinal component Е, of the amplitude of an 


РР 
40 


O=0 


electrical field may be not taken into account, as it is much less than the transversal 
component since E=«,E, /k as it follows from (1.3.7). Therefore it is necessary to put 
E=E, in (1.3.8). 

The reverse Fourier transformation of (1.3.8) provides the linear parabolic equation 
for slowly varying amplitude E(7,t). 


[д 19 1-Ау д? |- 
Е —+—— |- А+ — Е (ГЕ) =0. 1.3.9 
| lean : 17 ve : 4) ( ) 


Here axis z coincides with the propagation direction of a wave packet k/ К, and 


А, =9 lax’ +0 2/9 у. is a transversal part of Laplacian. 


Attention should be drawn to the correspondence of all coefficients in the formulae 
(1.3.5'а), (1.3.6), (1.3.8) and (1.3.9) that allows to generalise eq.(1.3.9) to account for 


BASIC EQUATIONS 25 


any terms in polarisation of the medium. 

Now the nonlinear part P* of a medium polarisation is involved into consideration. 
Several examples of nonlinear equations, describing the propagation of optical waves in 
the nonlinear media, will be discussed below. 


1.3.2. NONLINEAR PARABOLIC EQUATION 


In isotropic non-resonant medium the P' “is reduced in the first approximation to a 
term of the third order of field. The optical susceptibility Yaad (— @; 0,—O, @), character- 


ising the dynamic self-action of a light wave, describes a single wave packet. Suffi- 
ciently intensive wave packet can generate a new wave packet with a carrier frequency 
3@. Such process is called third harmonics generation. It can be described by 


YPC 3@; ©, 6), ©). Two wave packets with the carrier frequencies @, and @, can inter- 
act. It is seen from the form of nonlinear susceptibilities 4(-@;G,,-0,,0) and 
(OC @,;@,,-@,,@, ). Such interaction is named the combinative one. Even more com- 


plicated parametric processes, involving three and four wave packets are possible. If the 
processes of frequency transformation are negligible, then the expression for nonlinear 
polarisation for the dynamic self-action of a wave packet writes 


РУ 04) =3) [SOBA MOY) @-O-vAV,-O-V,,O+¥,): 
iar (2) 128 


-&(K— к, - к, — K,)8(V—V, —V, —V,)E, (КУЛЕ, (КУ, ) Е, (K3V3). 


Factor 3 arises from the permutation symmetry of optical susceptibility. Since РМ is 
the small addition to P“, it is possible to neglect both the dependence of 


4n(@+v) 
2 
С 


PM (k +%&,O+V) 


(3) 


iiyini, 


in (1.3.5'a) from У and dependence of x), (-O-v;0+Vv,-@-V,,0+V,) from 
V,,.V,,V;, and v. Thus, for the self-action of a light wave we obtain the following equa- 


tion for slowly varying amplitude: 


(dg 19 1-Ку д? 
А. ЕР 
| они ты ve z,| (F.) 

_ 124” 

e(@) 


(1.3.10) 


Св, BEF.) EF, 
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where we restrict the consideration by linearly polarisation. The corresponded indices at 


Xx С) are omitted. 


We underline, that in the left hand side of (1.3.10) (as well as in (1.3.9)) certainly the 


5p 9 1 
term 1 ay + Vg By 
butions. In a linear case they define a diffraction divergence (A | ) and dispersing broad- 

io, VLRO 
ening (—,—=,5 
v, of 
different sorts of instabilities. These terms should be thoroughly examined in the de- 
scription of such basic effects as self-focusing (or self-defocusing) and self-modulation 
of a light wave. Nevertheless in the analysis of other nonlinear effects these terms can be 
often neglected. 

It is worth noting that the nonlinear term in (1.3.10) is essentially inhomogeneous. It 
depends on coordinate and on time. It points out to a possible generalisation of the ob- 
tained equations in a case of inhomogeneous medium, where the linear dielectric con- 
stant can depend on coordinate and time as a result of, for example, sound waves propa- 
gation. It is only important that the scales, describing the mentioned dependencies, 
would be much less than the length of an electromagnetic wave and the period of its os- 
cillations. 


| plays the main role. The remaining terms make small contri- 


—>). In a nonlinear case both the non-resonant and resonant, they cause 


1.3.3. PARAMETRIC INTERACTIONS 


Now we can write immediately the equations of parametric interaction of two wave 
packets 


E,=E,(@,t)exp[i(k,z - @,1)] + с.с., 


ws (1.3.11) 
Е, =E,(7,t)expli(k,z-O,)] + c.c.. 
In isotropic media we have 
0 19h Gy 244 See de, Be pe . 
— 2ik, — У gaye Го 
2 ` v, 91 e(@, ) 
(1.3.12) 
-2i&| 2442 5, ¢,)= 4M ва, вв, РЕ, G0) 
a у, 0 e(a,) * 


Waves are linearly polarised along axis x; ¢(@,) and у, are linear dielectric susceptibil- 
ity and group velocity at frequency @ ;,/=1,2. Numerical factor before the nonlinear 


terms is twice as much as in (1.3.10) because of the greater number of variants of a per- 
mutation symmetry of tensor component of а _ nonlinear susceptibility 
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ХС G:8,.-G,,.@). 

The terms describing diffraction divergence, dispersing broadening and self-action, 
are omitted. If necessary they can easily be restored by comparing with (1.3.10). This 
note also concerns all consequent equations for slowly varying amplitudes, which will 
be considered below. 


Generation of the third harmonics 


The case @, =30, corresponds to the process of the generation and the interac- 


tion with the third harmonics. The basic equations are slightly different: 


7-2 
г ца POO" а °C G30,-@,-G JE" (.ОЕ Ge" + 
1 


+ 2x (— @ 36,30, ,@,) JE aCe ОЕ, (7, t)| } 
(1.3.13) 


72 
— 2ik, ее - 2 E ne i= alias 9(-36,;0,,0,6 )E(7,0e + 
92 у, ot 


+ 6x) (30; 6, -G,,36, JE, РЕКЕ, 


The value @,=(k;—3k,)z characterises the phase detuning of the waves (1.3.11). In 
order to emphasise, that it is third harmonics being considered now (it is the second 
wave packet in (1.2.11)), we have substituted index 2 by index 3 at the wave vector and 
group velocity. 


Generation of the second harmonics 


In uniaxial and other non centre symmetric media the expression for nonlinear part 
РУ polarisation of a medium starts with a term of the second order of a field, 
which is defined by optical nonlinear susceptibilities of the second order 
4(—20,0,0) and x°)(— 0,@,,+G, ). This makes possible both the generation of sec- 
ond harmonics and parametric interaction of three waves with the carrier frequencies, 
satisfying the relation @= 0, +@,. Thus, the basic equations should be derived from 


ey) However, if in 


(1.3.5) accounting for the tensor nature of dielectric susceptibility 
the case of uniaxial crystal all waves spread along optical z axis of a crystal, then the 


generation of second harmonics 6 = 2@, obeys the obvious equations: 


Е чт, 1°(-20:0,,0, Eze", (1.3.14a) 
92 ит ew,)* 


28 CHAPTER 1 


[9 19 Sik, ae 
— 2ik Е =" y°)(_@ 20-0 Е Е е*, 1.3.14 
1 far 1 elm)” ( 0, 0), @,) 1 2е ( b) 
@, = (ky — 2k, )z. 


Parametric transformation of frequencies 


For parametric interaction of three light waves 


ВЕ, (F,t)expli(k 2 — 6) 2) + с.с., 
E,=E,(7,t)expli(k ,z — 60,1) + c.c., (1.3.15) 
E=E(,t)expli(kz — Ot)] + c.c. 


we have 
сани = ma 4. metie* 
о = Se 1-0, +,,-@ )EE,e, (1.3.16) 
caf 2012 вы 


We have considered here only the case © = @, + @, . It would be useful to the reader to 
consider the case @ = @, —@, himself. More details on harmonics generation processes 


and parametric interactions and also the solution of equations (1.3.13) - (1.3.15) can be 
found in the books [3,5,17,18]. 


1.3.4. THE MAXWELL-BLOCH EQUATIONS 


Now we will discuss the simplified equations describing the resonant propagation of 
wave packets. In resonant conditions it is natural to represent the polarisation of a me- 
dium as a sum of two terms (1.1.16): the resonant and the non resonant one. In the cases 
of practical interest it is enough to restrict by the linear approximation for nonresonant 
terms and to neglect its frequency dispersion. Though the resonance interaction with 


two-level atoms also gives the substantial contribution to linear polarisation of a me- 
dium and determines a frequency dispersion, for convenience they assign Pi =P 


nonres * 


When deriving the equations this supposition is equivalent to the identification of the 
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quantity v, appearing in the equations for amplitudes with the phase speed of light c’ 


in a medium in the absence of resonance atoms. 


Bearing in mind the results of sec.1.1.3 and 1.3.2 one can write the basic equations. 
Firstly, we consider the propagation of the wave 


E= E(F,t)expli(kr — wt)]+c.c. 


under conditions of one-photon resonance. For the purpose of the further generalisation 
of the main equations to the case of inhomogeneously broadened spectral line we desig- 
nate the carrier frequency as © to keep the old notation 0, for the central frequency of 


inhomogeneously broadened spectral line. Also, in the notation of wave vector of the 
resonant wave we omit the index. 
The polarisation of medium 


Р = Веб + с.с.+ Pin? rn a oan a 


res 


is presented in the following form 
P.. = Pexpli(kr — 0%) + с... 


Thus, the wave equations for the case of one-photon resonance can be written as 


9 1a Ank? 
— 2ik E= Р, 
| ees | € 


nonres 


where z-axis is chosen along k, @=kc’, =e) 5, (©). We shall write this 


equation in another way, omitting a prime sign at the phase velocity of a wave in a me- 
dium: 


Ong hee: Е Бе: 
92 cdot с 


This is the equation for slowly varying wave amplitude and it is also named the reduced 
Maxwell equations. For each case of resonant interactions there are their own reduced 
Maxwell equations. 


Equations (1.3.17) together with (1.1.12) are called the Maxwell-Bloch equations. 
Below we write them in a unified manner in order to include all the considered cases of 
resonant interactions. For this purpose we regard the resonant waves as propagating 
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along the same direction. The Bloch equations remain the same 


9. . 
Е вы Ye =iA(R, - R,} 
ap 1—! ЛК, - AR, +уМ, (1.3.17) 


д . * * 
5 +Y, he == (A Ry, — AR), )+ YN, 


where the variables A, A, №, N,,R,, К, and R,, like the reduced Maxwell equations 


themselves should be specified for each case of resonant interactions. We have the fol- 
lowing. 


In the case of one photon resonance @= @,, (А) 


2 19 дыра, -Е(П (oR, +11,(0)R, Jp 
92 cot 


Ry = 03, exp[—i(kF —at)],R, =p 


(1.3.18) 


aa? Ry =P yy, A=Ed,,/h, 
A=0-0,,-(E3 -E*)/i, М=ро, М, =p: 


In the case of two-photon degenerate resonance 20~ @,, (В) 


f ee | = i2nk{R, ЕП” (@) —E(11,(@)R, +П. (68, (13.19) 
92 cdot 


R,, =, expl-2i(kF — 8), В =р,, В =f... Л=Е?П. (6) /21, 
A=20-0,,-(E* -E*)/h, N,=p°, N,=p° 


с? 


In the case of two-photon two-wave resonance @, + @, = @,, (С) 


1д — 
Carta = i2mk RE, TH, (@,) — E\(11, (@,)R, +11.(@,)R,)},—(1.3.20a) 


| + ai = лк, ВЕ, П.. (6) ~ E,(11,(0,)R, a3 IT,(@,)R, )} (1.3.205) 


Ry = Bea exp{-il(k, Е k,)F -(@, ae W, )t] | К, = Pie R, = ae A = EE IT,,(@,)/h, 
A=@,+,-,,—(E" — E*)/h, N, =P), N, =р.. 
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In case of Raman resonance @, — @, = ,, (О) 
& + ai = Оли В, Е, I, (-@,) - E,(1,(@,)R, +11, (@,)R,)f, (1.3.2 1a) 
92 201 


Ry = Bea exp{-il(k, —k,)F -(@, — @, )t] }, К г Ра К, = ees A = BE. IT, (@,)/h, 
A=@,-@, -0,,—(E" — E*)/h, М, =р, №, = ре. 


— + Е = i2nk,{R:,E,11,, (@,) —E,(11,(@,)R, +П.(®,)8,)}; (13.216) 


Here, we suppose that all resonant waves propagate along z-axis 
The initial conditions at 1 =0 for the excitation of gas medium in thermodynamic 
equilibrium for all the considered cases are given by 
Ry} ,.0=9, К, 


eo Ny, Ralio= No: 


The results (1.3.21) for Raman resonance follow from (1.3.20) after the replacement 
Е, > Е,, 0, > -0,, k, > К, . In (1.3.17)-(1.3.21) the influence of generated harmon- 
ics on resonant fields is neglected. 

In practice the spectral line of resonant emission/absorption of the medium is often 
inhomogeneously broadened, e.g. the frequencies @,, (or @,,,) of different resonant at- 


oms of the same sort are not equal but lie around in the vicinity of some value @,. The 


physical nature reasons of inhomogeneous broadening are different in gas and solid 
state. 


Fig.1.3.1. The spectral line of a 
single atom moving with a speed 
У (a) and the spectral line of a 
gas of such atoms (b). 


In a gas the resonance atoms move chaotically. The spectral line of radiation of indi- 
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vidual atom w(@, ) moving with a speed ¥, is Doppler shifted in dependence of projec- 
tions of atom velocity on the direction of observation й, w, (<, —NVO, | с). Here @, 1s 


transition frequency of two-level atom in its centre of mass system. At a thermal equilib- 
rium the relative part of atoms (У) dv, having a velocity within a narrow range from 
у to v+dy, is defined by Maxwell distribution 


3 
1 у? 
v)=| —— | exp] -— 
where и is the most probable velocity of atoms. As a result the summarised spectral line 


of an ensemble of two-level atoms Iv va (vd represents a symmetric contour with the 


central frequency @, and the width 1/7,=@,.u/c exceeding noticeably the width of 
w(@, ) (see Fig. 1.3.1). 

The dynamics of a group of two-level atoms, with the speeds from у to ¥+dv can 
be described by Bloch equations (1.1.17). Then, however, it is necessary to replace 
d/dt оп 0/dt+VV, N; with М, f(v) and to fix A in the form 


i 
«бу, 20-0,-2k¥, 0,+0,-0,-(k, +k)v 
©, — 0, — ®, —(k, -k,)¥ 
for the cases А (O=@,), В (20=0,), С (@, +, =) and D (@, —@, = @,) of reso- 
nant interaction accordingly. The sign ~ over the frequency @, denotes the account for 
the Stark shift - ©, =@,+(E;"-E*)/h or ®, = @,+(E* —E*)/h. One should note 
that the frequency @, in case A is the frequency of optically allowed resonant transition 


whereas in cases B-D it is the frequency of optically forbidden resonant transition. 

The polarisation of a medium is created by all groups of atoms, therefore it is neces- 
sary to carry out the additional integration of the right hand side of expressions (1.1.18)- 
(1.1.21) over all velocities. For example, equation (1.1.18) in the case of inhomogene- 
ously broadened spectral line becomes 


| + “ak = дк | dv{R,,d,, -Е (11, (@)R, + 01, (@)R, }, (1.3.18’) 
We will denote the analogous forms of equations (1.1.19)-(1.1.20) as (1.1.19’)-(1.1.20’). 
The initial conditions at {1 = 0 for excitation of gas medium in thermodynamic equi- 


librium for all the considered cases are given by 


К; 


<0= 0, К, 


=0— М, f(y), R, 


= №, f(y). (1.3.22) 
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Derivation of the density matrix equation for a gas medium is considered in more 
detail in Appendix 2. The explicit example of operating with the equation is given in 
section 2.5.5 for the case of photon echoes produced by two standing wave pulses in 
resonant gas medium. 

The frequencies of resonance impurities in a solid state without current carriers lo- 
cate near some value @,. The inhomogeneous broadening is caused by a casual disposi- 
tion of impurities in a matrix of crystal and various magnitude of interaction of impurity 
with atoms of crystal. In many cases the distribution of impurities atoms over resonance 
frequencies @,, (or @,,) 15 satisfactorily described with the help of Lorentz factor 


1/nT, 
(Dy. 7 @y)” ay у, 


where 1/70 characterises the width of inhomogeneously broadened spectral line. The 


PO, — 6%) = 


impurity dipole momentum can be considered as independent from impurity disposition 
in crystal matrix. Dynamics of group of impurity atoms, having the detuning from a 
resonance from the interval A to A+dA, is described by the equations (1.3.17), where 
№; 1s replaced by №, Е(А) ‚ where Е(Д)=Ф(А-А, ), and for cases А, В, С, and D the 
value A, is equal to O—@,, 20—@,, 0,+ @,— @,, @,— @,— @, accordingly. We have 
included the Stark shifts in the frequency @,. In the initial conditions (1.3.22) f(v) 
must be replaced by F(A). The reduced Maxwell equations are given by the expres- 


sions (1.3.18’)-(1.3.21’), in which the integral over dv in the right hand side is replaced 
by the integral over dA. The obtained Maxwell-Bloch equations can also be used in the 
case of resonance excitation of gas by waves, propagating in one direction, if to put 


Е(А)= T, /[кехр- (A ah Te | and to consider ЛД to Бе equal to 

A, —КУ, A, —2k¥, A, —(k, +k)¥, and A, —(k, —k,)¥ in cases A, В, С and О. 
Sometimes, we will designate the integration over the inhomogeneously broadened 

spectral line by brackets ( и In such cases we change the normalisation of the density 


matrix so that expression (1.3.18”) will read 


[= “nF = РАМ (В dy a E (I1,(@)R 1 + TI,(@)R »)) › (1.3.18") 
2 Cc 


where № is the density of atoms, R=R F(A) ог R=R/f(v), and Spp =1. In the Bloch 
equations and in the initial conditions, the level populations N, must be replaced by 


№, / № ‚ and the distribution function ( f(v) or F(A)) must be omitted. Then, we follow 
the definition 


(exp ression) = [aar (A)(expression) , or (exp ression) = Ja vf (v)(exp ression) . 


The case of homogeneously broadened spectral line can be treated as a sharp-line 
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limit of an inhomogeneously broadened spectral line when F(A) = 6(A — A, ). Then, 
(expression) = expression]. . 


In this case eq.(1.3.18") reduces to the eq.(1.3.18) describing the case of the homogene- 
ously broadened spectral line. 


1.4. Polarisation effects and resonant level degeneration 


The above stated bases of the theory of interaction of coherent radiation with quantum 
systems are easy to be generalised to involve any sort of polarisation of light wave and a 
degeneracy of atomic energy levels. This is one of the commonly used models of levels 
degeneration. Let atomic levels be characterised by energy £,,, total angular momentum 


is j, and its projection on the axis of quantisation is т, (—j, Sm, < j,). Other 


quantum numbers (if there are any) in the optical processes under discussion are as- 
sumed to be constant. 


1.4.1. GENERALISED MAXWELL-BLOCH EQUATIONS 


It is convenient to use a formalism of irreducible tensor operators while considering the 
resonant interaction of light with matter. An example of irreducible tensor operators of a 
first rank is a vector value represented in spherical components. The scalar product of 
irreducible tensor operators coincides with the scalar product of vectors, for example: 


ва- Vente. 


q=0,41 


Spherical components of any vector (say а) d‘, gq =0,+1, are defined as 


Е 1 
4°=а, Не, tid,), (1.4.1) 


Here d,,d, and d, — projection of a vector d on Cartesian axis (z is the axis of quanti- 


sation). The matrix elements of the dipole moment operator d are related to the reduced 
dipole momentum d,, of appropriate optically allowed transitions by the formulae [20] 
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For the sake of simplicity we accept the notation simplification of a designation of ma- 
trix elements we use the notation 


dium, = (E,ism| d* 
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The density matrix in terms of irreducible tensor operator is given by [2,20,21]: 
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The expansion of р can be obtained from the expression for p by substitutions 
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a—e and Ф® >Е Иа Here e=b or e=c in dependence on resonant conditions, 


ie 


Note, that Ф® represents the total population of level £,, Ф' апа ФП is thought 


‘ Ф® and Е® are irreducible components of the appropriate density matrices. 


about as an orientation and an alignment. If we take into account depolarising atomic 
collisions each component of irreducible tensor operator will decay exponentially with 
the own relaxation constant (see section 2.7.2). 


In order to derive the generalisation of the Bloch equations in the case of arbitrary 
polarisation of exiting fields and arbitrary multiplicity of degeneration of energy levels 
due to various orientation of total angular momentum, one should: first obtain the equa- 
tions for the transformed density matrix by means of unitary transformation, then de- 
compose these equations in terms of irreducible tensor operators [21] and at last turn 
back to a standard form of density matrix. At this stage the number of sums can be 
summed up. The result is as follows 
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Here and below the repeating matrix indices imply Фе summation. The resonant polari- 
sation of the medium is represented in the form 


P=, Dm, + 6€-+ Bn Duin, + Bn nim, (1.4.5) 
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The values introduced in (1.4.4) and the matrix elements of the effective dipole moment 
operator have the following expression: 
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For one-photon resonance @= @,,, (A) 
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(the values У, „ and D/ „ are obtained from V,, ,, and Бу „ by replacing 6 > a); 


Mp mpm 


For two-photon one-wave resonance 2@= @., (В) 
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(quantities V,,,, and Г, „ are obtained from Г„„ of previous case Бу the replacement 
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Ь > с and b- a, accordingly. Analogously, quantities О“, and D‘_. are obtained 


Те т’ Та т’ 


from О, „; ‚ by the same replacement b > с and ba, accordingly), 
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For two-photon two-wave resonance @, + @, = @,, (С) 


e=c, A'=0,+0,-O,,, 
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(Г, „. are obtained from У, , by substitution of ca, and [2 | ‚ and [Ds | о 
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are obtained from Df „, of case А after substitutions Е > Е, and accordingly Вс 


and b> a). 

The Raman resonance (D) is described by the same equations, as the two- “photon 
two-wave resonance case, where the replacements Е, >E,, , >-@,, К > -k, 
have been made. 


The operator of resonant interaction V and the effective dipole moment operator D 
are determined by parameters: 
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Here index В marks the nonresonant energy levels, п) and п®) are given by m1) 


(1.4.6) 


after the substitutions с > 6 and с a accordingly. The definition of the 6] symbols 
is standard [20]. 
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The equations (1.4.4) and (1.4.5) are simplified in the cases of small and large values 
of the total angular momentum. The proper expressions for small values of the total an- 
gular momentum will be given in the relevant sections of the book where we will dis- 
cuss the methods of their solution. To obtain these particular expressions it is sufficient 
to use the following formulas: 
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Also, the equations(1.4.4) and (1.4.5) can be considerably simplified [22,12] in the 
case of large values of angular momentum when the quasiclassical description of angu- 
lar momentum is valid [22]. The main idea of the quasiclassical approach to the de- 
scription of angular momentum is considered in Appendix 1. 


To involve the inhomogeneous broadening into analysis of Р” one should proceed 
analogously to nondegenerate case of section 1.3.4 (see the end of section 1.3.4). We 
consider here only the case of one-photon resonance in a gas medium with no allowance 
for the Stark shifts. The Maxwell-Bloch equations read as 
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1 : 
J on =(- 1)” eal р 3 : 
“mM 4 mM, 


In the above notation we have introduced the coefficient /3 to simplify expressions for 


where 


J и", in the cases of small angular momenta: 


J ane ОО > Л =) sgl Ea J a еб, ы Л =л, —1=0. 


1.4.2. NONLINEAR PARABOLIC EQUATION 


There is no need to apply the techniques of the total angular momentum and irreducible 
tensor operators to include polarisation effects in wave equations in nonresonant cases. 
These complicated methods allow to determine the relationships of optical susceptibility 
parameters with microscopic parameters of atoms. They also define the symmetry prop- 
erties of optical susceptibilities. But the latter can be obtained from the more general 
reasoning. 

In isotropic media with the symmetry centre (gas or liquid) the third order optical 


susceptibility %!%,,,(—@;@,—@,@) has the form 
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carrying out the reverse Fourier transformation of the nonlinear polarisation 
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we can obtain from (1.3.5) and (1.3.9) that 
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It is convenient to consider parameters 0(@) and B(@) as phenomenological ones 


and to determine their values from experimental data. Unlike the resonant situations it is 
unnecessary to establish the dependence of these parameters from microscopic charac- 
teristics of the medium. These parameters are more adequate characteristics of the mat- 
ter than microscopic ones in view of the exceedingly great number of microscopic pa- 
rameters for nonresonant wave propagation. 


1.5. Conclusion 


To understand further development and application of the method of unitary transfor- 
mations it is useful to consider resonant absorption as the elementary event of many 
particle collision. For example, two-photon absorption is the collision of one two-level 
atom of sort // with two photons of energies i@, and hq@, satisfying the resonance con- 
dition na, +ho, = E” — E". Here, the upper index ПИ denotes the sort of atoms and we 
suppose that in this sort of atoms the energy levels are coupled by two-quantum (opti- 
cally forbidden) transition. Now we replace one photon, say /@,, with the two-level 
atom of another sort / with the energy levels coupled by optically allowed transition 
Е; > E!. Ina three particle collision of one photon f@, with excited atom / and atom 
П on the ground state the resonant absorption of the photon й@, with simultaneous ex- 
citation of atom ДЛ and deactivation of atom / is possible. Thus, in external electromag- 
netic field the excitation energy of atom / is transferred to atom П. This process is 
named radiative atomic collision [23] and is very effective if h@,+ FE} -—E! = ЕГ- Е" 
(see Fig.1.5.1). The method of unitary transformation has turned out to be very powerful 


for simple and successful derivation of main equations describing radiative atomic colli- 
sions [10,15]. 


atom И atom И 


Fig.1.5.1. Level configuration of atoms undergoing radiative collisions. 
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One can specify in more detail two photons in collision processes with atom Д. So 
far we have described electromagnetic fields as classic fields. If we treat one electro- 
magnetic field as classic and another field as quantum, we will obtain the possibility of 
simple consideration of “spontaneous stimulated” two-photon emission of excited atom 
П as well as stimulated two-photon relaxation which is additional to the one-photon re- 
laxation process. This process is one of the hierarchy of multiphoton spontaneous proc- 
esses in the external field. The transition in an atom, leading to additional relaxation, 
occurs with the absorption of one or several photons from the classic coherent field si- 
multaneously with emission (or absorption) of a vacuum photon [13]. Owing to the in- 
tensity of an external field, such processes may be very significant. The method of uni- 
tary transformation allows to construct the effective Hamiltonian for such processes and 
to obtain the whole hierarchy of relaxation constants (see Appendix 1). 

A complicated picture of two-photon resonance arises in a thin film of width much 
less than the wavelength of an incident field. If we take into account the reverse influ- 
ence of film on exciting wave we should simultaneously allow for the Raman scattering 
of third harmonic. The method of unitary transformation gives a systematic way for the 
treatment of such processes (see section 9.3). 

Another field of applicability of the method of unitary transformation is the con- 
struction of Lax pair for integrable models in nonlinear optics [14]. In such problems the 
method of unitary transformation is more physical and has been used to obtain exactly 
integrable polarisation models of two-photon resonance (see Appendix 4). 
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CHAPTER 2 


COHERENT TRANSIENT PHENOMENA 


Three main processes determine the features of optical phenomena. The first is the 
dynamics of elementary radiators (atoms, molecules, excitons etc.) interacting with 
light. The second is the emission of light by elementary radiators. The third is the evolu- 
tion of light waves within the medium under the influence of dispersion, diffraction, 
nonlinear compression and parametric wave interaction. Essential features of radiator 
dynamics and emission of light are brightly displayed in coherent optical transients such 
as free induction decay, optical nutation and various echo phenomena. The favourable 
condition of their formation is a resonant propagation of an ultrashort light pulses 
through such thin medium where dispersion and other processes inherent to wave 
propagation are inessential. In this case coherent transients exhibit the properties directly 
connected with medium structure. This circumstance is very attractive for spectroscopy 
especially for investigations of relaxation. The theoretical analysis of coherent transients 
becomes fairly simple for optically thin medium when the framework of a given field 
approximation in Maxwell-Bloch equations is valid. This approximation ignores the re- 
action of the medium to the passing light pulses. In spite of this simplicity coherent tran- 
sients represent an important large class of nonlinear optical phenomena. This chapter is 
devoted to the description of the underlying main principles of coherent transients. 

Firstly, in section 2.1 we qualitatively consider general characteristics of coherent 
transients. In section 2.2 we state the given field approximation and general solution of 
Maxwell-Bloch equations in this approximation. Optical nutation and free induction de- 
cay are discussed in sections 2.3 and 2.4. They serve as basis for photon echo formation 
in resonant interactions with two levels or three levels of atom that we describe in sec- 
tions 2.5 and 2.6. Polarisation properties of coherent transients we illustrate in section 
2.7 on examples of optical nutation by phase switching method and of the method for 
investigation of atomic relaxation by photon echoes in the three-level systems. 


2.1 General characteristics of coherent nonlinear processes 


Before developing the theory of behaviour of radiator system (atoms, molecules, impuri- 
ties in a solid-state crystal matrix etc.) in a field of a resonant or nonresonant electro- 
magnetic wave it is helpful to discuss qualitatively the basic phenomena arising in these 
processes. It is useful to know the characteristic times determining the basic marks on a 
time scale where the processes of interaction of radiation with medium take place. 


44 CHAPTER 2 


We shall consider a set of atoms without motion and interaction among themselves 
which are in a resonant field of an electromagnetic wave. Natural width y, of a resonant 


line of a separate atom gives the life-time of the resonant excited level 1/y, and the time 
of relaxation of resonant polarisation 2/y,. The thermal motion of atoms of the given 


ensemble (neglecting the processes of collisions and other interatomic interactions) will 
not change the time 1/y, of population relaxation of levels, but will affect the width of a 


line of radiation of such an ensemble. Due to the Doppler effect the various groups of 
atoms, moving in various directions and with various speeds, will have different fre- 
quencies of resonant transition. Therefore the total width of an absorption line or emis- 
sion line consists of separate lines of width y,, but their centres are displaced to the 


value of Doppler shift with respect to the resonant frequency ©, of a motionless atom. 
The total width of a line becomes equal to 1/7, . Such broadening of a spectral line is 


called inhomogeneous, and not only the Doppler effect results in inhomogeneous broad- 
ening (but now it is not essential). 

One of the results of the interaction between the atoms will be a phase shift of an in- 
dividual atom without the transition between levels (though in the general case the re- 
laxation speed of the energy levels increases). Besides, the interaction of atoms with the 
surrounding non-resonant atoms can cause inhomogeneous broadening of a spectral line 
(for example, in a solid state). Thus, the life-time of an excited level (or relaxation time 
of the population differences between resonant levels) and relaxation time of resonant 
polarisation are not wholly determined by the value y,. For a group of the atoms having 


given speed у, the relaxation time of polarisation and population difference we shall 
designate 1/y,, and 1/y, and the speeds of relaxation y,, and y can be regarded as in- 


dependent of the value у. The inequalities 7, <1/y,,<1/y<1/y,) are usual. Then the 
time 7, determines the decay time of the polarisation of atom ensemble and is referred 


to as dephasing time or time of reversible relaxation. The mechanism of this decay can 
be explained by the following analogy [1]. 

Let us consider the start of runners. In the initial moment of time all of them are on a 
line of start. After the start fast runners escape forward and slow ones are left behind, the 
others sprawling between them. During the race the runner density per unit of length of 
the track decreases. The runner density essentially decreases compared with that of at the 
start during the time 7,. Here the runner density is the analogue of macroscopic polarisa- 


tion, each runner is the analogue of radiator, the time of the runner’s being able to run 
gives us the concept of 1/y,, and Шу. 

Let us involve the time Т i.e. the duration of a pulse of an electromagnetic wave, 
and if the interaction of resonant atoms is “switched on” or “switched off’ at any mo- 
ment of time with the stationary electromagnetic radiation, we designate 7 the duration 
of front of the switching process. Let us neglect radiation fluctuations assuming that the 
external electromagnetic field represents either a monochromatic wave or a set of such 
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waves. In this case the behaviour of ensemble of atoms will depend to a great extent on 
the ratio between characteristic sizes T , T,, Шу», and 1/y. 


If T <<1/y,,, Иу, for an interval of time of about several 7 all atoms behave as be- 


ing non-interacting. When the external field causes transitions between resonant levels 
of separate atoms, these transitions appear synchronised 1.е. the behaviour of separate 
atoms is correlated by the common field of an electromagnetic wave. In a system of at- 
oms coherence takes place, the response of this system to external influence is displayed 
in radiation with the intensity proportional to the square of the number of atoms per unit 
volume. 

Let T >>1/y,,, 1/y. In this case coherence in the system of atoms is kept during the 


time of the order 1/y,,, and the intensity of radiation response decreases with the time, 


reaching stationary quantity proportional to the first degree of atomic concentration. If 
inhomogeneous broadening is present, the loss of coherence in the radiator system oc- 
curs more quickly. 

Thus, under the resonant conditions the stationary and non-stationary modes of in- 
teraction of radiation with medium will differ radically. 

The non-resonant situation is characterised Бу a condition АТ >> 1, where A is the 
detuning from an exact resonance. During t, =А" the polarisation of medium reaches 
stationary quantity. The population difference does not essentially change. Any coher- 
ence displays in the radiator system can happen only before the stationary regime of 
macroscopic polarisation sets up. The time describing the process of interaction should 
be less than ¢,. On the time scale of the order 7 there will not be any coherence dis- 
plays, аз the condition of non-resonance requires T >> t, . 

We shall note that in the cases mentioned above, the role of a monochromatic field 
can be compared to a role of the conductor of chorus. The conductor’s being absent, 
each singer will sing on his own, the chorus will quickly turn to a rustling crowd. The 
time of this transformation is also the characteristic time of the process coherence. Each 
time the conductor tunes up the singers, as a result all of them follow the same plan. If 
the part is sung "from a sheet" and any pages of the score are absent, we receive an ex- 
ample of a phase shift. We offer the reader to think of other analogies. 


2.1.1. NON-STATIONARY AND COHERENT TRANSIENTS 


Coherent transients arise with fast perturbation, “switch on” or “off” of interaction of 
the radiator system with a monochromatic resonant electromagnetic field, for example, 
due to the abrupt switching of the laser source frequency, the drastic displacement of 
energy levels, use of ultrashort electromagnetic pulses. The words “fast”, “abrupt”, 
“ultrashort” mean that the time of the process is far less than that of the irreversible re- 
laxation of polarisation 1/y,, and population of resonant energy levels 1/y. During this 
time the ensemble of radiators can be identified to ideal gas of two-level atoms. Such 
atoms being affected by an external field do not interact to each other. In optically thin 
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medium all atoms interact with one common field, so processes of the stimulated ab- 
sorption and emission of photons are synchronised. Medium polarisation is of the order 
of polarisation of one atom multiplied by atomic density. The intensity of radiation 
caused by this polarisation will be proportional to a square of the number of atoms N°. 
Such dependence of the response on the concentration of atoms displays coherence in 
the radiator system and is a characteristic feature of coherent transients. Sometimes the 
coherent response is referred to as superradiation. 

The effect of photon echo holds interest among all the coherent transients. The pho- 
ton echo is the coherent response developing as a result of influence of two or more ultra 
short pulses of light on resonant system. For example, if two exciting light pulses sepa- 
rated by a time interval т, pass through a resonant medium, then after an approximate 


time interval t,, following the second exciting pulse, spontaneous coherent emission is 


produced by the excited atoms of the medium, and is called two-pulse photon echo [2,3] 
(Fig.2.1.1). 


second pulses 


photon echo 


Fig.2.1.1. Two-pulse photon echo formation 


The term “two-pulse” is used to distinguish this kind of echo from the others. Also, 
for the purpose of classification, this echo is named as photon echo on the basis of free 
induction (decay). The signal “free induction” represents the emission from the medium 
after the passage of backward edge of exciting pulse. Details can be found in sections 
2.4 and 2.5. One should note that the photon echoes, free induction and some others co- 
herent transients are optical analogues of transients in spin systems [4]. 

The effect of photon echo on the basis of free induction takes place in the presence of 
inhomogeneous broadening of a resonant absorption line in the system of two-level at- 
oms (and in a general case any radiators). The attenuation of macroscopic polarisation 
induced by an exciting pulse of an electromagnetic field can occur due to rather fast 
dephasing of separate radiators because of its different frequency. The specific feature of 
this relaxation due to inhomogeneous broadening is its reversibility. To demonstrate this 
statement, we shall consider the idealised system, in which the times 1/y,, and Шу are 


especially great, and the duration of exciting pulses 7, and 7, are so small that in their 


action inhomogeneous broadening is insignificant. Let the interval between stimulating 
pulses t,, considerably surpass the dephasing time Т,, so T,, T, << T, <<) <<1/¥,, 
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Пу. Let us turn to the analogy with runners. The first exciting pulse gives start to run- 
ners. By the moment of the second stimulating pulse runners will sprawl along a racing 
track (macroscopic polarisation of medium will disappear or atomic free induction will 
decay). It appears (and it is proved only by the analysis of the solutions of the corre- 
sponding equations), that the action of the second pulse changes a phase of atomic oscil- 
lator to the opposite. For the runners it means that the second pulse serves as a signal to 
turn round and to run back. As a result all the runners simultaneously reach the line of 
start. After an interval of time т,, after the action of the second exciting pulse there is a 
macroscopic polarisation in the medium again, the result of which will be the radiation 
of the signal, which has received the name of photon echo. The analogy involved allows 
to understand the role of irreversible relaxation in the effects such as an echo. If the in- 
terval of time т, is comparable with 1/y,,, ie. before the runners turn back, they will 
strain themselves to the breaking point, then obviously only some of them will either 
reach the line of start or (as the speeds of runners will change) the runners will cross the 
line of start in the various moments of time. In any case the effect of an echo will be 
weakened, and as T,, increases the echo will disappear at all. An interesting classical 
model of photon echo can be found in ref.[5]. 

If the length of resonant medium greatly exceeds the length of absorption of elec- 
tromagnetic radiation, the approximation of the given field is broken. Thus the abnor- 
mal weak absorption of energy of radiation is possible, and moreover as the pulse am- 
plitude increases, the moment arises, when the absorption is actually absent. This phe- 
nomenon has received the name of a self-induced transparency [6]. 

The simple explanation of the effect consists in the fact that the absorption of elec- 
tromagnetic radiation from forward front of a pulse is replaced by stimulated radiation 
with its back front (after the system of two-level atoms will appear inverted). Such a 
pulse of a self induced transparency in the process of distribution gets the stationary 
form which is not dependent on density of resonant atoms, and is spread in medium 
with the group speed which is appreciably different from the speed of light. The theory 
of a self induced transparency gives a rare example in theoretical physics: the system of 
the equations describing evolution of an initial pulse of ultra short duration is quite in- 
tegrable system. In other words, there is an infinite sequence of the high laws of con- 
servation or integrals of a movement, which are in involution. As a consequence of this 
the pulse of self induced transparency appears to be a soliton, i.e. a lonely wave keep- 
ing the individuality in colliding with another lonely wave. The more powerful pulses 
break up to some amount of solitons. 


2.1.2. COHERENT RADIATION OF RESONANT ATOMS IN THE SPATIALLY 
SEPARATED LIGHT BEAMS 


The specific mechanism of reversible relaxation in gas due to thermal motion of atoms 
and Doppler effect, allows to realise original spatial analogue of photon echo, which can 
take place both in pulse, and in stationary light fields [7,8]. We shall look at the forma- 
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tion of usual two-pulse photon echoes in gas in the following way. Let us isolate a group 
of atoms having a projection of speed onto an axis x being equal to v,. At the moment 


of time ¢=0 they are in the vicinity of a point x = 0, in which the stationary light beam 
spreading along an axis 2 and having the cross size 0< x <b, is located. The beam ex- 
erts pulse influence on the atoms, the duration of which is of the order of the atomic pas- 
sage through the cross-section of a beam, 7, =5,/v,. For the given group of atoms 


Fig. 2.1.2. Coherent 
radiation of gas (shaded 
areas) in the spatially 
separated light beams 
(a) and pulse influence 
on a particle crossing 
beams (b) 


to take part in the formation of photon echo, at the moment of time ¢ =7,+T,, it should 
undergo the action of the second pulse. However by this moment the atoms will already 
be at the distance of v,t,, from the first beam. Let us assume that at the same distance 
L=v,%,, from the first beam, the second light beam parallel to it with the cross sizes 
L+b,<x<L+b, +b, is located. Then the specified atoms undergo the influence of sec- 
ond pulse of duration 7, =b,/v, and “are ready” to radiate at the moment of time 
t=2t,,+T7,+T,. They radiate a signal of photon echo in the direction of an axis z. The 


dephasing of atomic radiator necessary for the photon echo formation is provided with 
disorder of the projections of atomic velocities onto an axis z within the allocated 
group. The disorder of projections of speeds of atoms onto an axis x will eliminate the 
display of the echo signal at a glance. However it is not so. To prove it we shall again 
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consider the passage of the allocated group of atoms of two light beams propagating 
along an axis z and located in areas OS x <b, and В +L<x<b,+b,+L, where dis- 


tance L between beams does not depend on у,. Atoms undergo pulse influence in inter- 
vals of time 0<¢<6,/v.and (b,+L)/v, <1< (В +Ь, +Г)/ъ, and radiate a signal of a 
photon echo in the moment #, = (В +b, + 2L)/v,. Thus they will be in the vicinity of a 
point with coordinate b, +b, +2Z, that is at the distance L from the second light beam. 
Let us emphasise that it does not depend on v,. If to take into account that the atoms 


move not only in the positive direction of an axis x, the general picture of influence of 
two parallel light beams located at the distance LZ from each other and propagating in 
one direction, will be the following. On both sides from the beams at the distance L 
from them coherent radiation occurs in gas as the beams of light parallel to exciting 
beams and propagating in the same direction. Figure. 2.1.2 summarises the above men- 
tioned idea. 

For the formation of coherent radiation in separated light fields it is necessary that 
the size 2L+b,+6, should not surpass length A of free run of atoms. 

It seems evident, that all types of echo on the basis of free induction decay have the 
spatial analogues described. 


2.1.3. SUPERFLUORESCENCE 


So far we have discussed situations when the external electromagnetic field carried out 
phase synchronisation of all radiators - two-level atoms. Coherent response of the media 
to such perturbation was caused by a macroscopic polarisation arising as a result of 
preparation of radiators in correlated states. The intensity of such response is propor- 
tional to a square of the number of the excited atoms №, that was the basis to name it 
as superradiation, opposite to the spontaneous radiation, the intensity of which is pro- 
portional to №. 

Considering the spontaneous emission of photons by the system of two-level atoms 
with the size of about the length of a wave, Dicke in 1954 [9] showed that the intensity 
of spontaneous radiation can be proportional to №, despite the obviously absent exter- 
nal correlating influence. Dicke designed a quantum-mechanical state of ensemble of 
two-level atoms, which is characterised by two quantum numbers: the cooperation num- 
ber г and half-difference population of the upper and lower energy levels of all the sys- 
tem т. In photon emission the number г is constant and characterises a degree of cor- 
relation of a separate radiator, whereas m varies in time. By assuming that the system 
initially is completely inverted m(0)= № /2 and the cooperation number has a maximum 


value r= N/2, Dicke found that the intensity of spontaneous radiation /,,, is propor- 
tional to N soon after its beginning. Later number m becomes equal to zero (the case of 
equal level population), and at this moment of time Г, = N’. Besides, if Иу, is a life 
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time of the excited state of the isolated two-level atom, practically all the energy re- 
served by system will emit during the time interval of 1/y,N . 


Thus, the possibility of spontaneous transformation of atomic system due to usual 
fluorescence to the highly correlated system was demonstrated. This correlated system is 
characterised by a high speed of photon emission and by intensity of radiation propor- 
tional to №. This process has received the name of superfluorescence (ог Dicke super- 
radiation). It is necessary to emphasise, that the Dicke state is not the product of eigen- 
states of the Hamiltonians of separate atoms, and the presence of some a priori correla- 
tion between initially states of separate radiator is reflected in it. For realisation of super- 
fluorescence it is necessary for the ensemble of radiators to be prepared in Dicke state, 
but for it is not enough to invert all atoms. 

The realisation of Dicke reasoning in optics led to the principal difficulties. The sizes 
of atomic system here are greater than the wavelengths of a resonant radiation. The 
propagation effects of superradiation pulse in the Dicke theory are not considered. It is 
not clear what is meant by the cooperation number of Dicke state. In any way it is not 
the number of atoms М. 

Being guided by semiclassical reasons, Rehler and Eberly [10] have considered the 
spontaneous emission of the extended multiatomic system and have found the intensity 
of superfluorescence in any direction and at any moment of time. It has been shown that 
the dynamics of intensity spontaneous photon emission reflects qualitatively basic ele- 
ments of the superfluorescence process. Soon after the excitation the radiation occurs in 
all directions and its intensity is proportional to №. In the certain time ¢, the pulse of 
superfluorescence is spontaneously formed, which direction is determined by geometry 
of a sample and direction of an exciting system pulse. In this direction we have 
I, ~ N°’. The duration of a superfluorescence pulse 1, =1/y,(l+uN ), where и is a 
form-factor dependent on the form a sample. Besides, ¢,, =f, In(uN). 

Within the limits of a small system volume, when the linear size of a system of at- 
oms about the length of a radiation wave, the Rehler-Eberly theory gives Dicke results. 
The maximal value of the cooperation number /,,,, has appeared to be equal to the num- 


ber of the atoms, which are not participating in induced processes of reemission. The 
superfluorescence is a purely spontaneous process, if the length of a core containing 
two-level atoms, is far less than the free run of photon. Such mode is named as pure 
(one-pulse) superfluorescence. If the specified condition is not carried out, there is oscil- 
lator superfluorescence. 

For the last years there have been different updatings of the theory of superfluores- 
cence taking into account the relaxation and inhomogeneous broadening of a resonant 
line of absorption. The satisfactory description of experimental results on supervision of 
superfluorescence is achieved by introducing several parameters determined basically by 
the initial (pure quantum) stage of photon emission by the excited system of radiators. 
The existing problems in the theory of this phenomenon are connected to the quantum 
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description of the occurrence of correlation in an initial condition of radiating system. 
Let us note, that in the semiclassical theories this condition is simply postulated. 

In summary it would be necessary to emphasise, that the bright feature of superfluo- 
rescence is the large time of a delay ¢, , which can exceed the pulse duration ¢, on some 
orders. The simple explanation is the following. The decay of an initial state of a two- 
level system begins with spontaneous non-correlated emission of photons by a separate 
radiator. The arising field of radiation results in the moment ¢, to the maximal correla- 
tion of these radiators, behaving now as one atom, but with the dipole moment of transi- 
tion in N time larger than at one radiator. The intensity for this reason becomes propor- 
tional to №, and the speed of photon emission is increased almost in N time. The curi- 
ous analogy of such spontaneous occurrence of coherence in radiator system takes a 
place in human community. It is a storm of applause carried over to an ovation, for ex- 
ample. 


2.2. The given field approximation 

For the sake of simplicity we consider the case of the one-photon resonance with nonde- 
generate atomic transition and we neglect any polarisation effects. We will discuss co- 
herent transients in resonant propagation of electromagnetic field 


Е =E expfi(kz — oft)|+c.c.. (2.2.1) 


We write the Maxwell-Bloch equations in the form 


9 19 . 
[ны = i2nkd,, | R,,dA, (222 
5:4 | 
5 = iA(R, —R, ) 
ot 
5 R= i(A°R,, — ARS, (2.2.3) 
9 


pea = -i(A'R,, Zz AR’, } 


The spectral line of resonant transition is inhomogeneously broadened so the values 
R,,, К, and К, represent slowly varying function describing optical coherence and den- 
sity at lower and upper energy levels of atoms whose detuning from resonance lies 
within the interval (A,A+dA). The value A=Ed,_/h is independent from A. For de- 


tails see in item 1.3.4. 
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It is convenient to introduce new independent variables z'=z, Г={—2/с and 
rewrite the Maxwell-Bloch equations as 


SE =i2nkd,, | Ryd A (2.2.2’) 
Ze. 

9. р 
Gan i = iA(R, = № ), 

д а | | 
7 ИА, ЛЕ (2.2.3) 
9 


Эн ^2 = -i(°R,, — AR;,) 


The electric field at point z in the medium consists of two terms. The first one is the 
electric field of the exciting wave in the absence of the medium and the second repre- 


sents the induced field of quantum reemission due to the resonant interaction. Assuming 
the electric field at point z=0 of entrance to the medium to be as 


P=aer". (2.2.4) 
we write the total field in the form 
E=ae*+e. (2.2.5) 


The induced field is proportional to the amplitude of dipole emission and the number of 
emitters: 


ba 


= мар)“ | (2.2.6) 
Cc 


Here, we have taken into account one-dimensional geometry of our consideration and 
coherent character of resonant interaction. Only a part of order АГ. о <1 of resonant at- 
oms within inhomogeneously broadened spectral line efficiently interacts with an excit- 


ing field. We denote by N the density of resonant atoms. 
If the reaction of resonant medium of length L to propagating pulse is small 


lel<<a, (2.2.7) 


БМ, Ty @/he << 1, (2.2.8) 
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the value A in eq.(2.2.3) may be treated as following constant 
A=ae*d,,/h. 
Then eqs.(2.2.3') turn to the system of three ordinary linear differential equations with 


constant factors, which solution can be easily found by standard methods. The general 
solution of eqs.(2.2.3') for any initial conditions at the moment of time = 


0 0 0 
К = Ку, те =^,, В. = ^, 
it is convenient to present in a matrix form 
RK) =) ВИ.) (2.2.9) 


where R(t’), R(t,) and U(¢,4,) - matrix of the order 2x2: 


revel ee a 6) 2 


R(t) В,(Р) Roy № 
sos = 4) _, A. 2-4) 2 O0'-h) 
2 Q 2 Q 2 
t’=.t,)= 2. 
(СА 2.2.10 


а sin Е cos stu) +i . sin Sh) 
о 2 2 о 2 


Q= A +4^ * and A is determined above. 


After the solution of the eqs.(2.2.3') has been found, the amplitude of an electrical 
field caused by reemission of quantums by resonant atoms is given by direct integration 
of the equation (2.2.2'): 


(=) = лк | В (а „ад. (2.2.11) 
Outside resonant medium 2 > Ё Нот (2.2.11) follows 
e(t—z/c)=i2nkL| R,,(t—z/cld,,dA. (2.2.12) 
The requirement (2.2.7) for (2.2.12) with JAZ, о <1 results in a condition (2.2.8). In 
the case |Л|Т, >1 the inequality (2.2.8) can be weakened and replaced by 


WN |d_,,| L/ac <<1. (2.2.13) 
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Resonant medium which parameters for each ultra short pulse satisfy a condition e1- 
ther (2.2.8) or (2.2.13) is referred to as optically thin, and the stated approach to the so- 
lution of the Maxwell-Bloch equations is referred to as the given field (or rotating wave) 
approximation. 

Let us emphasise that though the Maxwell-Bloch equations in the given field ap- 
proximation become linear, the optical effects described by them are essentially nonlin- 
ear, as polarisation of medium depends nonlinearly on intensity of an electrical field (see 
eqs.(1.1.16), (2.2.9) and (2.2.10)). 


2.3. Optical nutation 


Let a pulse of rectangular form 


Е aexpig, t—z/c>0 
7 0, t-—z/c<0 


enter an optically thin resonant medium. Its intensity J =c Е р / 2m, averaged over a ре- 


riod 2n/@ of fast oscillations, at the exit from medium with the account (2.2.7) can be 
presented as 


r=“ (1428U-z/0)/a), (2.3.1) 


where € = eexp(i¢), and the prime here designates a real part of @ : 


Е in,/A? + 4|Al 
ЕЕ, [Е (А) Pye бе (2.3.2) 


Аа 7 


—0o 


Е, =2n(N,-N, )Lald,,| oT, пс. 


The expression (2.3.2) describes optical nutation, and the size Е, characterises а 
scale of amplitude of nutation oscillations. As it was expected, the period 7, of nutation 


oscillations is determined by energy of wave interaction with resonant atom (Rabbi fre- 
quency). In the case of exact resonance A, =0 the approximated formula 


nt |0 
T, = 29) 2\=” в 


is valid Юг any parameter АГ. о. Here, y is the probability of spontaneous emission of 


resonant quantum by an isolated atom, which is connected to oscillator force f of reso- 


COHERENT TRANSIENT PHENOMENA 55 


nant transition by a relation y=2e’w f/mc’ (e and т are the charge and weight of 
electron). Certainly, it is possible to speak about nutation oscillations of light pulse only 
in the case when the duration of a pulse surpasses 7’, and the time of increase of for- 


ward pulse front is far less than 7, . 


The optical nutation is the analogue of a known phenomenon in spin systems [11] 
and was first observed by Hocker and Tang [12]. 
We consider limiting cases of (2.3.2). Let us notice, that the values F(A) and 


(A)= sin A’ +47 1 / |e +4] are the sharp functions of a variable A with the 
width ПТ, and 2|A 


|A|Z, >> 1 it is possible to neglect inhomogeneous broadening, to take ®(A) in a point 


, accordingly. With a high-energy mode of a laser irradiation 


of a maximum F(A), and to take out for a sign of integral. As a result we shall receive 
that the amplitude (2.3.2) exhibits harmonic oscillations: 


С о м +4]Af ¢ 
&=-Е, —. (2.3.3) 
Ty +4 


In another limiting case ANZ о <<1 of low-energy mode of laser irradiation, inhomo- 


geneous broadening is rather essential and strongly has an effect on a picture of nutation 
oscillations. Instead of harmonic oscillations (2.3.3) optical nutation in the absence of 
relaxation (!) represents damping oscillations, which are described by Bessel function of 
the zero order: 


& =-VnE, 7, 2\Aj +x]. (2.3.4) 


Here function y(t) changes from -1 up to 0 for a small (in a considered case) interval 
of time 7,. For example, in gaseous medium y(t) = ®(t/7,)—1, where Ф(&) is an error 
function 


§ 
O(E) = = [ехр(-Р)аи. 


Let us emphasise, that though nutation oscillations (2.3.4) is damping, the atoms of 
medium still continue reemission of resonant quantums, passing from the upper reso- 
nant level to the low one and vice versa. However, different groups of atoms inside an 
inhomogeneous broadened contour of a spectral line emit electromagnetic waves with 
different frequencies @,+ A and phases (@,+ A)(t—z/c). As the result of such dephas- 
ing electromagnetic waves emitted by atoms of different groups are not coherent and 
weaken each other. Therefore an observable total electrical field (2.3.4) decays. Speci- 
fied dephasing of separate radiators usually is regarded as display of reversible relaxa- 
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tion, which is caused here by the displacement of atomic frequency of ©, owing to ei- 


ther the interaction of resonant atoms with a crystal matrix or the Doppler effect. 

Along with the mentioned above mechanism of reversible relaxation of nutation os- 
cillations in molecular gases other mechanism determined by degeneracy of resonant 
energy levels on the projections of the total angular moment take place also. Its physics 
is connected to the various width of field broadening of different sublevels of resonant 
levels, that in the end also results in dephasing of radiation. 

The presence in the medium of any from the specified mechanisms of reversible re- 
laxation results in emergence of a nutation echo under certain conditions (see further 
sections 2.5.3 and 2.7.1). 


2.4. Free induction decay 


After the ultra short pulse (USP for short) has been passed through an optically thin me- 
dium, the excited resonant atoms radiate an electromagnetic wave 


Е =et—z/c)expli(kz-ot—@)|+kc. T<t-2z/c, 
(2.4.1) 


e(t)=-F,| Ро) | sine : Dt - сокол) expliA(t—T)dA. 


This wave is named as an optical induction [13]. Eq. (2.4.1) describes free (USP has 
passed) decay of an optical induction. Its intensity averaged for a period 21/@ of fast 


oscillations, is equal J = cle|’ /2n. 


In discussions of an optical induction and others coherent effects on their basis it is 
useful to distinguish between two limiting experimental situations, in which the reso- 
nant atoms participate in coherent phenomena differently (Fig. 2.4.1). Let us name a 
spectral line of radiation of free atoms “narrow” in the relation to a power spectrum of 
USP, if it lays inside the spectral distribution of this pulse energy 


1 1 
—<<—. 2.4.2 
т ( ) 


0 


In this case USP excites all atoms inside an inhomogeneously broadened contour of a 
spectral line. On the contrary, a spectral line of radiation of free atoms we shall name 
“wide”, if the spectral distribution of exciting pulse lies within an inhomogeneously 
broadened spectral line 


| 
ee, 2.4.3 
T ee) 
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Under condition (2.4.3) only a part of atoms inside the inhomogeneously broadened 
contour of spectral line is excited. 


a) narrow spectral line 


Fig.2.4.1. Relations — be- 
tween inhomogeneously 
= broadened spectral __ line 
frequency (continuous curve) and 
spectral structure of reso- 
nant USP in cases of nar- 
row (a) and wide (b) spec- 
tral lines. 


> 
frequency 


Frequently one uses the definition of the area of USP as 0 = 2|A|r . In coherent proc- 
esses pulses with the area 9 = mm where m~1 usually participate. In this case inequal- 
ity (2.4.3) imposes restrictions on USP amplitude that corresponds to a low energy mode 
of laser radiation |A|Z, <<1. While the condition (2.4.2) corresponds to a high-energy 
mode ANZ о >> 1 for which complicated formulas become far simpler. 


As in the case of optical nutation, the free induction decay in the absence of the irre- 
versible relaxation results in attenuation of amplitude of an electrical field (2.4.1). For а 
narrow spectral line the damping involved is defined by the simple formula 


sin Ат 


E(t) =—E, ЗА 
0 


A(t—T)exp[iA,(¢-T)| #>Т. 

For a gaseous resonant medium А(&)=ехр(-Ё? / 4Т,) and for a resonant impurity in 
a crystal A(&) = exp(—|¢| / T,) . It is visible that the time of reversible relaxation of an op- 
tical induction in the case of a narrow spectral line is equal 7,, and the carrying fre- 
quency coincides with the centre @, of an inhomogeneously broadened spectral line. In 


the case of gaseous resonant medium the time 7, of reversible relaxation is also named 
as Doppler dephasing time. 
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In the case of a wide spectral line 1/7, >> ИТ only the atoms whose frequencies lie 
in an interval from @- ИТ up to @+1/T are effectively excited. For this group of atoms 
the dephasing time is determined by the duration of pulse 7 . From here it is possible to 
conclude that the signal of an optical induction will be radiated with the frequency @ 
and under the action of reversible relaxation will decay during the time-period of an ap- 
proximate USP duration. The numerical simulation of (2.4.1) confirms this conclusion. 
The reversible decay of an optical induction is characterised also by the following for- 
mula derived from (2.4.1) in a limiting case АТ » << [ and А, =0: 


e(t) = УЕ» Jo(x) — 1+ У [+ Ул +@-ха-т)| Т<и<2Т, 
e()=— JE x(-x@-T)L 27 <1, 


where J,(&) is the Bessel function of the first order, ¥(€) for a case of a gaseous гезо- 
nant medium has been determined in the previous item, and x = 2|^\ T’=(t-T), 
y=2|A\t-T). 


If to take into account the degeneration of resonant energy levels, reversible relaxa- 
tion of an optical induction (2.4.1) is determined extremely by an inhomogeneous 
broadening of a spectral line. The effects of level degeneration can play a role only in 
presence of rather powerful non-resonant (without changing an essence of an optical in- 
duction) external fields, for example a constant magnetic field. 

The mechanism of reversible relaxation of an optical induction underlies a large 
number of original effects of an echo, the main ones being considered in sections 2.5.1, 
2:5.2-and 2.52): 


2.5. Photon echoes in two-level systems 


The propagation of USP in an optically thin resonant medium previously excited by in- 
teraction with another USP is also accompanied by the effects of optical nutation and a 
free induction decay, however their properties are so nontrivial and are unexpected at 
first sight, that they are spoken about as new coherent nonlinear phenomena, which have 
received the name an echo-phenomenon or photon echoes (Fig. 2.5.1). Among them are 
a wide variety of different photon echoes on the basis of an optical induction. Many pa- 
pers are devoted to theoretical and experimental investigations of echo-phenomena and 
practical using of echoes in spectroscopy, data processing, optical memory etc. We will 
discuss only basic ideas underlying physics of echo formation referring the readers to 
books [8,14] where technical details and numerous references can be found. In sections 
2.5.1 and 2.5.2 we shall consider two-pulse and stimulated photon echoes, in section 
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2.5.3 we shall state the theory photon echo on the basis of optical nutation, in section 
2.5.4 we shall generalise the received results in the case of two-photon resonance. Sec- 
tion 2.5.5 is devoted to photon echoes produced by standing wave pulses in gases. 


Fig. 2.5.1. The echo 
phenomena in an opti- 
cally thin resonant 
medium under the 
excitation by pulses of 
travelling (a), (b), (d) 
and standing (с) 
waves: 

1 - two-pulse photon 
echo, 

2 - stimulated photon 
echo, 

3 - echoes in standing 
waves, 

4 - nutation echo. 


2.5.1. TWO-PULSE PHOTON ECHO 


We are discussing now the photon echo formation due to resonant propagation of two 
USPs of duration 7, and Т, separated by an interval of time 7,,. For simplicity the 


pulses propagate along an axis z in one direction and have the following electric field 
strength 


Е, =2a,cos(@t—kz+@,), 0<1—2/с <Т, (2.5.1) 
B= 24a, cos(@takz+O,);. J te StaZzes T+ iF tgs (2.5.2) 


Here, a, and @, (n=1,2) are constant, and the USP carrying frequency m=kc is 
resonant to the optically allowed atomic transition E, > E,. The frequencies of these 


transitions are inside an inhomogeneously broadened contour of a spectral line with the 
central frequency ©), . 
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Аз excited pulses (2.5.1) and (2.5.2) are considered as ultra short 
Т <<Иу,, Т, <<1/Y>,, the irreversible relaxation during the interaction of pulses with 
medium can be neglected. The basic equations here will be (2.2.2') and (2.2.3'). How- 
ever, as we shall see below, for the photon echo formation the value t,, should be con- 
siderably greater than the USP duration 1,, >> Т, t,, >> Т,. Therefore in the time inter- 
val between the exciting pulses (2.5.1) and (2.5.2) and after them, relaxation must be 
taken into account. We use (2.2.3') with A =0. For simplicity of reasoning first we shall 
be confined to a case (2.4.2) of narrow spectral lines 


ns << as n=l. (2.5.3) 
ie Т 


п 


and a high-energy mode of a laser irradiation 


2a,\d,, 


ЙО вы: 


In the time interval 0 < #- 2/с <T,, the intensity of USP (2.5.1) is determined by the 
formulas (2.3.1) and (2.3.2), and the state of resonant medium - by the density matrix: 


id, _ a 
е “(М -N,)F(A)sin2A,¢, (2.5.4) 
| Ба 
В (= (№ со? A,t’ + М, sin? A,’ F(A), 
В, (Г)= (м sin’ A,t’ + М, cos” At F(A), 


A, =a,|d,, |n, а 6. 


R,,(¢)= 


(2.5.5) 


After the passage of the first USP, the free induction decay in the time interval 
T, <t-—z/c<T,+1,, on account of the relaxation processes follows from 


Ry (Г) = Ry (7, expla „ХЕ - 1]. (2.5.6) 

The resonant level populations vary under the law 
R(t) = [в (т) - NF A)lexp- (Е - 1) + NFA); (2.5.7) 
R(t) =[R,(T,) — NF (A) lexpl (Е 1) ]+ N,F(A). (2.5.8) 


Here R,,(7,), К(Т) and R,(7,) are the meanings of functions (2.5.4) and (2.5.5) at 
Pai. 

The expressions (2.5.6)-(2.5.8), taken at Г =Т +1, ‚ serve as the initial conditions 
for the solution of the Maxwell-Bloch equations (2.2.3') describing resonant propagation 
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of second USP. Using (2.2.9) and (2.2.10) ш Че time шаха 
T,+%,, $t-z/c<T,+T, +5, , we shall obtain 


id, > : an (A-y21 ty 
ee N (+ 7 )F(A)sin2A,(t —T, — %).) +R, (Те x 


R,,(¢’)= 
Ona 


а 


р (2.5.9) 


у d j i. * . у 
x cos” A,(t-T, —%)+ = gg Vane (Паш A,(t-T, -T,), 


esa 


В (г) = ЕСТ +1.) с08' A, —-T, —t,)+ R(T, +7,)sin’ ^.(Г-Т-т,)- 


2 72112 


- Е Ре“ К (Te? — de"? Ry, (Fe пал," —T, т), 
ba 


(2.5.10) 


К. (Г) = R(T, +7.) sin” A(t —T, -T,.) + R(T, +7, cos" A, (¢—T, -T,)) + 
je "а { —Ф. p* Тр * ЮФ. АЕ . , 
+a) de? Ву (Te — Че Вы (Te та АРТ, -т,), 
ba 


(2.5.11) 


No(T, +.) = [В (Г +т,)- R(T, +7.) VF(A) = N, -М, + 
+ [м (оз? АД = 1)+ N, sin? A Ter — [№ sin’ A,7, + М, (cos? oe 1) eee } 
A, =а, Ч» п. 
On the basis of the given formulas we can present the intensity of an electrical field 


of an optical induction in the time interval t—-z/c =>7,+T7,+1,, behind a second USP 
as 


Е = (©, (#- 2/с) +,(t-—z/c) +€,(t—z/c))expli(kz — ar) |+ К.с., (2.5.12) 


€,(t) = Ее ®зт2 Л.Т, cos’ Л.Т, A(t—T, — T, expl(iAy — 7, -Т, - 7) 
~ _, T+ ; 
ко Ве Мол т, Аи 7, Трек, - Yat 7-7 - tah 


1 2 
=. (д = Eye") sin2A,7, sin’? Л.Т, A(t—T, —T, —21,,)x 
xexpliA,(¢-21,, Е T,)| 
В, = 2md,,|L(N, — М, o/c. 


(2.5.13) 


Let us remind that the function A(€) is different from zero only in a narrow area 
close to €=0 with the width of about the dephasing time 7,, and for a gaseous medium 


А(Е) = exp(—&/47,’), and for a solid state А(&) = exp(—||/7,). 
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Let the interval of time T,, between USPs exceed 7): 
Tg > 1h (2.5.14) 


but does not exceed the time 1/y,, of irreversible relaxation, so A(t,,) =0. In these 
conditions the optical induction after the first USP, before the second USP passes, com- 
pletely decays due to atomic dephasing. As >Т+Т +1, & =0 in all the moments 
of time. The term €, in amplitude of an optical induction represents exactly the same 
induction, as well as in the case of propagation of only one USP in a resonant medium, 
in which the equilibrium population is equal to N,(7,+7,,). This term quickly decays 
during the order 7, at once after the passage of the second USP. Last terme, is every- 
where equal to zero except for the area with the sizes of the order 7, near the moment 
of time ¢ = 2t,,+7,+T7,, i.e. after the same interval of time after the second exciting 
pulse, to which it will be separated from the first pulse. It is natural to consider this term 
as the original phenomenon of an echo in an optical induction, which is named as a two- 
pulse photon echo, or in brief a photon echo. At the present time there is a great number 
of experiments performed in from nanoseconds to femtoseconds time scales [14]. 

We pay attention to how one can simply identify the term К; describing photon 
echo in the expression for a density matrix R,,. After the second USP 
В, = R(T, +T, +7, )exp(iAt’), where f’=t/-T,-T,-7,20. In R,,(7,4+7,+1,) 
according to (2.5.8) there are terms with factors е^"? and е ^"? and which do not con- 
tain them. The term with e'“*” sometimes is spoken about as reversed in time: it enters 
R°o1. It is this term that determines echo-phenomenon, 


| daF(A)expliA(?'-1,,)] = A(’-21,, -T, -T,). 
Finally, we shall write №, in a general form 


Ri) =U (Gt Ra (G Un (56 Yexpl(iA — ть} 
В (НЫ) =R,.(t? exp[(-iA у) (2.5.15) 
(и) = Rat) = Ua (t,t! PCAN, — Мей, 

Where {/ and Г’ are designated as time of an input to a resonant medium of forward 


and backward fronts of n-th of an exciting pulse of the rectangular form. 

From the quantum-mechanical point of view echo phenomenon represents spontane- 
ous coherent emission of the excited resonant atoms at the moment of time 
t= 2t,,+7,+T,. Only the cooperative radiation of a group of the excited atoms results 
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in that remarkable fact that the echo emission (i.e. radiation process) occurs during the 
time smaller than the time of spontaneous radiation of the isolated excited atom. 
The photon echo formation on a broad spectral line 


1 
—<—, n=1,2, 2.5.16 
Т, ) 


differs from the considered case only by complicated formulas and value of the reversi- 
ble relaxation time of an optical induction, which is defined by the duration of exciting 
pulses. As a result of similar calculations, the intensity of an electrical field after the 
passing of pulses (2.5.1) and (2.5.2) also can be given by the form (2.5.12). Now, how- 
ever, the necessary condition to isolate a term €,(¢) from two others €,(t) and €,(f) is 


(instead of (2.5.14)) the inequality 
tT>>T, n=12. (2.5.17) 


Then €, and €, quickly decay during the time of pulse exciting duration soon after the 
second exciting pulse, and only after a significant interval of time T,, a photon echo 
€.(t) will arise from “nothing”. Using (2.5.15) it is easy to derive the following expres- 
sion for amplitude of photon echo: 


2 
AA Aa in OT — 
QQ; 


e,(t) = Е, ехрФ, —29,)- vot] F(A) 


= im —cosQ,,7,)](1— cosQ.,T, jexp[iA(t — АА, (2.5.18) 


1 


Q,=/¥ +42, n=12, t=21,+0 +5, 


The terms y,,7, and y,,7, due to the accuracy excess are neglected here. 

The formula (2.5.18) involves the considered above case (2.5.13) as well, which fol- 
lows from (2.5.18) with A,7, >>1 and АТ, <<1. Let us discuss the basic properties of a 
two-pulse photon echo (2.5.18). 

The duration of a photon echo (2.5.18) in region (2.5.16) approximately coincides 
with the duration of the most extended exciting pulse, and in case (2.5.3) is equal to 
2T,. The maximum of amplitude (2.5.18) is reached at the moment of time ¢=1, for 
narrow and later for wide spectral lines. In the case of a narrow spectral line the ampli- 
tude of photon echo is maximal if to use exciting pulses with the areas 
9, =2A,7,=2/2 and 0, =2A,T7, =л (see (2.5.13)). The same sequence 1/2 - and т - 
pulses is optimal for photon echo formation on a wide spectral line. The carrying fre- 
quency of photon echo is equal @, for (2.5.3) and @ in case (2.5.16). 
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In the absence of irreversible relaxation y,,t,<<1 the structure of a photon echo 


amplitude does not depend оп an interval of time т. Irreversible relaxation breaks con- 
ditions of coherent interaction of two USPs and medium by destroying “memory” of in- 
fluence of the first pulse during the interval of time between pulses. As a result, with 
increasing of time interval t,, between exciting pulses the photon echo amplitude de- 


creases under the law exp(—2y,,7,,). With т, >>1/y,, atomic radiators by the moment 


of action of the second pulse are completely dephased due to irreversible relaxation and 
are in a thermodynamic equilibrium. Therefore there is no echo phenomenon and the 
propagation of the second pulse (2.5.2) is completely similar to the propagation of the 
first pulse (2.5.1). 

A remarkable feature of photon echo as the process caused by “memory” of medium 
is the effect of correlation of the form of photon echo with structures of exciting pulses 
[15-19]. The Fig. 2.5.2 evidently demonstrates this property - structure of photon echo 
reproduces the form of the first exciting pulse. The basic results are obtained here by 
numerical simulation. 


Fig.2.5.2._ Correlation of a 
form of two-pulse photon 
echo with the form of the first 
exciting pulse. 


exciting pulses echo-signal 


Let us consider the conditions of spatial synchronism for a two-pulse photon echo 
formed by USP with non-collinear wave vectors k, and k,: 


Е = 2а, cos(wt —k,7 + @,), (2p eR 
© 
Ss kr 
Е, =2a,cos(ot—k,r+Q,), OSt-——S7,4+7, +1. 
© 


Let us neglect the delay of a signal within the resonant medium in the formulation of 
initial conditions L/c << ИЛ, T). 


In the case of a solid state where the shift of atomic frequency inside the contour 
of an inhomogeneously broadened spectral line does not depend on the direction of 
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pulse propagation, we do as follows. Let us choose an axis z along a wave vector k,. 
Then in the initial condition before the propagation of the second pulse № should be 
taken as 


RY, = Ry (Texpli(k,F — К,2]ехр[СА — Y,,)T2].- 


Here R,,(7,) is given (for a narrow spectral line) by expression (2.5.4) taken at f° =T,. 
One can see that the phase @, is supplemented by an additional term 
k,z-k,i =k, —k,F . Thus, describing the echo phenomenon in t—z/c>7,+7,+1%, 
density matrix R5, differs from the one similar (2.5.15) in the case (2.5.1) and (2.5.2) by 
presence of additional phase factor ехр[КА, —k,)F). As a result the total oscillating 
phase of p‘, = В ехр[КА,Р — @t)] is equal to exp[i(k,7 —ar+@,-20,)], k, =2k,—-k,. 
The signal of photon echo will be emitted from the excited medium provided that the 
wave vector К. = 2k, ~k, of echo is connected to the frequency @ by the dispersion 
equation К? = /c’ . In the case of a two-pulse photon echo it is possible only with 
К, =k,. If, nevertheless, k, slightly differs from А, a signal of photon echo is emitted 
in the direction 2k, —k,, however its amplitude in comparison with (2.5.18) contains an 
addition a small factor [20] 

exp[i(k, —k)L]—-1 

i(k, —k)L 


; (2.5.19) 


which arises as a result of integration (2.2.3). 


In the case of gas a situation is slightly different other because of the dependence of 
a shift of frequency inside an inhomogeneously broadened contour of a spectral line on 
the direction of radiation. However for two-pulse excitation the result completely coin- 
cides with a case of solid-state resonant medium. 


2.5.2 STIMULATED PHOTON ECHO 


Propagation through the resonant medium of three USPs of duration 7,,7, and 7,, sepa- 


rated in time by intervals accordingly T,, and T,, : 


E, = 2a, cos(wt —k,F +@,), ost-“H <r, (2.5.20) 
Е, =2a, cos(@t — k,F 403, Jj И joe ST lA tos (2:35.21) 
(Ov) 


Е; =2a,cos(ot — kf +. ДЕБЕТ. f= ker St EE? tpt tl -22) 
© 
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is accompanied by a several echo-phenomenon in an optical induction. Among them the 
so-called stimulated photon echo holds the most interest. It is emitted by the excited 
medium at the moment of time 27,,+7,,+7, +7, +T,. It is possible to comment on the 
stages of its formation as follows. The first pulse polarises medium (see. (2.5.4) and 
(2.5.6)), that changes dynamics of resonant level population in a field of second USP 
((2.5.10) and (2.5.11)). “The memory” in an interval of time between the second and 
third stimulating pulses is stored about it, since there is no relaxation of level popula- 
tions in the absence of a field. The third pulse again polarises medium. However, as a 
result of the previous dephasing processes, atomic radiators appear in phase and coher- 
ently emit in the different moments of time. In the moment of time 
2T,,+7,,+7,+T7,+T, the “memory” of influence of the first pulse “stored” in an inter- 
val of time between second and third USP in populations of resonant energy levels is 
displayed. As a result in this moment there is an echo signal i.e. a stimulated photon 
echo. 
The necessary conditions of stimulated photon echo formation are described by ine- 

qualities 


DY Cie Yet els а: eel Пе, 


The first of them provides coherent interaction of three pulses and medium, including 
preservation of memory of medium about the influence of each exciting pulse. Other 
inequalities are necessary for distinct separation of signals of an optical induction, emit- 
ted in the different moments of time. It is possible not to separate the moment of time 
2T,,+T,,+7,+7,+T, of stimulated photon echo formation from the moment 
T+ 2T,,+7,+7,+T, of a two-pulse (from (2.5.21) and (2.5.22)) photon echo forma- 
tion, as we shall see below, because of the various conditions of spatial synchronism for 
stimulated and two-pulse echoes. The latter means that the wave vectors А, А, and k, 
of exciting pulses can be chosen so that even with the concurrence of the specified mo- 
ments of time (i.e. for T,,=T,, ) only а stimulated photon echo is emitted. 

Before discussing the properties of a stimulated photon echo, we write the term А, 
of a density matrix R,,, responsible for the considered echo-phenomenon. In the case of 
a solid-state resonant medium we have 


p5= Rs, exp[i(k,F — av), 

Ri) =U,,(6.8) LR) - RE] UG yexplGA - 7,)(t- 4), 
Ю-В) =U, 6.8) RG) ЧБ, ) [ехр(-ут) + exp(-7,7,5)] 
R,(4)=R, 4) = 

=U3(t),t/) Е(АХМ, - М,) Чи и )exp[—i(k, — Е, )FJexp[(-iA — Y2,)T 2]. 
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In these formulas all stages of stimulated echo formation are distinctly traced. In the 
case of gaseous resonant medium the shift of frequency A inside an inhomogeneously 
broadened contour of a spectral line depends on the direction of wave propagation 


A=A,=A, Ку. If vectors k, and k, are not collinear, the time of emission of a 


stimulated photon echo changes, and the amplitude of an echo contains an additional 
small factor. We shall exclude such a situation from the consideration and we shall as- 


sume vectors k, and А, to be collinear. If thus k, =k,, the value К‘ coincides with the 


received above. If k, = -k,, the expression for К. is given Бу: 


R5,(t) =U, (648 [RB )- ВВ] UG. exp (GA; — ¥2)(t- 8), 
Ri(ts) — КЕ) = Он, в) [exp(—Y,T,3) + exp(—Y2T>3)], 
К (В) — U3 (tf . 4 SW, —N,) U,,(t?,t/ )exp[-i(k, —k,)F Jexp[(-iA, — Yo JT} 


Here f(v)= (1/ ли) ехр(— у” if и”) is the Maxwell distribution with the most probable 
velocity uw, and during the action of each of three stimulating pulses the value A in the 
formulas for matrix elements U is equal accordingly A, = A, — КУ, n=1,2,3. 


Now it is easy to write the intensity of an electrical field of a stimulated photon echo 
in the form: 


E=e(t-k,7/o)expli(k 7 -ot-@,)]+cc, (2.5.23) 
where 
i AAJA | 
 (1)=16Е. | аАЕ(А)—- 3 Х XX; exp[iA(t —t,)]- 
At) a ао, XX, exp[iA( ol (2.5.24) 


“eXp(—2Y>, T,.) Lexp(—Y; T23) + EXP(—Y2T2)], 

OP le oe OT ns. OT 

X,, =| cos—2* —i—sin—1 |sin—1* 
2 о 2 2 


t, =2T,.+7T,+7, +1, +Т, 9.= 93+ Q,-,, 


9: 


Е =k, +k,—k,. (2.5.25) 
This result directly concerns a solid-state resonant medium. For gaseous resonant me- 
dium it is necessary to replace dAF(A) in (2.5.24) on dvf(v), and exp[iA(t—t,)] 
with exp[i(A, — kv) (t—t,)]. The value A in X, should be replaced by A, -kv . The 


received result will concern the case k, =k,. To describe another case А, =—k,, it is 
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necessary that the terms X, and X, be replaced with complex conjugate values and be 
put 


р (2.5.26) 


The requirement А? =@*/c’ determines conditions of spatial synchronism for a 
q é р у 


stimulated echo emission. The insignificant deviation from this requirement results in 
occurrence in (2.5.24) in addition to small factor (2.5.19). 

Thus, for the stimulated echo formation in a solid state medium it is necessary that 
the wave vectors of exciting pulses and echo formed figures be represented in a Fig. 
2.5.3, a-c. 


Fig. 2.5.3. Relations between wave vectors of excit- 
ing pulses and echo for the echo formation in solid 
states and in gases. 


In a gaseous resonant medium a stimulated photon echo is emitted at the moment of 
time ¢=¢,, if the wave vectors have a mutual disposition as in Fig. 5.3, c-d. The figure 


evidently emphasises distinction in a stimulated echo formation in gas and in a solid 
state due to various physical reasons of inhomogeneous broadening. Though this dis- 
tinction was displayed only in wave vectors (2.5.25) and (2.5.26) of stimulated echo. It 
vanishes, if all wave vectors are identical. In the following paragraph the example of an 
echo-phenomenon wholly dependent from Doppler mechanism of inhomogeneously 
broadening and absent in a solid state will be considered. 

From (2.5.24) it follows that the pulses (2.5.20)-(2.5.22) with the area д/2 produce 


the stimulated echo (2.5.23) with maximal intensity. 

In absence of the irreversible relaxation the structure of an echo (2.5.24) does not 
depend on the intervals of time between the exciting pulses. However under the relaxa- 
tion processes the amplitude of stimulated echo with the increase of T,, decreases under 


the law exp(—2y,,T,,), and with a variation oft,, changes according to the factor 
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[exp(—Y,T,;) + exp(—Y,T,;)]. Such behaviour reflects the mentioned above stages of the 
memory storage of medium about the influence of the first pulse (2.5.20). 
In the case of excitation of stimulated echo with k, =k, =k, and wide spectral 


width of the first and third exciting pulses and narrow spectral width of the second pulse 
with respect to atomic spectral line 


>>—, >> —, << (2.5.27) 


there is a distinct correlation of the form of an echo with a structure of the second excit- 
ing pulse. This effect in a gas has a quite evident interpretation. It is based on the gen- 
eral picture of the stimulated echo formation and on the following known fact, that 
monochromatic wave of frequency @ interacts only with those atoms inside an inho- 
mogeneously broadened spectral line, which have velocity projections у; onto the direc- 


tion of the wave propagation in an interval 


- max{y,,,2A} 
k 


max{y,,,2A} 


(«- @, )/k k 


<v. <$(@-@, )/k + (2.5.28) 


Here for definiteness we shall be limited only to the case of gas, and k and A area 
wave vector and Rabbi frequency, accordingly. The above circumstance results in that 
fact that the distribution R, of atoms on v, at the lower resonant energy level shows the 


lack of particles with velocities satisfying (2.5.28), and at the upper level in the distribu- 
tion R, the excess of atoms with the same velocities (Fig. 2.5.4) will be formed. As a 


result on Doppler contour there is a hole, which depth (in linear approximation) is pro- 
portional to the wave intensity 


Fig. 2.5.4. a) Hole 
burning in ап inho- 
mogeneously _ broad- 
ened contour of a spec- 
tral line. Distribution 
of atoms at the upper 
(b) and lower (c) reso- 
nant levels on velocity 
projections to a direc- 

Se tion of wave propaga- 
(M@— @,)/k tion 


frequency ©) projection of velocity 


of a wave. Let us take now a weak pulse of duration Т >> Т, instead of a monochro- 


matic wave. Its Fourier spectrum has width 1/7 smaller than the inhomogeneous width 
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ИТ, . The pulse “burns” “holes” in Doppler contour by their own spectral component, 
which depth is proportional to the intensity of this spectral component. Thus, in Doppler 
contour the Fourier image of this pulse is burned (Fig. 2.5.5). The received picture will 
be stored in the Doppler contour during the life-time 1/y, of the excited level. 


Fig. 2.5.5. a) A structure of exciting 
USP, b) its Fourier-image and c) "hole 
burning" of a Fourier-image USP on an 
inhomogeneously broadened contour of 
a spectral line. 


Now we shall recollect stages of the stimulated echo formation and we shall take 
into account (2.5.27). The first pulse (2.5.20) excites in the medium optical coherence. 
The second pulse (2.5.21) “writes down” the Fourier-image on Doppler contour. Thus 
the phase memory of influence of the first pulse is contained in atomic distributions on 
velocities. The third pulse (2.5.22) with a wide spectral structure causes the emission of 
a signal of an echo. Because of the specified distortion of atomic distribution on veloci- 
ties, the number of atoms in each group of atomic radiators is determined by a Fourier- 
image of the second pulse. It means that the third pulse makes the reverse Fourier trans- 
formation, as a result of which the echo pulse reproduces the form of the second excit- 
ing pulse. Similarly transformation properties of photon echoes and their use in optical 
data processing are discussed in refs. [21-23]. Another important application of stimu- 
lated photon echoes is the optical memory devices [24,25]. 

Other properties of a stimulated photon echo such as its duration, the correlation of 
the form with the first or third stimulating pulse as a whole are similar to properties of a 
two-pulse photon echo. They can be easily taken from (2.5.24) or received by numerical 
simulations. 


There exist other methods of photon echo formation by multiple excitation of reso- 
nant medium by a set of ultrashort pulses including pulses of standing waves [26-29]. 
The sequence of Carr and Purcell [30] allows to investigate the relaxation processes 
with a high accuracy [31]. 
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2.5.3. PHOTON ECHO ON THE BASIS OF OPTICAL NUTATION 


In the previous paragraphs it was shown that the USP propagation in a resonance me- 
dium previously excited by interaction with another USP has changed the character of 
reversible relaxation on the basis of optical induction. The influence of each pulse 
caused the change of a phase of atomic oscillator, therefore they appeared correlated in 
phases not only soon after the USP, but also in a number of other moments of time de- 
pendent from intervals of time between the exciting pulses. Just in these moments the 
signals of the optical induction which have received the name a photon echo also were 
radiated. It is possible to speak about similar change of a phase of atomic oscillators as 
about the reverse of relaxation of electromagnetic oscillations. Really, the change of a 
phase of oscillations after an interval of time т after the beginning of their attenuation 
owing to dephasing, results in that fact that by the moment of time 2х the oscillations 
grow again as an echo - phenomenon. Such behaviour is characteristic not only for an 


optical induction but also for any emission processes, in which the phase @,t — КР +Q, 


of separate radiator does not have random perturbation, and phase mismatch of radiators 
(the mechanism of reversible relaxation) is caused by disorder of frequencies 0, of ra- 


diator and/or by the dispersion law @,= @,(k ,). 


Optical nutation, which properties were studied in section 2.3, belongs to such radia- 
tion processes. Let us discuss now the possibility of the echo formation in optical nuta- 
tion (so-called nutation echo or photon echo on the basis of optical nutation [32-37]). 
We note that the process of optical nutation formation considered in section 2.3 are not 
only possible. If the nutation period is less than the time of irreversible relaxation in 
medium, nutation oscillations always arise after a short-term perturbation of amplitude 
and/or phase of a light wave, or after the influence of a pulse of a constant electrical 
field varying a conditions of resonant interaction on resonant medium. For the formation 
of nutation echo it is necessary, that the interval of time between two consecutive per- 
turbation did not surpass time of irreversible relaxation, but exceeded a nutation period, 
that nutation oscillations could attenuate owing to atomic dephasing by the moment of 
influence of the “reverse” perturbation and thus the condition of coherent interaction of 
a wave with medium did not break. 


In the case of USP of the rectangular form the factor “reverse” nutation relaxation is 
a short-term perturbation of a phase and/or amplitude of USP on distance т from its 
forward front. Let us prove that performing the necessary conditions the nutation oscil- 
lations of USP will increase after an interval of time т after the influence of perturba- 
tion as a nutation echo. For simplicity we shall be limited to the consideration of an “in- 
stant” phase shift of USP. It means, that at an entrance to a resonant medium the ampli- 
tude E(z,t) of USP 


E =E(z,t)exp|i(kz—art— фо) |+ К.С, 
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takes the form 
0,t-—z/c <0; 
E(z=0,t)=+aexp(-io) 0<t-z/ce<t; (2.5.29) 
a,tSt—-z/c, 


where @ and @, are constant shifts of a phase. 
The technique of calculation of USP intensity 


[= oo +2e’(t—z/c)/a) (2.5.30) 


at an exit from resonant medium is stated in section 2.2. In an interval of time 
0<t-—z/c<tT the intensity (2.5.30) coincides with (2.3.1) and (2.3.2). After the instant 
shift of a phase in region t<¢t—z/c the amplitude of nutation oscillation can be pre- 
sented as 


e(t)=€,(t) +€,.(0), (2.5.31) 


F(A) 
QT, 


€,() =-Е, | dA —*{B, sinQr + B, sinQ(t-)f =,,(1) =-Е, [ЧА 5 5. sin Q(t — 27), 
0 
1 x № 2N 
B= 1+ cos@— ol! —cos@)}, В, = orl! —cos@), В, = (1- оф) >> 


1 
A=ald,,|/n, © = (+44), Е, =2n(N, м, )Lald,,| те. 
e'(t)/E, 
i [Fai al А AA i А Е 1.2.5.6. Optical nutation and 
0 
qT] V ee iM ee | nutation echo at АТ =0.4, 
@ =m, 2|A|Zp = 0.2, 2|A|t = 29. 
2 
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In Fig. 2.5.6 a plot of nutation oscillations (2.5.31) is presented. According to the 
taken parameters nutation the oscillations near the front edge completely decay by the 
moment of time t—z/c=t due to the dephasing of atomic radiators. One can see, that 


at first nutation oscillations also attenuate, then to the moment of time #—2/с =2t they 


grow again, then again attenuate. The burst of nutation oscillations near the moment of 
time t—z/c=2t also represents a nutation echo. Its amplitude is described by the ex- 


pression €,,(¢) and is maximal with the shift of a phase on 7. It is interesting to note 


that the form of a nutation echo reproduces the character of nutation oscillations near the 
forward front of USP. In this sense it is possible to speak about the effect of correlation 
of the form of a nutation echo and nutation oscillations in the first time interval 
O<t-z/c<t. 

We have already spoken enough about the reasons of occurrence of the phenomena 
of an echo, therefore only we shall emphasise the basic differences of nutation echo 
from a photon echo on the basis of an optical induction. First of all we shall note the dis- 
tinction in the radiation by atoms of signals of an echo. The nutation echo is due to the 
induced emissions of quantums by atoms which are in the field of a strong electromag- 
netic wave. For its description it is enough to be limited to the submitted semi-classical 
approach. Meanwhile, the echo in an induction is formed originally by the coherent 
spontaneous radiation of free atoms, which, generally speaking, requires consecutive 
quantum-mechanical consideration. But even in the stated semiclassical approach the 
nutation echo and photon echo in an optical induction are due to different mechanisms 
of reversible relaxation. A nutation echo is caused by two equivalent mechanisms de- 
termined by inhomogeneous broadening and degeneration of resonant energy levels due 
to various orientation of the total angular momentum. It enables to form a nutation echo 
in the conditions when a photon echo in an optical induction is absent (for example, in 
the case of homogeneously broadened resonant atomic transition between energy levels 
which are highly degenerate on projections of the total angular moment [32,33,35]). 


It is necessary also to specify the following. In a nutation echo the “memory” about 
the nutation oscillation is displayed not only in polarisation of medium, but also in 
populations of resonant energy levels. Under the action of irreversible relaxation the 
specified memory decays differently. It results in more complicated dependence of am- 
plitude from relaxation parameters Y,,, Y,, Y, and interval of time т. However in the 
elementary case, when the constants of polarisation and population relaxation are equal 
Yo. =, =Y% =У, an amplitude of nutation echo (2.5.32) with the increase of an interval 


of time t occurs an additional factor exp(—2yt), which determines attenuation of an 


echo owing to relaxation processes. 

In the conclusion we shall note, that the effect of optical nutation occurs and with the 
influence of a pulse of a standing wave on resonant medium. Therefore with the per- 
formance of necessary conditions nutation echo can be generated with the short-term 
perturbation of a phase and/or amplitude of one or two running waves forming a stand- 
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ing wave. Thus the signal of nutation echo will be radiated both in the direct and in the 
opposite direction axes z. In comparison with nutation echo (2.5.32) it will be distin- 
guished by more fast reversible attenuation of nutation oscillations, as the resonant 
atom, absorbed quantum from one wave, can it emitted in other wave, and it is the addi- 
tional mechanism of wave dephasing emitted by different groups of atoms. 


2.5.4. PHOTON ECHOES UNDER TWO-PHOTON RESONANCE 


According to section 2.2, the investigation of resonant pulse propagation through the 
optically thin resonant media is divided into two separate problems of dynamics of reso- 
nant atoms in the given field and of emission of excited atoms. The first problem con- 
sists in solution of one and same systems of Bloch equations (1.1.12), which defines the 
similarity of atom behaviour in different resonant conditions. The difference here is re- 
lated to the necessity to take into account the dynamic Stark effect. All features of co- 
herent phenomena under two-photon resonance are in emission problem. The point is 
that the radiating transition between levels Ё, and Е, is forbidden in electric dipole 
approximation. To make the excited atoms radiate the presence of an external electro- 
magnetic field is necessary (in agreement with (1.1.20)-(1.1.27)). If this field 


E'=2a'co(w't—k'F +@') (2.5.32) 


is nonresonant, the coherent emission of two-photon excited atoms arises both at Stokes 
@'—,,, and anti Stokes @'+o,, frequencies. In the case of running waves this circum- 


stance influences the conditions of spatial synchronism and changes the order of the size 
of coherent radiation [39-45]. To be more specific, let us consider the excitation of a 
two-photon absorbing solid-state medium of pair of ultrashort light pulses 


Е =2a, cos( wt — k,F +@Q,), OStsT, 


Е, =2a,cos(ot—k,F+@,), T.+1StST +04, 


with carrying frequency in two-photon resonance with the transition Е, > E,, i.e. 
2@=@,, Where @, is the central frequency of an inhomogeneously broadened spectral 


line. 
In the area 7,+7,+7,,<t after the passage of USPs the macroscopic polarisa- 


tion arises near the moment of time ¢=2t,, +Т, +Т, and is described by a density ma- 
trix 


р..= Ку exp{2i[(2k, — k, )F — wt}}, (2.5.33) 


in which R;, is given by expression (2.5.15) on account of a two-photon character of 


process. 


COHERENT TRANSIENT PHENOMENA 75 


In a field of a probe wave (2.5.32) polarisation (5.33) is displayed as signals of an 
echo Е, to anti Stokes (top mark) and Stokes frequencies 


Е, = вех (Е +22, -%))F-(w220)1-¢@, |} kc, = (0.534) 


= +2228, —k,) 


£ 


РП, | Ва. (2.5.35) 


The requirement @'+2@= k'42(2k, —k,) cle(w't20)] determines the conditions of 


spatial synchronism. 

It is necessary to note that under two-photon resonance the amount of possible vari- 
ants of excitation of medium and coherent radiation as a various echo-phenomenon 
sharply grows. Thus a picture of coherent radiation essentially varies, for example, with 
the use of standing waves in gas medium. 


The resonant interaction of powerful light waves with a two-photon absorbing me- 
dium is accompanied by the processes of parametric transformation of frequency of a 
wave, therefore resonant medium radiates harmonics with frequencies 
3, 20,+ @,, @,+ 2,. Owing to nutation oscillations (if they are) of the population of 
resonant levels, the intensity of harmonics is broken into a number of spikes, and in the 
moments when a photon echo takes place in optical nutation, the similar phenomenon 
arises and in harmonics (Fig. 2.5.7) [45]. 


Fig2.5.7. The echo-phenomenon in the third harmonic generation 


2.5.5. PHOTON ECHOES PRODUCED BY STANDING-WAVE PULSE 
If a short travelling-wave pulse passing through an optically thin medium of length L is 
reflected from a perpendicular mirror, and propagates in the opposite direction, it pro- 


duces a standing wave in this medium over a short time interval 


Е =2acos(kz + @) exp[—i(@t + P)]+c.c., (2.5.36) 
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where W=kc is the wave frequency, a is the real amplitude, and @ and ® are certain 
phase shifts. The time 2Z/c of the motion of the leading front in the medium in the for- 
ward and backward directions was small compared with the characteristic times. This 
makes it possible to assume hereafter that the standing wave pulse (2.5.36) is excited 
simultaneously over the entire length of the medium. Of course, there are also other 
methods of producing the standing-wave pulse (2.5.36). 

The interaction of the pulse (2.5.36) with the resonant atoms is different in gas and 
solid state media. The features are displayed more brightly in gas medium. Below we 
will briefly review the stages of the description of resonant interaction of pulse (2.5.36) 
with optically allowed transition Ё, > Е, in gas medium [46-48]. 


We start as usual with the equations (1.01), (1.02) and (1.0.3): 


a. “1 0? An д’ 
= = dv_Sp(pd), 2.5.37 
[5 с? т с? or MPEtpe) ( ) 
9 9 i = 
= H, —Ed)—(H, — Ed)p|—-T 2.5.38 
м, < 0 ) ( 0 )Р] о, ( ) 


Гр. = VP aa — WN FO.) > Tp ss = ОР №, (».) > Гр» = YoP oa > 


in which у 15 the projection of atom velocity along the z-axis, 
f(v) = (au) ехр(-у? /u’) is the Maxwell distribution function, y, , y,and y,, are 
the relaxation constants. In resonance approximation equations (2.5.38) become 


- чу. = iA+Y>, В =i2ad,, cos(kz + @)h'(R, — R,), 
ot 92 


5; +, < LY, fs = j2acos(kz + gh ("В —4,, В: + 7,N,f(v.), (2.5.39) 
IZ 


Е ту, ; mle if = —i2a cos(kz + Фи" (7,,°Ry ae В: )+ 1. №, ГС, ), 
IZ 
В; =P,, exp(ior), R,=p,,, R,=P,,, A=O-@,,. 


The initial condition for these equations at the instant of time ¢=0 prior to excitation by 
the standing wave are in the form 


К» (2,2) 


1=0 = 0, К, (2,1) 


И Nf), К,(2,1) 


1=0 i= at (v,). 


We change over in (2.5.39) from the variables z and ¢ to two independent variables 
Е and t', where €=z—v.t and =. Also, we determine the polarisation amplitude 


p= Ка. 
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At the initial instant t=0 the sought functions do not depend on &, and in the region 
0<t we have 


p= p(§t), К, = А, (6,0), К, = RCL) 


where ¢ will no longer be primed #— ¢. 
The general solution of eqs.(2.3.59) for y,, = Y, =Y, =A =0 takes the form 


ВЕ) = p'(Exty) + ip" Ext) COS AF +i |d,,|(R (Esto) — Ry(Esty)) Sin AF, 
Ry Est) = 4(R (Esty) + Ro Eta) + 4(R (Esto) — Ra (Esty) )COSAF - Е p"(E,t)sin AF, 
К, (6,0) = 5(® (61) + 2, (6,1,)) — (В (6%) — R,(§,t))) cosAF + TP’ (6) sin AF > 
(2.5.40) 


ee sin Ea содер + A =4ald,, 


/h, 


where ¢, is the initial instant of time, and the prime and double prime denote the real 
and imaginary parts of the function р(&,1) , respectively. 
To find the field Е, induced by the excited medium, we use the Fourier expansion 


Р(2 =P 62] = pe й 
and seek the solution of eq.(2.5.37) in the interior of the medium in the form 


Е, = Е + Veer” +eOer eww +с.с., 


n=l 


where €, =€,(z,f) and e\*) =e)(z,t) are slow functions compared with the exponen- 
tial exp[i(nkz + ot)| . Equating the factors of the equal exponentials in both sides of 
(2.5.37), we get 


tea d , ю 


27 
tn nt iy ee = 1722 ‚ Ч. 
cot 92 20! Е, с [ры : 


As а result of the integration of this equation we find that the quantities €, and e” 


at п>1 are small compared with e“ =e\*) in the ratio c/@L(n* —-1) <<1, and can 
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therefore be omitted. Thus, the induced field Е, is a superposition of two wave of fre- 
quency , propagating in opposite directions: 


ES ee Oo) peg) а, (2.5.41) 


1 


This means that the excited medium radiates in the positive and negative directions 
of the z-axis. The amplitudes ¢“ and e™ of the forward and backward waves that have 
emerged to the outside resonant medium are given by 


Tc/@ 
aoe & fav eee |r tFz/c)e™*dé (2.5.42) 


-tc/@ 


The derived equations (2.5.40)-(2.5.42) are needed to determine the echo produced after 
successive excitation of a medium by several pulses of standing waves. 
Now let two standing-wave pulses 


E =2a,cos(kz+ 9, oe"? +с.с., O<tST, 


E =2a, cos(kz+ 0, ee" +0, T,+%,<tST4+2D,+Tp, 


be successively excited in the medium. Here, a,,a,,,,9,,®, and ®, are real соп- 
stants. The durations 7, and 7, of the pulse are so short that the irreversible relaxation 
and detuning during these time intervals can be neglected in (2.5.39). The interval T,, 
between the pulses, however, is large so that the irreversible relaxation and detuning 
during an interval of order t,, must be taken into account. 

When the first or second standing wave pulse is turned on, the state of the medium is 
described by expressions (2.5.40) with the appropriate boundary conditions, while in the 
absence of these pulses we solve equations (2.5.39) again with the allowance for relaxa- 
tion and pumping at a =0. In the region 7,+7,+t<t we determine only р. Next, us- 
ing (2.5.42), we obtain the amplitudes of the forward and backward waves of the in- 
duced field (2.5.41). We retain only the terms that contribute to the photon echo. Fi- 
nally, we obtain 


(2 cole -(qT)? С й ет к. fn 


т=2 


(2.5.43) 
GS =J,,- _ (sin) cos[n(t— Suri eh ve В. exp[(iA — Y.,)(¢-T2)], 


1, =J,(=sin™2) cos(At,, + ®, — ®, )exp(—Yn,T 12), 


К„ = ЕЛ, (2 sin + )Lexp(-Y,7,2) + exp(—¥2T,, )I, 
в = V4nLN,|d,,\0/c, Ty=1/ku, A, =4a,ld,,|/h, n=1,2, 


ba 
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where J, (9) is a Bessel function of order т and of argument 9, and the terms +2/с, 
which take into account the delay of the signals of the forward and backward waves, are 
left out for brevity (t # z/c —> 1). When (2.5.43) is substituted in (2.5.41), it is necessary 
to make the reverse substitutions t > t= z/c , and we must put Ф =Ф, in (2.5.41). 

It follows from (2.5.43) that following the action of two standing wave-pulses the 
excited medium emits spontaneously, at approximate instants of time ¢=mt,,, where 
m=2,3,..., electromagnetic pulses in the form of two travelling waves that propagate in 
opposite directions (photon echoes). The properties of photon echoes with even numbers 
m=2,4, ...(even echoes) differ substantially from the case of odd echoes with the number 
m=3,5,.... In final analysis this is due to the fact that the even echoes are the result of the 
phase memory concerning the states of the medium in the interval 7, <t<t,,+7,, a 
memory stored in the matrix elements that make up the medium polarisation p. At the 
same time, the odd echoes are the result of the phase memory stored in the matrix ele- 
ments which describe the populations of the upper and lower levels in the indicated time 
interval. 

The amplitude of the even echoes contains a _ characteristic factor 
cos(At,, + ®, —®,) that causes narrow resonances of width 1/2t,, to appear in the ra- 


diation intensity when the frequency @ is scanned, if Ф, —Ф, is constant. The law of 
echo decay with a variance of the delay 7,, is determined only by relaxation parameter 
Y21 ы 


The odd echoes do not display narrow resonances and their decay laws depend also 
on relaxation parameters y, and y,. 


It is important to emphasise that the appearance of a number of even and odd echoes 
is due to atomic thermal motion and Doppler dephasing processes. In the case of solid 
state resonant medium the action of two standing-wave pulses produces echo signal only 
at moment of time ¢ = 2T,,, since the mechanisms of inhomogeneous broadening of the 


spectral line work as in the case of travelling waves. 


2.6. Photon echoes in three-level systems 


The simultaneous or separate in time action on the resonant medium of two and more 
ultra short light pulses 


Е = a, ех КАР —@,t-—@,)]+c.c. (2.6.1) 
Е, = а, expli(k,7 —@,t—@,)] + с.с. (2.6.2) 


whose carrier frequencies @, and @, are close to frequencies @ 


a 


, and ,, of adjacent 


optically allowed transitions Е, > Е, and Е, — Е, is accompanied by a variety of op- 
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tical transients such as various types of three-level echoes. All new types of photon ech- 
oes are based on the peculiarities of excitation of one of the transitions among three en- 
ergy levels Е,, Е, and Е, while the other transitions keep optical memory about рге- 


ceding excitations. This memory consists of occurrence of optical coherence on transi- 
tions not excited at once by the considered travelling pulse. In section 2.6.1 we discuss 
the mathematics of the optical coherence transfer from one transition to another by reso- 
nant excitation of third transition in three-levels of V-, A- and ©-configuration 
(Fig.2.6.1, the ©-configuration is also named as the cascade configuration). The pecu- 
liar kind of a photon echo in scattering of nonresonant probe wave by three-level sys- 
tems excited by resonant pulses (2.6.1) and (2.6.2) separated in time is considered in 
section 2.6.2. The mechanism of optical memory discussed in section 2.6.2 and the re- 
lated mathematics is applied in section 2.6.3 to describe the nontrivial three-level echoes 
originally named as tri-level echoes [49,50]. 


Fig.2.6.1. Configuration 
of energy levels in three- 
level system 


V-confuguration A-confuguration ©-confuguration 


2.6.1. BASIC EQUATIONS FOR THREE-LEVEL SYSTEMS IN THE GIVEN FIELD 
APPROXIMATION 


The equations for slowly varying matrix elements of density matrix for three types of 
three-level configurations are written in the following form 


9. 

tae + Yio J = А (в — Ri) М.В, (2.6.3a) 
m= 
a IA, +7» Во = tA (Roy — Ry) Вы, (2.6.3b) 


9. а 
Г -КА,-А) +7, ye =1A,Ry — МК», (2.6.3с) 
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9 ; 

ta Je =КЛ К — AR) +, (2.6.34) 
9 : 
ayo о =UA,Ry - AR) + Y2No, (2.6.3e) 


9 | а , 
[5 + Yo Je =—i(A,Ry, — A, Ri) — HAR — AR) t+ YoNo- (2.6.3f) 


The introduced values are related to the parameters of three-level system and electro- 
magnetic waves by the formulas 


V-configuration 
Ry = Ro =Pa exp[-i(k,7 —@t—-@,)], Roo = Roo = Ре» exp[-i(k,7 — @,t—,)], 
Ry = Rp = Pog EXP {-i[(k,F — @,t—- @,) — (Е —@t-@,)]}, Roo = Roo = Рьь, 
Ry = К =Р..› Ry = Ry =p A, =@,-@,,, A,=@,-®,, @,,=(E,—£,)/h, 
O,, =(E,-—E,)/h, A,=ad,,/h, A, =a,d,,/h. 


сс? 


A-configuration 
Ry = Ro = Ри expli(k,7 —@t-,)], Roo = Ко =P expli(k,F — @,t-@,)], 
Roy = Rip = Pog XP {-i[(k,F —@t-,)— (К - 6,1 -$.)}, Roo = Roo = Pas» 
Ки = А, = Paar Ry = Ry =P A, =-(@, — @,,), A, =—(®, — @,..), 
0,, =(E,-E,)/h, O,.=(E,-E,)/h, А, =аа, ИВ, A, =ajd,./h. 


сс? 


©-configuration 
Ryo = Ro. = Pas expli(k,F —Ot-@,)], Ry =Ry = Poo exp[-i(k,7 —@,t—@,)], 
Roy = Rip = Pog XP {ДОР —@t-@,)+ (k,F —@,t-@,)]}, Roo = Roo = Pos» 
Ry = a =Р.., Ry = a =p A, =-(@,— ,,), A, =@,-@,, @,,=(E,—-£,)/ 
вы =(E,-£,)/h, A,=a,d,,/h, A, =a,d,,/h. 


сс? 


The other parameters in eqs. (2.6.3) are the relaxation constants Y), Y,, Y2» Yio» Yoo and 
Y,, and stationary populations №, №, and N, of energy levels in the absence of exter- 
nal fields. We will use the following matrix form of R: 
Roo Ro Ry 
К= № К Rp 
Ry К; Ry 
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In accordance with the consideration of two level systems it is convenient to write 
the general solution of (2.6.3) in the given field approximation as 


R(t) =U(t,ty) R(t, )U (t,t) (2.6.4) 
where for ultrashort pulses (2.6.1) and (2.6.2) the evolution operator obeys the equation 


<u, ty) = iH gU (tty) (2.6.5) 


with initial condition 
БЕ 


and with effective slowly varying Hamiltonian 


(А. +4,)/4  -A; А. 
H,=| -^А  (А,-3А 4 0 
HN 0 (A, -3A,)/4 


The solution of (2.6.5) becomes very simple for constant values of field amplitudes 
and A, =A,: 


U(tyly) = (2.6.6) 
* * 
д. 2iA, 2iA., 
а sin & sin&® 
i А. i | 
Е |A 2 е5+|А р cos#+i—sin& AA. aglog county aus 
2iA, | 2 1 о 1 о 
= sin & 
о 2 2 2 2 
JA, F +1, | А.Р +1А. | 
* 1 A. 1 А. 
IN Agni(-e FoosE +i sin’ | |A, (2 e+ lA, р feos +i sin5 | 
2 one 
sin = 
о 2 2 2 2 
А.Р +1A5 | JAF +145 


Here, we have introduced the values 


A=A,=A,, 9= +4 Л, +4 А, 2, z= to) се, 
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Another important case of general solution of (2.6.5) is written for arbitrary detun- 
ings A, and A, but for exciting field at only one carrier frequency, e.g. A, =0: 


U(t,t,) = exp[i(A, — A, )(#—1)/4]. 


se SR pes DIN ccc dee 
cos#, —i—sin&, 0 —=sin&, 
Q, . Q, ‚ (2.6.7a) 
0 exp[i(A, — A, /2)(t— t))] 0 
ЩЕ са ee 
——sin#, 0 cos#, +i— sine, 
<, <, 


Here, 
о, = ААА, В, =, = СА. 


Solution of (2.6.3) in the form (2.6.4) for the case A, #0 but A, =0 can be ob- 
tained from (2.6.7a) by simple substitution of indices: 


U(t,t,) = ехр[КА, — А,)(1—1)/4]. 


cose, Ва ah sine, 0 
Q, | 
DING. eo fan SNE A oe (2.6.7b) 
—sin&, cose, +i—sine, 0 
1 Q, 
0 0 exp[i(A, —A,/2)(t-t,)] 


with 
о, =a +4)a,F, 8,296, 


The common phase factor in eqs.(2.6.7) is inessential for using in the formula 
(2.6.4). 


The main result of separate in time action of pulses (2.6.1) and (2.6.2) under condi- 
tion of negligible relaxation is considered in the case of V-configuration of resonant lev- 
els and the following sequence of pulse excitation: 


a, exp[i(k,z-@,t)|+cc, O<t-—z/cSsT, 
= 0, lL <t—2le< 2 +5 ; (2.6.8) 
a, ехр[КА.2 -@,t-@,)]+ec. T,+%, <$t-z/c 
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where Ё is the electric field strength acting on resonant atoms. 
We write the solution for the matrix К in the region 7; +T,, <t as 


~ ~ 


р 2 р ч2я|! р =! Roo - Ry og 
Rj cos НЕА, sin 25" ВС cai We ee 
R(t) = 19 COSE," R, —iR,)sin=,' 
Я-А ~ = és 
- oo 2 nao . ом Оден De 
Е. IR), SiIn&,' Ry sin” &,'+R,, cos =, 


We denote the initial value of density matrix R(t,,+7,) before the excitation by the 
second pulse as К and =,'=A,(t—T7,—1,,). We take for simplicity A, = A, = A=0 
and A, =A). 


Before the excitation, three-level atoms populate energy levels E,, Е, and E,, so 
the only matrix elements А», R,;, and R,, are distinct from zero. The interaction of the 
first exciting pulses in time interval 0 <¢ < 7, with resonant transition Е, — Е, induces 
the optical coherence in this transition А =R,, #0. The other transitions as adjacent 
optically allowed transition Е, > Е, and optically forbidden transition Е, > ЕЁ, re- 


main unperturbed. Therefore, before the action of the second exciting pulse at 
t=T7,+1,, only the mentioned above matrix elements can be nonzero. If the action of 


the second exciting pulse take place after a long time interval t,, compared with the re- 
laxation times, only optical coherence on the resonant transition E, > FE, will be in- 
duced whereas the optical coherence оп Е, —> Е, and Е, > Е, remains zero. This case 
corresponds to the independent action of excitation pulses. For a short time interval T,, 


between the exciting pulses the action of the second pulse induces not only optical co- 
herence on the resonant Ё, — E, -transition but also excites the optically forbidden 


two-photon transition E, > E£,: 
R,,(t) =iRy (t+ 7, sn A,(t—T,, -T)). (2.6.9) 


Thus, only optical coherence of optically forbidden transition Е, —> Ё, contains the 
memory about optical coherence of Е, >> Е, -transition at the excitation (2.6.8). This 


circumstance determines all new coherent phenomena produced by the excitation of ad- 
jacent optically allowed transition in three-level system by a sequence of resonant 
pulses. 


Another feature of separated in time excitation of three-level systems consists in the 
formation of an optical nutation echo of the same type as in the section 2.5.3. 
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2.6.2. RAMAN SCATTERING BY TWO-PULSE EXCITATION OF THREE-LEVEL 
SYSTEMS 


The results of a previous section allow us to obtain in detail the description of the Ra- 
man scattering of a probe nonresonant wave 


E'=a'exp[i(k'? — @)] + с.с. (2.6.10) 
in the medium excited by two ultrashort pulses 


E,=a,expli(k,z-@,t-@,)]+c.c., O<t-z/c<T, (2.6.11) 
E, =a,expli(k,z -,t—@,)|+c.c., Pete StH ZC ST, ees (2.6.12) 


which are resonant with the two adjacent optically allowed transitions. Below we will 
consider the case of V-configuration of these resonant transitions: E, > ЕЁ, 


(@, =(E,-£,)/h) and Е, > E, (@, =(Е,-Е,)/й). For simplicity, the propagation 
of exciting pulses is taken along z-axis and polarisation effects will be neglected. 
The induced optical coherence 


р., = К, exp til(k, — k,)z — (6, — @, )t-(, — 9, )]}} 


of two-photon transition E, > Е, in the time interval t,, + 1 +Т, <t—z/c determines 
in accordance with (1.1.25) the additional polarisation of the medium at frequencies 
w+t(@, — @,)| 


P= | dv_p,,D,.'+C.0., (2.6.13) 


ca ac 


where for definiteness we consider the resonant medium as a gas and the density matrix 
р... describes atoms with the velocity projections at z-axis from у, to у, + dv,. This ma- 


trix obeys equations (2.6.3) with substitutions A, > A, —k,v, and A, > A, —k,v,. The 
matrix element D_,' of the effective dipole momentum is given by 


D,,'=a'Tl, (-o )exp[i(k'F — wt ф']+а" TI. (@') exp[—i(k'F —Qt—@')], 


and the parameter IT, (—@') of two-photon transition is defined in (1.1.11). 
We rewrite (2.6.13) as 


)F — (6, — O, + @')t- (9, — 9, + O')]} + 
)F —(@, — 0, — W')t —(9, — 9, — ')]} 


P'= p, exp{il(k, —k, + (2.6.14) 
a 6. 


+ p_explil(k, 
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where 


р. =sin(A,T)sin(A,7, )а'П., (-@') f(t), р. =sin(A,T)sin(A,7, a" 1, (@) (г), 


f(t) = М, expli(A, — A, )(t— 2) — Ал, Лехр[-(А — ku? (t-t,)°/ 4], 
t=t—zile, ВЕК, (К). 


We omit all the questions related with the phase synchronism and we assume a probe 
wave (2.6.10) propagating along z-axis as exciting pulses (2.6.11) and (2.6.12). The re- 
sult is obtained for narrow spectral lines [51]. 


Polarisation (2.6.14) determines the Stokes and anti-Stokes scattering of a nonreso- 
nant wave (2.6.10). The signals of the Stokes and anti-Stokes scattered waves appear at 
the moment of time f=t, . The unusual time ¢, of the appearance of scattered wave points 


to the similarity of the discussed phenomenon with the photon echo. The other echo 
phenomena in the three-level system will be reviewed in the next section. 


2.6.3. TRI-LEVEL ECHOES 


The further use of induced coherence on optically forbidden transition (2.6.9) can lead 
to new interesting phenomena of echo-type. Many type of these echoes may be produced 
only in gas medium [50] since the necessary mechanism of reversible relaxation is due 
to atomic thermal motion. Below we will discuss only the case of resonant gas medium. 

If we consider the action of third pulse after two pulses (2.6.11) and (2.6.12) of the 
same frequency as the second 


Е, =a,expli(k,z — @,t-—@,)]+c.c., 
Epi tg ве CS Ea eo et 


we find that the phase memory about optical coherence of Е, > ЕЁ, -transition is dis- 
played in polarisation of optically allowed transition Ё, —> Е,. That provides the forma- 
tion of echo signal at carrier frequency ©. The moment and the condition of the echo 
formation are 


о, 


ЕД +Т, +Т+ ПОР 


ab 


Thus the condition of tri-level echo formation is determined not only by usual assump- 
tion about correlation between characteristic time intervals but and by the ratio of tran- 
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sition frequencies. The electric field of this echo is given by 


E=e (t—z/c)expli(k,z—-@,t-@,)]+c.c,, (2.6.15) 
where 
€.(0)=86, | dif (v Fe Pinaceae exp[—ik,v.(t—0',)]- 
оо 

А 
-exp[A,(¢—,,; — 73), 

А, ab 
= spp opens Se Sel Х, ВИ. ЕЯ 

Q, 2 2 Q, 


©, = / +414. Ё, A,;=ad.,/n, Ё, =2md,, 


' 0, 0, 
#=Ь+ = 2 (Т+Т,), 9.=93-9,+,, 
[0 20 


ab ab 


м, - №, /с, 


We can represent graphically the formation of the echo as it is done in Fig. 2.6.2 а). 
The arrows indicate the directions of the propagation of exciting pulses, the rectangles 
show the pulse and corresponding resonant transition. 


Fig.2.6.2. Tri-level echoes in the three-level systems 


In three-level systems with 0 -configuration of resonant levels it is convenient to pro- 
duce photon echoes by pulses that propagate in opposite directions as is shown in Fig. 
2.6.2 b) and c). When exciting pulses are given by 


E,=a,exp[-i(k,z+0,t-@,)|+ec, 0<1—2/с<Т, 
Е, =a,exp[i(k,z-0,t-@,)]+ec, T+, $t-z/c<T,+T, +t, 
Е =a.expli(A,z—0,1— ©,) | +ec., 7 + B43 4%, St-—zles f+ iy ti Phat ty 
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the tri-level echo is formed at instant 


@ 
t, =Т+Т, +Т,+—т,, 
ba 
and propagates at the same carrier frequency and in the same direction as the first excit- 
ing pulse. In the case of a large spectral line the tri-level echo appears later than the 
moment ¢, at a value of order of pulse duration. 


Another set of exciting pulses (Fig. 2.6.2 c)) 


E,=a,expli(k,z-@t-@,)|+ec, O<t-z/c<T,, 
Е, =a,exp[-i(k,z+@,t—-,)|+ec, ТГ +t. $t-z/cST,+T, +t, 
Е, =a,exp[i(k,z — @,t-@,)]+c¢.c., 
Tio ist i, АЕБ. 


produces tri-level echo at time instant 


@ 
t=7,+7,+1,4+%.+ a (> +T,3) 
cb 


for narrow spectral lines and a little later for large spectral lines. The direction and car- 
rier frequency of its propagation coincides with the direction and carrier frequency of 
propagation of the second exciting pulse. We discuss the properties of this echo more 
detail in item 2.7.2 on account of level degeneracy and polarisation of exciting pulses. 


2.7. Polarisation properties of coherent transients 


The real experiments on coherent transients were made in the media with resonant lev- 
els, which are degenerate on the various orientation of the total angular momentum 
[3,13,33,34,37,42,44,49,52-58]. The examples of resonant media are molecular gas SF¢, 


atomic vapours of alkaline elements, impurity crystals with rare earth elements and oth- 
ers. The resonant levels of SF, are highly degenerate, whereas in other mentioned cases 


the level degeneracy is defined by small values (1/2 and 3/2) of the total angular mo- 
mentum. Their correct description is based on the formalism developed in item 1.4. This 
formalism allows also investigating theoretically polarisation properties of coherent 
transients. When exciting pulses are different polarisation states, the polarisation of echo 
phenomena displays new features. These features are useful both in the experimental 
technique for isolating echo signals from exciting pulses and in spectroscopic purposes 
for identifying atomic and molecular transitions, the investigation of depolarising atomic 
collisions and other relaxation properties. Interesting possibilities are being opened for 
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studying fine and superfine interactions by the photon echo technique. Another way in 
the polarisation studies represents the formation of echo phenomena in external mag- 
netic field. In section 2.7.1 we discuss polarisation properties of optical nutation and nu- 
tation echo produced by the phase switching method. In section 2.7.2 we describe po- 
larisation of echo phenomena in a three-level gas medium on account of depolarising 
atomic collisions. 


2.7.1. POLARISATION FEATURES OF OPTICAL NUTATION BY PHASE 
SWITCHING METHOD 


Many investigations are shown that the main polarisation features of optical nutation are 
independent from the method of their formation. Below we will consider coherent tran- 
sients produced by a phase switching method. According to this method an additional 
term @(¢t) appears in the light wave phase which in time interval 0<t<t, equals 5,7, 
in the adjacent region T,<¢<T it is constant @(t)=6,1,, then it linearly decreases 
p(t) = 46,7, + 6,(t—T) . Simultaneously with the increase and decrease of the light wave 
phase, instantaneous light wave frequency shifts @+d@/dt occur in opposite directions 
with respect to its initial value w. Therefore, there exist three atomic groups within the 
Doppler-broadened atomic line shape (see Fig. 2.7.1 ). One of these includes atoms with 
velocities у ~(@-—,)c/@ (atomic group у) which are at first in resonance with a light 
wave of frequency @. Here, @, is the frequency of resonant atomic transition and у is 
the projection of the atomic velocity along the direction of the light wave propagation. 
After the light wave frequency switches ® > @, = @+ 64, in the time interval 0<f<T, , 
the atomic group v goes off resonance. Simultaneously the second group of atoms with 
velocities у, ~(@,—@,)c/@, (atomic group у1) comes into resonance with the light 
wave of the new frequency @, . In the time interval tT, <¢< 7 the atomic group v inter- 
acts again with a light wave owing to the frequency switch @, > @ . After the repeated 
light wave frequency switching @ > 0, = +6, (6, #4, ) the new group of atoms with 
velocities у, — (6, —@,)c/@, (atomic group v>) turns out to be in resonance with a light 
wave of instantaneous frequency ,. In the time interval t+ 7, <¢ both the phase and 


frequency of the light wave takes their initial values. Thus, the atomic group v is in 
resonance with a light wave of frequency @ which is turned off for two short time inter- 
vals. After each turning on (turning off) of the light wave the atomic group v exhibits 
the nutation (free induction) effect, and after the repeated turning on (turning off) of the 
light wave the atomic group v emits, under certain conditions, a nutation echo 
(induction echo). On the other hand, the atomic group v; (atomic group у) 15 irradiated 


by one ultrashort light pulse of frequency @, (@,) and of duration т, (т). Therefore, 
atomic groups v, and у) emit no echo signals and, under certain conditions, they do not 
contribute to the echo signals accompanying the phase shift of a light wave. Thus, echo 
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signals produced by the method of light wave phase switching are due to the radiation of 
atomic group v only, that is why they are of a simple nature. 


Fig.2.7.1. Interaction of atomic gas with light wave 
(1). Upper curve: the three atomic groups within a 
Doppler-broadened atomic line shape. The three 
lower curves show the intensities J, J, and J, of the 


light waves of frequencies 6, ©,=@+d, and 
@,=@+5, interacting with atomic group у, у; and 
V>, respectively. Here, and are frequency shift ac- 
companying the phase shift of a light wave. 


We assume that the gaseous medium is situated within the boundaries 
Z) <2< 2) + Ё and that it contains two-level atoms (molecules) having upper and lower 


degenerate levels with angular momenta j, and j, and energies Е, and E,, respec- 


tively. In this medium the incident light wave is changed due to resonant interaction 
with atoms, and a complicated electric field 


Е =/Eexp[i(kz — ot — @(t-z/c))] + с.с. (2.7.1) 


arises, where / =é, for linear polarisation, / =27'?(é, +ié,) for right-handed and 


С —ié,) for left-handed circular polarisations, é, and ©, are unit vectors 


along the indicated Cartesian axes. А _ slowly varying complex function 
Е =E(z-z,,t—z/c) in the resonance approximation obeys the equations 


д is 
a anil ука „Г“, 0272) 
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By See : 
| + i(n i? A) | Y21 a = Е E/ (Та „рии - Peds) ? 
m' ц' 


9 i у.м 
—+ ‚=-()`а. Е.Е” Eyes би > РЯ: 
a У JP h ух ти Lm! ай Я ) 2}. + Pree | тт ( ) 


9 TN. 
Cae Pe = Lani El 2 ит ВЕ: re )+ ee pte uu"? 


where 


Hig = Pum ехр[-КА2 5 cor = @(t = z/c))), 


1 
п) = ехр(-1' 7), П=АУ, Т, = и, 
„Пи 
A=0-Q@+dQ/dt, &=(Е,-Е,)/Й. 
We write the solution of equations (2.7.2) and (2.7.3) as 


0 0 
E = E, + E, Bin = =R apts Tim? Ри = В в Tum’? Ри = Ри 
where the first terms describe the partial solutions of equations (2.7.2) and (2.7.3) in the 
stationary regime, and the last terms represent the deviation from this stationary regime. 
If we take the quantisation axis parallel to Г in the case of linear polarisation and 


along the direction of propagation of wave (2.7.1) in the case of circular polarisation, the 
stationary regime for a constant value of the frequency shift will be 


к. в г. io 


gm (1-4) +7 +9,’ 
N 0703. 
ии" = NSO) О га NAM Е г 2? 
Zi. si ok Da Ay’ +71 + 2% 
№, Г (п) у, 0,5, 
в О. 
Е” м ig facile Oe ro +95 
5 A K2 2 
М = ue _ N, Q? Е Jp Wh Е.А», (И + ¥2) 
0 р ; › 0— › 
Zhe Dy ctl -uqm h NY2 


where 4=0 for linear polarisation, g=/ for right-handed and q=-/ for left-handed circu- 
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lar polarisations. 
The stationary amplitude E, = E,(z—z,) is the solution of the equation 


ЧЕ т. 
ae 21). [Ro dul “an 


with boundary condition E,(0) =a at the point z = 2, of entry into the resonant gaseous 
medium. Here a is the real constant amplitude of the incident light wave. 

We shall consider small deviations from the stationary regime assuming the follow- 
ing inequality 


м Та, | 0/hie <<1 
| о 0| ba 


to be satisfied, where ZL is the length of an optically thin resonant medium. In this case 
the stationary intensity 


I, =clE,(z- 5} /20 
changes little over the length Z and the deviation matrix r=r(t) can be obtained as 
r(t)=U(t,t) rt )U" а). (2.7.4) 


In this expression, & is an initial moment of time and the matrix elements of the evolu- 
tion operator U(t,t,) are given by [36,59,60] 


Ор ty) = AiO U lt to) = Ayu 
(2.7.5) 
о Ль-т а, 9 Л-т as 
U (tt) =" В,б U (toto) =(-1)”" —™ BS 


d m~U,mt+q? d ЦоН,т+а ? 
| ba | ba 


where 


£2 00832, (th) +715 


$110, (1-1), By =(%,/Q,)sin¢Q,(t- ty), 


oO 


©, =\(П-А) +, б=т, 


_2ald,|( jis Л 1 _2dldra\( jo ja! 
hig : Xu = 
й |т+а-т-а й \wW q-p -@ 
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The intensity / of wave (2.7.1) after its emergence from the resonant medium is 
2e'(t— 
О) (2.7.6) 
27 a 


where e'(f) is the real part of the amplitude = 


e'(t) = ви | вольт) (2.7.7) 


Assuming the inequalities 
Vy (t+) << le У) y(t +2,) у << 2A 


to be satisfied, we shall henceforth be interested mainly in coherent optical transient 
phenomena which are within a small time interval compared with the time of irreversi- 
ble relaxation. For simplicity we shall consider the instantaneous frequency w+ dQ/dt 
of wave (2.7.1) to be leaving a Doppler-broadened atomic line shape during the time 
intervals 0 <1<т, and tTS¢<T+T,, 


А, >> 1/1, 


A, 


>>2A, A, =0+6,-@, n=1,2. 


The value 2 A characterises the order of the nutation frequency 


ie ald, _ а 3yc° 1/2 
nj2j,+1 2| hoy | — 


Thus, we think of the atomic groups у| and у› as being absent, while atomic group у 


turns out to be irradiated by light wave (2.7.1) which is turned off in the time intervals 
O<t-—z/cSt, and t<t—z/c<T+T,. In these time intervals an atomic group у radi- 
ates free induction signals. In other time intervals, a wave (2.7.1) interacts resonantly 
with gas atoms and the intensity (2.7.6) exhibits nutation oscillations which are due to 
re-radiation of photons by resonant atoms. The amplitude (2.7.7) of this optical nutation 
in the region 0 <¢<T, after a single phase shift is given by 


e()=e, )°X, fexpl-(nt,) IG, 
ay We ee (2.7.8) 
[sine — A, )t, cosQ(t — T,) — Ula [1—cos(n—- A, )t, ]sin Q(t — ги 


Q 
€, = 2VnLN,T,\d,,{ аб! йс, 


G, = (n a ALM = А + (2), + 1I)X,2A°y,,(Y, т У.) / > he ’ 


В . \2 
ал 


Q? =(n-A,)° +(2j,+I)X,4A’, = 2 _ , Ay =@-@, . 
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Amplitude (2.7.8) contains arbitrary detuning A, and t,. Their values affect the 
numerical value of €'(t) but do not change the following general features of the optical 
nutation [36,61]. Below we will indicate the Е, >> Е, transitionas j, > /,. 

The amplitude (2.7.8) of the linear polarised optical nutation (4=0) on an atomic 
transition j — j with large momenta />>1 is less and it decays more rapidly than it 
does on atomic transitions 7 <> j+1 (see Fig. 2.7.2). The other way round, in the case 


of a circular polarised optical nutation (q=/ for right-handed and q=-/ for left-handed 
circular polarisations), the amplitude (2.7.8) for the atomic transitions <> j7+1 is less 


and it decays more rapidly than it does for the atomic transition 7 > /. This relation- 
ship makes it possible to distinguish experimentally between the j— j and jo j+1 
transitions. For each of the 7 > 7 and 7 < j +1 transitions and a specific polarisation 
of wave (2.7.1) the function e'(t)/€, is independent of j if 7>>. 

Analysis has shown that the period of the linearly polarised optical nutation (2.7.8) 
in the case At, <1 and j>>/ is equal 22/2A for the j—  / transition and to 
2J2n/2A for the j © j+1 transitions. In the case of circular polarisation, the nuta- 
tion period is equal to 2V2n/2A for the j—j transition and to 2%/2A for the 
jJ © j+1 transitions. Thus, the nutation period depends only on the amplitude a of an 
incident wave and y for a given polarisation of the incident wave. This makes it possi- 
ble to determine the probability y of spontaneous emission from the nutation period 
found experimentally. One should note that a small detuning lo- (| <1/T, does not af- 


fect the nutation period. 


je'(t)/e, 


Fig.2.7.2. The optical nutation after a single phase shift. 
For the j > (]>>1) transition, curves A and В corre- 


2A(t—T,) 


spond to linear and circular polarisation respectively. Con- 
versely, for the 7 << j+1 (]>>1) transitions, the linear 


and circular polarisations correspond to curves B and A. 
It is assumed that 2^7у =1, 2AtT,; = 1/10, AgT, = 0.5, 


A,Ty = 10.5 and y,,; =) =Y2 << 2A. 


In the case of small values of j the order of magnitude of the nutation period is 
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2m/A. However, in the case of a 7 > 7 transition with j>/ the period of the linearly 

polarised optical nutation (2.7.8) is always less than the period of the circular polarised 

optical nutation. The reverse is true for 7 <> 7 +1 transitions with j>0. The 1<>0 and 

1< 1 transitions are characterised by the coincidence of the curves for linearly and cir- 
1 


cular polarised optical nutations, and for the 1 + transition the period of the linearly 


polarised optical nutation is J/2 times greater than that of a circularly polarised optical 
nutation. 

The above conclusions remain true for the period and curve positions of optical nuta- 
tion in the region TS T+7,. There is, however, a specific feature. Nutation oscillations 


in the region T<7+T, first decrease in a similar fashion to (2.7.8), they then increases 
up to the instant ¢=2T+7,—T, in the form of the nutation echo (Fig. 2.7.3). The echo 
terms in the amplitude of optical nutation in the region T<T+7, are given by 


==> ¥(2), +X? fexpl- anya aS cos(n-A,)t,]: 


2 way, —oo 


: [sine —A,)T, cosQ(t-— 27-7, +7,)- ul = [1—cos(n—- A, )t, Jsin Q(t —2t— T, + T,) jm 


The inequality 7, <<1/A<<t—T, represents the optimum condition for observing the 


nutation echo. 


Fig.2.7.3. The optical nutation 
el(t)/€ and nutation echoes. Curves A 

: and B correspond to linear and 
circular polarisations for the 
j— Jj G>>1) transition and to 
circular and linear polarisations 
for the j << j+1 G>>1) transi- 
tions. It is assumed _ that 
2AT) =0.5, 2At, = 2AT, = 


=10.5 and АТ = —4.5, 


Yo. =, = Yo << 2A. 


2.7.2. POLARISATION OF PHOTON ECHOES IN THE THREE-LEVEL SYSTEMS 
AND INVESTIGATION OF ATOMIC RELAXATION 


To demonstrate polarisation features of echo phenomena based on free induction decay 
and to illustrate the possibility of their use in spectroscopy we describe one of the tri- 
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level echoes formed by the following set of exciting pulses [62,63] 
E, = (2. cosy, + &, siny, )a, exp[i(k,y —,t-9,)]+c.c., 0S t-y/c<T,, 


Е, =(&, cosy, + &, sin, a, exp[-i(k,y + @,t + @,)]+c.c., 
ДЗО ТЕ, 


Е, = е. а. exp[i(k,y — @,t- @,)]+c.c., 
Е УЕ. 


where first and third pulses are resonant to optically allowed transition Е, > Е, 


whereas the second pulse is in resonance with adjacent optically allowed transition 
Е, > E, (Fig. 2.6.2 с)) 


O,=0,=0=0,,=(£,-E£,)/h, k =k, 0,=O0=0,,=(E,-E,)/h. 


We have chosen the y-axis along the direction of pulse propagation keeping the z- 
axis for the designation of the quantisation axis. This change of axes notation allow us 
to use standard transformation rules for density matrices induced by the rotation of 
quantisation axis (see eq. (2.7.15), Fig. 2.7.4 and ref.[64,65]). 

The resonant energy levels are degenerate due to various orientation of the total an- 
gular momentum. We suppose the validity of the theory of depolarising atomic colli- 
sions [65-67]. This theory describes atomic collisions of resonant atoms with impurity 
ones in gaseous medium at lower pressure so that the resonant levels and transitions be- 
tween them are characterised by a large set of the relaxation parameters [65-67] 


(к) — (к) (к) _ (к) (к) — (к) 
Ve =y, +1 > у =, +Г, > у. =у.+Г, 2 


Yeo = (1, +7.)/2+Гы”, GPT ridge, 
Yo =(9.+%)/2+Гь, Gal, +idg, 


yO =(y, +y,)/2+T&, GO =Г® +ia®, 


ca ? 


In this notation the values fiy,, fy, and hy, represent the radiative widths of the levels 
E,, Е, and E,. The real values Г® (0<к<2/),Г® (OS «<2j,) and Г® 
(0<«<2/.) are the contributions of depolarising atomic collisions to the levels broad- 
ening. The complex parameters С® (| = Л <к< j,+/,) describe the collision ге- 
laxation of the optical coherence matrix of the 7, > /, transition. The other parameters 


characterise the 7, > j, and j, > /, transitions. These relaxation parameters enter the 
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main equation (1.0.3) through the relaxation operator Гр: 


a ь + Ut ! K J J, K J у к 
(Гр)„„ = (+1. )р,„/2+ УСО“ mranenae( tt poe 


Kqun' u' —m'q 
(2.7.9) 
= ara Alda dan OV Te Je YN SY) 
(Гр, = тури + LED 2+ NI] № № а В 
го’ 2! а hea pag 2j,+1 


The expressions for (Гр) ‚ (Гр), (Гр)„„ and others are obtained from the above 


formulas with appropriate substitutions of indices. In addition to previous agreements 
the indices v,v',... give the projection of the total angular momentum of the state Е, on 


quantisation axis. We emphasise that the density matrix p describes here the group of 
atoms moving with velocities whose projection on y-axis 1$ v. 


The description of the discussed tri-level echoes is based on the following equations 
generalising eqs. (2.6.3) on account of level degeneracy and pulse polarisation: 


[t+ = a0 7 Ува, me 
gir a)4t Ry =! Fal dyn R ba ee 


9 | oe a = iy = 
[ната (8 — © Rly } 


Ц 


(2.7.10) 
att Pw Dig Ode ~Ral dye) 
HP aw = LET aglaw — Raglan) 
fa г}. “ee dy Ry — Rl dys) + LF dunk pS doa) 
The sought quantities are the following slowly varying functions 
Ruy = Py EXPLi(ky + OE+ P)], Ruy = Pun €XPL—-i(ky — oF — )], 
Ryn = Pv EXP {i(k — kK) y —(@+ B)t-O- JI}, (2.11) 


tee = Pinm'? Ку = Puy Ry = Pyy ‘ 
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We have written the exciting pulses in the form 
Е= Гаехр[-КЁу + 9+ Ф)] + с.с. 
E=la exp[i(Ay — Ot —)]+c.c.. 


using the dash to distinguish the parameters of the field E , which are resonant to the 
transition j, —> j,, from the parameters of the field Е, which are in resonance with the 
transition j, > j,. 

We write the solutions of the system (2.7.10) for separated in time action of the ex- 


citing fields E or E only, assuming linear polarisation of these fields. If we take the 
quantisation axis parallel to polarisation vector, the required solution in the case Г=0 
will be in the standard form 


R(t) =U (tty) R(t U" (tty) - (2.7.12) 


In the case of resonant field E we have 
Ut) =A Sys Uy(t) = Аб, 
(2.7.13) 
d., 4. 
d., d., 
U,,, (tt) =U,,, (tt) = U (tt) = U (t,t) =0, 


Bo 


Ч.) = (1) * —2 BS U yy (t.t)) =i(-1)* * бу › 


Ур? 


where 


A, =cos$Q,,(t-t))-i a ое. В. =(X_/Q,)singQ,(t- ty), 


oO 


= Qald.\(j. j, 1 
Q,= V(t Ay +x, to = al " | o=V,pL. 


с -o 0 


In the case of resonant field E we have 
Uk to) =: А бит Чи, ty) = Ayu 
и = exp {i(t a t 11 + A = (п = 4)/2]}6„„, 
(2.7.14) 


yg 
Ч 


В„б И (и) =" Чы Bs 


тут? а цоит 2 
| Ба 


Unum (toto) = i(-1) 


Uy а) = Uy, (t,t) > U,,, (t,t) т U (t,t) = 0, 
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where 


re c08$2,(t—1,) + о, (4), By = (%_/Qq)sintQ,(t-t)), 


oO 


2ald,.|\( Jy Ja 1 
= /(n-A) +x, to = El | Oo =m 


с -o 0 


In both cases 


The density matrix р of the three-level atoms Е, < Е, <Е, interacting with the 


field E or E of carrier frequencies ®=@,, and @=0,.=(£,—E£.)/h is obtained 
бот eqs.(2.7.11)-(2.7.14) Бу substitutions К—>-, @>-® Ф>-Ф, 
+ —>-П-(®-@,) and 4, —>(-1)^^а,. For the other position of levels 


Е, < Е, <Е, when the carrier frequencies @ and @ of waves Ё and E are close to 
atomic frequencies @,,=(E,—E£,)/h and @,,, the density matrix is given by eqs. 
(2.7.11)-(2.7.14) with the following substitutions k—>-k, ®>-®, Ф—>-Ф, 
n-A>-n+(@-@,,) and d,, > (-D"""di, 

We must know the transformation laws for density matrices defined by the change of 


the coordinate system and the rotation of quantisation axis. This knowledge allows us to 
formulate the initial conditions for eqs. (2.7.11)- (2. 7.14) for describing the interaction of 


the medium with a set of exciting pulses Ё and E with different polansahons i orl. 
Let Euler angles ©, В and y describe the rotation of the coordinate system x’, у’, z' to 


the system x, y, z where axes z and z’ are the quantisation axes (Fig. 2.7.4). We have the 
following transformation laws: 


Vi g'gk 


Е тек 4 Je орла Je "Roe (2.7.15) 
v'q -vq 


Fig. 2.7.4. Euler angles describing the rotation of the coordinate system x', y',z' to the system x,y,z. 
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Here the matrix К, represents the atomic density matrix related to coordinate system 
x’, y’, 2'. Quantities v' and и’ are the projections of the total angular momentum on axis 
2'. The values R,,, У and wt refer to the coordinate system x, у, z. Function Dj, (0,8, Y) 
is the Wigner D-function [64]. The proof can be done on the basis of ref.[65]. 

The electric field E, of the three-level echo of frequency @ produced by exciting 
pulses E,, Е, and E£, can be obtained using eqs. (2.7.11)-(2.7.14) in the form 


Е, =&(t+ y/c)exp[-i(ky + Of+,)] + с.с.., (2.7.16) 
where the amplitude €(¢) and the phase shift @, are given by 


E(t) =-в, | duf (WEN, + аи Jexpli( + Аи 1,)- (+), т), 


(2.7.17) 
©, =9, +9, —9, —(A+AW/O)(T,, +7, + Т, +Т,/2), 
t,=U.+(t, +1,+5,+7,/2)0/0+T,+T7,/2. 

We have introduced the notation 
в, = 2al|d B/N; o ie 
poe. 229; Fl 
W, =LG Sox pQe yp EXPL- ео ye) ох Р=0, 1, 
~, i,—-V Jp И к oP ah к’ к к' 
Di ОНИ E Hi) ie ae ae —W,)d 7, (Wr), 
a i J J, 1 
=(2k+1 -l)"" | 
Ль di 
С, - 
>a ne Ip 
ВЕ: .П-А ee 
Aig = C085Q.,,T, +1 о што Г,, Bas = Xing /Qye) Sin; Q,6T, » 
2аа fe pe il 
QO, =V(M-AY +X2,; faite Jy Ja n=1,2,3, O=V,p,m 
h с -o 0 


Here, L/c is small compared with т, (п=1,2,3), and d/,(B) is the Wigner D-function 
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D*(a,B,y) at a=y=0. The value B,, is obtained from B,, by substitutions o> Vv, 
da dno Ty D des Ung D4, AA and 1-7. Eqs. (2.7.16) and (2.7.17) describe 
also the three-level echo produced by the excitation of the three-level systems 
E,<£E,<E, by pulses Е, E, (with L=0 and у replaced by -y) and Е, . In this case in 
eq.(2.7.15) one should substitute @ and €(t+ y/c) Бу —@ and — &(t— y/c), whereas 
in eq.(2.7.16) A’), A and @, must be replaced by — A‘, -(@—@,,) and —@,. 

The amplitude (2.7.17) contains a specific term @,W, + 2éW, which defines polari- 


sation properties and decay laws of three-level echo (2.7.16). In the case of small angu- 
lar momenta 1/2 and 3/2 this term has a simple form 


67, + \26,W, = FA VB, VB, By expl- —(y\) + iA? )t,5], 


where the vector F’ is given by the following equations: 
= 


= и {é, cos(w, — W,)exp[— -(y? + iA” )t55] — 6, sin(y, — у, )ехр[- -(y? + TNS „53| }, 


2) for j, = j, =1/2 and for 7, =3/2 


P= Е {é,[sin(y, — y, )exp[— —(y? an iA” )t3]- 3sin(y, + W,)exp[— Ges ae iA”); ]- 
—é [cos(y, — y,) + 3cos(y, + и, lexp[-(Y? +iA?)t5]}, 
3) for j, = j, =1/2 and for j, =3/2 


= | | Е : 
F= 26 {é, sin(y, — W,) ехр[-(у°) se id” )t,;]— @, 4cos(y, —\,) exp[-(y?? Ч М )T,3]. 


We demonstrate the approach for using the polarisation feature of echo decay on the 
example of the 7, =3/2 > j, =1/2 and j, =1/2 > j, =1/2 transitions from general 


formula (2.7.17). In this case the echo intensity as a function of T,, at t=¢, decays as 


exp[—2(y}) + gy"))t,,], where g = @/@. By choosing the appropriate values of the an- 


gles y, and y, between polarisation planes of the first and third and the second and 
third pulses we can obtain the simple exponential law for decay of echo intensity, corre- 
sponding to the projections of echo electric field. 
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у =-у, =7/4, the intensity, corresponding to the projection on x-axis of the 
echo electric field decay with varying of t,, as exp{—2[y‘? + (в —1)y? ]t,,}. The echo 
intensity as a function of T,, али, =W, is exp{—2[y° +(g—-ly°) ]t,3}. 

One should note that the model of depolarising atomic collisions gives У) = and 
A® =A”) for the j, =1/2 > j, =1/2 transition and 7% = y® and A’? =A” for the 
J, =3/2 — j, =1/2 transition (in the case of Van der Waals interaction between col- 
liding atoms). In other case of angular momenta the relaxation parameters y, у, у 


differ from each other by 10-20 per cent. 
To simplify the general formula for arbitrary values of angular momenta it is 


convenient to use exciting pulses Ё, E, and E, with small areas. Then the amplitude 


(2.7.17) has the polarisation structure similar to one in the case of small angular mo- 
menta: 


E(t) = bié,[2L, сои, —W,) + L,(cos(y, — YW.) + 3cos(y, + W,))]- 
— 3é,[L, sin(y, — y,) — L, зу, + W,)]}- (2.7.18) 
-exp{—-(yi? + iA"? )t,, — iA") [(@/@)t,, + (@/W—1)t,,]+ (A@/O+ A)t, /2}, 


оо ло aire _ 

b= “0 [anf (v) ees Ш (n 7 A)t, sin (7 + A)t, sin (n A)t, р 
6 (И-П) 5 2 2 

-exp[i(W + A-AY)\(t-t, — Ot, /20) - Ур (t- TH. — Ts), 


2 
_ji«l _ (ny) 4g ACH) = 
р В a р exp[ (Ven +. bara к 0, 1, 2, 
Ja Jp Ле 
d.. 


AY, =2a,|d,,\/n, № =а, 


/h, m=1,3. 


ba 


Now, we analyse the position of polarisation plane of echo (2.7.16) and (2.7.18) with 
respect to polarisation planes of exciting pulses. This position is determined by the type 
of j, > j, transition. For example, the j <> j+2 transitions are characterised by the 
following properties. If yw, =—w,, the echo polarisation plane always coincides with 
polarisation plane of third exciting pulse. In case y, = y, #0 echo polarisation plane is 
situated within blunt angle formed by polarisation planes of the exciting pulses. 

The polarisation plane of echo (2.7.18) at м =\, +0 in the case of 
J@jtl (21/2) optically forbidden transitions lies within the same blunt angle. 
But if wy, =—у, the echo polarisation plane essentially differs from the polarisation 
plane of the third exciting pulse (contrary to j <> j+2 transitions). The angle wy, of 
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inclination of the echo polarisation plane to z-axis at YW,=-wW, 1 
tany, =—Ssin2y, /(3+cos2y,), where we have supposed for simplicity that the re- 
laxation processes are inessential and the three-level system with j © 7+1 optically 


forbidden transition is characterised by large values of angular momentum />> /. 
The three-level echo (2.7.17) in the case of j > j (j 23/2) optically forbidden 


transitions at yw, =, #0 has always the polarisation plane within the acute angle 
formed by polarisation planes of exciting pulses (contrary to j<> j+1 and jo j+2 


transitions). 
Instructive studies of photon echo polarisation can be found in ref.[45,68-72]. 


2.8. Conclusion 


Free induction decay, nutation oscillations as well as photon echoes on their basis can be 
regarded as separate well distinguished phenomena only in optically thin media where 
they serve as basic elements of the analysis of coherent transients. In extended medium 
these phenomena are distorted by dispersion broadening, diffraction, nonlinear compres- 
sion and other processes inherent to nonlinear propagation [73]. Therefore the nonlinear 
analysis of pulse propagation needs its own basic elements of the language for describ- 
ing wave evolution in an extended medium. The main element is the notion of soliton 
directly connected with the inverse scattering transform method. This notion will be dis- 
cussed in detail in next chapters. Other new elements characterising nonlinear regime of 
pulse interaction with medium arise in the description of wave transmission through thin 
films of resonant atoms. The notions of optical bistability and self-pulsation along with 
the above mentioned ones allow us to analyse different regimes of the resonant reflec- 
tion and refraction by thin films (see Chapter 9). 
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CHAPTER 3 


INVERSE SCATTERING TRANSFORM METHOD 


Let us consider the Fourier transform method for solving the linear partial differential 
equation. It is known that the Fourier transformation converts this equation into a linear 
ordinary differential equation, which can be easily integrated. Thus we obtain the 
evolution of Fourier components of the initial data in the problem under consideration. 
Inverse Fourier transformation yields the solution of initial equation in the integral 
form. It would be more correct to say that the Fourier transforms method permits to 
solve the Cauchy problem of a linear partial differential equation. This is the main 
reason why this method is attractive to apply in mathematical physics. 


The inverse scattering transform method is an extension of the Fourier transform 
method when we consider scattering data as the combination of the generalised Fourier 
components and spectral parameter. It is interesting to note that one of the first survey 
article by Ablowitz, Kaup, Newell and Segur was titled “The Inverse Scattering 
Transform - Fourier Analysis for Nonlinear Problems” [1]. 


There are the Hamiltonian systems in mechanics and in the field theory. There are 
cases when the canonical transformation makes the equations of motion trivially 
integrable after the conversion to new variables. Then they say that Hamiltonian system 
admits the action-angle variables. Thus, if the action-angle variables exist, then the 
Hamiltonian system is completely integrable. By using the IST method we can now 
state that some equations, which admit zero-curvature representation, are completely 
integrable Hamiltonian equations [2]. 


In practical problems the systems of equations may not be completely integrable 
due to dissipation, dispersion or an external force. In this situation the IST method leads 
to some sorts of perturbation theories and another approximation schemes to analyse 
such problems. 


Nowadays the IST method is extended to cover many problems involving quantum 
models and quantum statistical physics. According to Wadati’s statement the IST 
method is one of the most important inventions in the modern mathematical physics. It 
is a unique method for solving the initial value problem of non-linear evolution 
equations. A number of excellent books could be recommended as guides on 
application of the IST method to various non-linear evolution equations [3-15]. Below 
we shall develop basic elements of the IST method necessary for understanding the 
mathematics underlying the theory of nonlinear optical waves. 
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3.1. Basic principle of the inverse scattering transform 


Let us consider the pair of linear operators 
X(A)=0, -00.,4}), TA)=0, -VA, (93), 


where U and Г are Nx № matrices depending ona set {4} = {49,594 xx>---} and the 
parameter Л, g(x,t) is, in general, a matrix-valued function of x and г The 
integrability condition for the pair of equations 


X(A)y=0, TA)w=0, (3.1.1) 
means that the commutator of these operators vanishes, 
[X(A) ,TA)]=0 


or in matrix form 
V , 
ae ag ЧИ: (3.1.2) 


Equation (3.1.2.) must hold for all 4. If so, this equation determines a set of partial 
differential (generally non-linear) equations for the components of the potential q(x,t), 


04 


М 


Неге М ] denotes a non-linear operator acting in space of the potentials. 

The presentation of non-linear evolution equations of this kind in the form (3.1.2) 
was named a zero-curvature representation of these equations and the matrices U and 
V make up the U-V-pair. 

The differential operators in the equations (3.1.1) and (3.1.2) may be considered as 
the operators of covariant differentiation 


D,=XQ), D,=TA), 


so matrices U and V are understood as local coefficients of connectivity in fibre 
bundle R* x С\, where Euclidean space-time А? is a base manifold, and w(x,t;4) 
has its 
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values in С”, which is a N-dimension complex plane. Equation (3.1.2) means, 
therefore, that this connection has zero curvature [2,16]. 
One of the equations (3.1.1) or (3.1.2), for example 


X(A)y =0, 


can be interpreted as a scattering problem. More precisely, it describes the scattering of 
the wave w(x,t;4) on the potential g(x,t) (or potentials {¢(x,t),q,(x,1),...}), while 


the second equation of (3.1.1) describes the variation of the scattering matrix with time 
t. In the same words, this equation describes the variation of the scattering matrix with 
the deformation of potential g(x,t) governed by the non-linear evolution equation or 


system of equations. The determination of the scattering matrix, the eigenvalues and 
eigenfunctions of the operator X(A) is a direct spectral problem of scattering theory. 
The reconstruction of the potential g(x,t) by using the solution of the spectral problem 
is the inverse problem of scattering theory. Let us denominate the scattering matrix, the 
eigenfunctions and the spectrum of the operator хо.) by scattering data and denote this 
set by the symbol S(t), bearing in mind that it may vary in time. It is known that the 


scattering data is that one needs to solve the inverse scattering problem. 
By solving the direct scattering problem, we obtain a map of the potential g(x,t) 


into scattering data, i.e. there is a mapping 


Scattering Transform: g(x,t) > S(t). 


By solving the inverse scattering problem, we obtain a mapping 


Inverse Scattering Transform: S(t) > g(x,f). 


of the scattering data into potential. Now we are able to use these transforms in order to 
solve the Cauchy problem for non-linear evolution equation (or the system of 
equations). Let q(x,t=0)=¢ (x) is the initial condition for some non-linear evolution 


equation, whereas lim q(x,t)=q*. Taking gq (x)as a potential in the direct 
X— too 


scattering problem we may find S(t = 0). Using the second equation of (3.1.1) at the 
next step we are able to reconstruct S(t) in terms of S(t =0). Solution of the inverse 
scattering problem yields q(x,t), which is the solution of a given Cauchy problem. The 
steps mentioned above can be schematically represented as 


qo(x) > S(t = 0) 


у 
S(t) > 4(х,1) 


110 CHAPTER 3 


Every step in this chain results in the solution of a linear problem. This is the principal 
advantage of this method, named inverse scattering problem or inverse scattering 
transform (IST). 


3.2. The Zakharov-Shabat spectral problem 


The IST method was developed at the same time by Zakharov-Shabat (ZS) [17] and 
Ablowitz, Kaup, Newell, Segur (AKNS) [18,19]. The particular cases of the spectral 
problem of IST method appeared in the analysis of the SIT equations and the non-linear 
Schr6édinger equation. The more general case of the ZS spectral problem is presented by 
the following linear system of equations 


oy 

ae TW +9 , (3.2. 1a) 
д 

so = ih +r(x)y, . (3.2.1b) 


Complex number A plays the role of a spectral parameter, functions q(x,t) and r(x,t) 
are the solutions of non-linear evolution equation. It is expected that under condition 
|x| 00 q(x,t) and r(x,t) disappear rapidly enough. 

The Jost functions are chosen as the solutions of equations (3.2.1), that with real A 
satisfy the following boundary conditions 


1 = 0 
as x >-0 O(x,A)> | exp(-iAx), ®(x,A)> || ‘| exp(+iAx) , 


0 = 1 
as x >+0 YVY(x,A)> () exp(+iAx), Y(x,A)> й exp(—iAx) . 


The pair of functions Ф and Ф represent the fundamental solutions of 
equations(3.2.1), 1.е., the Wronskian 


W[0,0]=0,0, -Ф,Ф, 


does not equal to zero. The same is true for other pair Ч and 4. By using (3.2.1), it is 
possible to demonstrate that Wronskians W[®,®] and W[,’] are independent from 
co-ordinate x. Its magnitudes can be calculated at |х|- in correspondence with 
asymptotic expressions 


ТФ, Ф]=-1, WEY,P]=+41. (3.2.2) 
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So far as 4 and Ware linear independent functions, then the any solution of 
equations (3.2.1) can be expressed as their linear combination, including functions ® 


and ® themselves 


(x, A) = a(A) P(x, 2) + D(A) (x, A), 


ae _ atria (3.2.3a) 
@(x,2) = а (4х, +b (A) P(x, 2). 


These expressions define the matrix of transition (or transfer matrix) ia (A) 


Ti A)=a(a), Ty (A)=b(A), 
Ty A)=bA), TA) =—a(A). 


Matrix 7 (A) can be written in terms of Wronskians of the four Jost functions 
introduced above 


[м т (3.2.4) 


ИФ,Ф] И+,Ф 
Using (3.2.2) and (3.2.3a) we can find a unimodularity condition of transition matrix 
T(r) 

а(^)а(^.) + b(A)b(A) = 1 
In the points of discrete spectrum А, and Mes for which a(A,,) =Oand a(r,,)=0 
(Im, >0,Im1.,, <0), one has 


Ф(х,^„) — Ч (х,^.„) > 


a ei cee EO, (3.2.3b) 
@(x,r,,) =b,¥(x,A,,). 


By using an asymptotic formulas for Ф and Ф, and ЧФ, one can show that both 
@(x,A,,) and O(x,A,,) , are exponentially decrease under condition |x|> ©. 


The analytic properties of Jost functions are very important in solving the inverse 
spectral problem. These properties may be formulated in the form of theorem: 


If q(x) and r(x) are a complex functions satisfying 
Гас <®, ||") < 


then O(x,A)exp(iAx) and Ч(х,^)ехр(-х) are analytical functions of ^ т 
the upper half-plane Imi > 0, whereas ®(x,d)exp(—iAx) and 
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W(x,A)exp(iAx) are analytical functions of № in the lower-plane Imi <0. 
Under condition Im = 0 all these functions are limited. 


From this theorems and (3.2.4) it follows that with these restrictions on the 
potentials of spectral problem (3.2.1) function a(A) is analytical under condition 
Im > 0, whereas a() is an analytical function when ImA <0. 

There are following integral representation (the triangular presentation) of the Jost 
functions: 


W(x,A) = ") exp(iAx) + Тк. y)exp(idy)dy , (3.2.5а) 
P(x) = О ехр(-Й.х) + jk K(x, y)exp(-iay)dy , (3.2.5b) 
@(x,2) = й ехр(-—Й.х) — | M(x, у) ехр(-Й.у) 4» , (3.2.5с) 
Фоел)-[ ° exo.) | М(х, У) ехр(. у)ау . (3.2.54) 


Here К(х,у),К(х,у), М(х,у), М(х,у) are two-component column-matrices, and 
moreover 


K(x,y)=K(x,y)=0 under conditions y>x and y> 
M(x,y)= M(x,y)=0 — under conditions y<x and у—> —ю 


Potentials of the spectral problem (3.2.1) g(x,t) and r(x,t) are expressed in terms 
of components of column- matrixes K(x,y) and K(x,y). In order to find these 


expressions one should proceed the following routine. Let us differentiate a triangular 
presentation Ч(х,^.) (3.2.5a) with respect to x by using the Leibniz rule 


a(x) a(x) 


о д 
— es f (x,y)dy = J af yay +h x, a(x). 
Thereby, we have 


0 co 
aes Y(x,A) = [ Ja exp(iA.x) — K(x, x) exp(iAx) + | a K(x, y)exp(iAy)dy . (3.2.6) 
Ox 1 „ OX 
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Integration of ‘P(x,A) in (3.2.5a) by parts yields 


W(x,2) = [ . ехр(А.х) + Кол) ехр(®.х) + 7 | 5 Ку) ехруау. (3.27) 
„ду 
The equations (3.2.1) can be transcribed in matrix form as 


д и : 
5p PEAS SF +0004, (3.2.8) 


х 1. ® А 09 q(x) 
в, -[1 ah 609 [1 nal 


Let ‘¥(x,A) in the first summand in the right hand side of (3.2.8) be changed according 
to (3.2.7), the function Ч(х,/^) in the second summand be changed according to 


(3.2.5a) and the derivation with respect to x from in (3.2.8) is written in the form 
(3.2.6). The result is 


where 


[ake x)+ 0%. + ое exp(iA.x) = 
(3.2.9) 


со 


zy 


Equating the coefficients before exp(iAx) and exp(iAy) in (3.2.9) to zero we get the 
system of equations 


д 2—9 ^ 
|- = K(x, у) +03 7— K(x, y) + бод exp(iA у)ау 
р: ду 


РЕ. A д 
Оо, 66 ‚ where y>x (3.2.10a) 


with a boundary conditions at y = x 


. (0 
6 ,K(x,x) + K(x,x) + | , =0. (3.2.105) 


The differential equation (3.2.10) with boundary conditions (3.2.105) is а Goursat 
problem, for which it is known that its solution exists and is unique. Besides that, from 
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(3.2.10b) it follows a necessary relation to allow to terminate a solution of the inverse 
scattering problem: 


q(x) = -2К, (x,x). (3.2.1 1a) 


With the use of the expressions for Ч(х,^,) (3.2.5b) after some algebra we can 
obtain 


r(x) =-2К, (х,х), (3.2.116) 
and for K(x, у) vanishing as у-> ©, we have a similar Goursat problem 
ee ПР We foes О 
03 ae”? — O(x) K(x, y) + By Rey) =0, when y>x = (3.2.12a) 
with the boundary conditions at y= x: 
— = к 1 
03K (x,x) — K(x,x) — O(x) 0 =O. (3.2.12b) 


Whence it follows the existence and uniqueness of K(x, у) and the formula (3.2.11b). 
Equations (3.2.10) give rise to a useful formula 


2K, (хх) = frog ax' (3.2.13) 


Functions K(x,y) and K(x,y) satisfy the linear system of integral equations, 
which are named by Gelfand-Levitan-Marchenko equations (GLM) 


0 со 

K(x,z) (Freee +[ K(x.) F(t 2dy =0 ; (3.2.14а) 
1 со 

к. -[]Ра+а) ~ | K(x,y)F(y +2)dy =0 | (3.2.146) 


where F(z) and F(z) are defined by the scattering data as 


N 1 2 
Е(2) => С, exp(ih.,2) + 5— | pl) expli&z)d8,, 
i = (3.2.15) 


a oan _ i.e 
F(z)=i>.C, exp(-ik,z) + ae [BE exp(-i€z)aé. 
n=l —оо 
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Here Nand WN are the number of eigenvalues {r, } and (i, } accordingly, 


Е de 
Р(Е) = М) /а(&) BE) =B(G) / a1), С, = /a;,where aj =, 


Thereby, the inverse spectral problem consists in the determination of q(x,t) and 
r(x,t) by their relation with K(x,y) and K(x,y), which are the solution of integral 
equations (3.2.14) under given kernels F(z) and F(z). 


One should note some characteristics of this spectral problem (3.2.1) that appears as 
a result from the additional relationships between g(x,t) and r(x,t) named reduction. 
In the case of 


r(x,t) =aq(x,t), (3.2.16a) 
where сх is an arbitrary complex number, we have 


P(x,A) = RY(x,-2), ФО, =-a | RO(x,-2), 


ith R j 
t = : 
wl i: 6 


This result can be directly checked. Thence it follows from (3.2.5) that 
а(^) =а(-^), b(A)=-a'b(-A), 
and the number of zeroes of functions a(A) and a(A) is the same. Besides, de =-А, 


where и=1,2,...,М=М. 
If we have 


n? 


r(x,t)=aq * (x,t) , (3.2.16b) 
where « is an arbitrary real nonzero number, then the relations 
P(x,4) = RY *(x,0*), Ф(х,^)=-а TRO * (x, A*) 
are equitable. Thence it follows 


a(a)=a*(A*), b(A)=-a 'b*(A*) 
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Functions a(A) and a(A) have the same number of zeroes and rn =i, *, where 
n=1,2,...,N=N. Under such reduction it is often © = +1. Then for the kernels and 
solutions of integral GLM equation F(z) and F(z), К(х, у) and K(x,y) the relations 


F(z) =+F *(z) 
and 


K\(x,y)=K3 (x,y), Ky(x,y)=+Kj (x,y) 


are correct. 
Finally, if r(x,t)=+q(x,t) are real functions, then both reductions considered 
above take place simultaneously. That leads to 


a(A)=a*(A*)=a(-A), 


whence it follows ^,*=-Л,. This condition means that either ^, is an imaginary 
quantity or there is a pair of the different eigenvalues 7, and 2,,,, such that 


ША, =Imd,,,;, Rear, =—Red,,, . 


In this case both F(z) and K(x, y) are real functions. 


3.3. Solution of the Gelfand-Levitan-Marchenko equations 
for reflectionless potentials 


Now it is useful to find the soliton solutions of those nonlinear equations, which have 
zero-curvature representation with the Zakharov-Shabat’s U-V-pair (or AKNS 
equations). These solutions correspond to reflectionless potentials of the spectral 
problem (3.2.1). The spectrum, related to this case, is discrete that implies the GLM 
equations to be exactly solvable. 


Denoting the two-component column-matrices K(x,y) and K(x,y) as 


K(x,y) = colon(K, (x, 7): (x,y) and K(x,y) = colon(K, (x,y), К, (x,y) , equations 
(3.2.14) can be written in a scalar form 


K,(x,2) + | Ky) F(y +2)dy =0 ; (3.3.1а) 
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К, (х,2) + F(x +z) + | Ky(x,y)F(y + 2)dy =0 Г (3.3.15) 
K,(x,2)- F(x+2)-| Ka )F(v+2dy=0, (3.3.16) 
К, (х,2) - | K,(x,y)F(y+2dy =0 , (3.3.14) 


Since 


q(x) =—2K,(x,x), 
2 д O = 
| q(x)| =2— K,(x,x) =2— K, (x, x), 
Ox Ox 
we may choose from this systems only those equations which define K,(x,x). Thereby, 


it is necessary to deal with only the pair of equations (3.3.1а) and (3.3.1c). 
Let us consider one-soliton potential, 1.е., N= N = 1 and let 


F(z) = С, exp(id |2), F(z) =, exp(-id,z) . (3.3.2) 


Substitution of these expressions into (3.3.1a) and (3.3.1c) allows to notice that K(x, у) 
and K(x, у) must depend on у in the same way as F(y) and F(y) accordingly do: 


К! (x,y) =h,(x)exp(-ia у), К, (x,y) =h, (x) exp(ia у). (3.3.3) 


Then the unknown functions /,(x) and h,(x) can be determined from the linear 
algebraic system of equation 
hy (x) + C, explix(A, — а 21) =0, 
hy (x) + C, exp[ix(aA, —2,)](A, - MTA (x) =iC, exp(-ixi,). 
Thence follows that 
iC, exp(—id ,x) 
1- СС, - Ra exp[2i(A ; — А.) 


h(x) = 


and the solution of the GLM equations under condition N= N = 1 has the form 


iC, exp[-iA 1 (х + y)] 
1-C,C,(A, - 41) exp[2i(a , = 44) x] 


K, (x,y) = (3.3.4) 
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Now we can turn to the case of the arbitrary N= N , when 


N N 
F(z) =-i>_C, exp(id,z), F(z) =i>_C, ехр(-Й.,2). (3.3.5) 
n=1 


n=1 


With taking into account that r(x,t) =—q * (x,t), we can rewrite the relevant system of 
GLM equations in the following form 


К (х,2)-Е"(х+2)- [KF +z)dy =0, (3.3.6a) 
K3(x,z)+ | K, (x, y)F(y + z)dy =0 (3.3.6b) 
Let us introduce the vectors 
ф,(%) = JC, exp(r,,x). 
Then we can write the kernels of the integral equations (3.3.6) in the factorized forms: 
a * м * * 
Е(у+2)=- $, (6, (2), Е'0+2)=1`, (7), (2). 
n=l n=l 


So we may try to search for the solutions of equations (3.3.6) in the generalized form of 
expressions (3.3.3): 


К, (х,2)=У 1, (х)ф, (2), К. (х,2)=У`1, (0), (2). (3.3.7) 


By substituting the expansions (3.3.7) into (3.3.6a) and (3.3.66), we will show that the 
resulting expressions can be represented in the form of algebraic sum, where the n-th 


term is proportional to either ф„(у) or 6, (у). Integrating of these expressions with 


respect to y and collecting similar members we again obtain the linear system of 
equations 


h,(x)- № Г (В, (х)=0, (3.3.8a) 


h, (x) —1 > „(х)й, (х) = №, (2) (3.3.86) 
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where matrices V (x) and V(x) = V(x) are introduced as 
Vim (2) = [O(n EVs Fon 2) = [06.0% =Т „0 = Vn (2) - 


One can represents the matrix elements of V (x) in the explicit form 


iC,C,, explix(d,, -%,)] 


Cm An) 


Vim (X) = 


When the eigenvalues of the spectral problem of IST method are imaginary, 
1.е..^, =in,,. These matrix elements have the following form: 


VC,C,, exp[-x(n,, +1, )] 


(1, +,) 


Vim (%) = 


In this case coefficients C, are pure real or imaginary and matrix elements of the V (x) 


matrix are real. 
The linear system of equations for h, (x) follows from (3.3.8) 


SY Ban + „и, =: . (3.3.9) 


m= 


= 


Let D=1+VV*". Solution of the linear algebraic system (3.3.9) can be written as 


ЕР 0 \a¢,,@): 


т=1 


With the account of this expression, equation (3.3.8a) results in 


N 


h,()=-Y VD) Oy (©. 


т=1 
In the accord to (3.3.7) solution of GLM equations (3.3.6) writes in the form 


К, (у) =1У (670) „$, 205, 0). 


n=| т=1 


К; (му) =-У YY (D1) „$, OO, (Y) 


n=l т=1 
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Let us consider the latter expression at y = x. The definition of matrix V (x) yields 
o, (x)d,, (x)= = SV, (x). 


Hence 


K=O @OD1D in 57. ЕЙ (b> 2) 


n=| т=1 


If we take into account the symmetry properties of matrix V(x), ie, „(хх =V,_,(x), 


пт 
then 


Ki(x,x) = (eo @) р vr 


Thus, 
Ki(x, yay (x)D "(x ее, д {Bes (x ve} 
re [5 (х LO p- (x |. 55° (Px rw) 
2 дх 


= => ‘2 (ye a я] ee —(ingh +P (xP (x)}). 
Note, that for any non-degenerate matrix A: 
trlog A = log det 4. 


Then we can write 


К, = Fa ей +7697"). (3.3.10) 


We obtain the well-known expression for multi-soliton solution of equation (or systems 
of equations), which is solvable by the IST method: 


| g(x) |? == indetti +7 (x)V(x)}. (3.3.11) 
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In the cases of reductions (3.2.16) or for the real functions бе.) =9650, 


expression for g(x) can be written in more compact form [4, 20]: 


(3.3.12) 


q(x) = —2i tn Enger Aan 
x 


Re det {i+ V(x)} 


This is the famous solution of the evolution equation which include N; solitons and № = 
(N—N,)/2 breathers. It was named by single-pole soliton solution. 


3.4. Some examples of the solution of spectral problem 


Let us consider the potentials of the spectral problem (3.2.1) in the form 
7(х)=-9а*(х), g(x) =2insech(2nx) 


Instead of Jost function ®(x,A), it is convenient to introduce the following function 
Ff (x) = B(x, A) exp(iA.x) with the asymptotic as x > —co 


re") 


Equations (3.2.1) yield for the components of this function 


O 
oa = 2insech(2nx) /. , (3.4. 1a) 
ie 
д 
=" =2Х, + 2insech(2nx) f, (3.4.1b) 


If f,(x) and f,(x) are chosen in the form 
До) =a+btanhQ2Qnx), f,(x)=csech(2nx) , 


then substitution of these expressions in (3.4.1) and equating the coefficients at the 
functions sech(2nx), tanh(2nx)sech(2yx) and sech?(2yx) results in the relations 
between constants a,b and c: 


a=-(A/n)c, b=ic. 
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Constant с is defined from asymptotic f,(x) as x > —©: it is c=—y(A+in)'. Thus, 
Jost function f(x) ог Jost function Ф(х,^,) are found to be: 


Ф(х,^.) = 


exp(—id x) [* -т Е. (3.4.2) 


A+in — nsech(2nx) 


In order to find the second Jost function Ф(х,^,) it is suitable to define an auxiliary 


function f(x) = Ф(х, Л) ехр(-Й.х) ‚ which has an asymptotic as x + —oo 


р 0 
0) 


The equations for the component of this functions follow from (3.2.1) 


Of ~ 2 
= ЕВ. +2тзесвО тк р, (3.4.3) 
oh 2 

= 2insech(2nx) f, . (3.4.3b) 


Like for f(x) with taking into account its behavior as x — —o , here we can search for 


components f,(x) and f,(x) in the form: 
f(x) =csech(2yx), f,(x)=a +b tanh(2yx) 


Substitution of these expressions in (3.4.3) allows to find the relationships between the 
constants a,b and с. The condition Х, (х) >> —1 as x > — fixes the magnitude of the 


constant с. The final result for B(x,A) is 


= exp(id.x) [ nsech(2yx) 

5.) SS 4.4 
Coie XA-in \—A -intanh(2nx) ie 

Similarly we can find another Jost functions ‘Y(x,A) and Y(x,A): 
exp(iA sech(2nx) 
¥(x,A) = a 2 | i | р (3.4.5) 
A+in \A+intanh(2nx) 
and 

ah, exp(—id x) i ~in cou 

Ygh)=—=— A. 
ee) xin — nsech(2nx) one) 
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The consideration of the asymptotics of ®(x,4) and M(x,A) as х-> +00 provides 
the matrix elements of the transition matrix: 


^-т 
A+in’ 


ТА) = Т›(^) =0, 


— (3.4.7) 


^-м 


T(A)=0, Ty (A) =. 


As far as p(A) = 75,(A)/7,,(A) =0, the potential considered here was named the 
reflectionless one. The single eigenvalues of the Zakharov-Shabat inverse spectral 
problem (3.2.1) are 7, =in and Ay = —in. The eigenfunction, which corresponds with 
^, =in, can be found exactly by the same way as it was done for Jost functions. The 
result is: 


— =) | (3.4.8) 


® (х) = seh) Ир а 


Let us consider now the more general form of potential in equations (3.2.1) [21,22] 
r(x)=-q*(x), g(x) =ig(x) =iA sech(2nx) (3.4.9) 


By changing the variable x one can go over to the case of п = 1/2. Without losing the 


generality, we can consider only this particular case. 
First of all it is necessary to obtain the one equation of second order for y, on the 


base of system (3.2.1). 


dw, | aa) 
= —i |+ +4 м, =0. 
ах? а dx) dx a а ах eas a 


If to introduce new variable s 
1 
s= rie. +tanhx) , 


then this equation writes 


5(1-5) 


2 ; 
oi Е о ea /=0. — (3.4.10) 


457 45(1— 5) 
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Now the new function w(s) can be defined as 


w(x) = 5"(1-s)Pw(s), 


[21,23]. Parameters © and В should be selected to transform equation (3.4.10) into the 
hypergeometric equation for w(s) : 


Я? и 


ds’ = 


dw 
5(1— 5) [e-(1+a+b)s]———abw=0 (3.4.11) 


where c=20+1/2, a+b=2(a+f). The parameters a and В are fixed by the 
requirement that the multiplier ab is constant. Thus, 


oa, = [1+ (1+27.)|/4, В, =[14(1-28a)]/4. 
The asymptotic behavior of the function y, as x > —© determines by the choice of the 


parameters a and В 


Let y, isa first component of the Jost functions Ф(х,/,) that behaves as exp(—iAx) 


as x» -co. The two linear independent solution of (3.4.11) are expressed in terms of 
hypergeometric functions [24] as follows 


и (5) = F(a, b, с;5), 
w(s)=s'*F(a—c+1,b-c4+1,2-¢3s) . 


Thus 
Ф, (х,^) = 5 (1—5)*[ Bw (s) + Bow (s)] . 


The constants В, and B,, a and В should be chosen to make these functions have а 
correct asymptotic at x > —oo. With taking this condition into account, we can find that 


B, =1, В, =0, а=а_=-—^/2,В=В_ = /2. 


Herewith a=-b=A, c=1/2-iA and ме Вауе 


GiGajas "day" FAs AAS Sas 5) 2 (3.4.12) 
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It is possible to exclude w, from equations (3.2.1) and then equation for 
Ww, =@,(x,A) gets similar to equation (3.4.10) under the replacing A—>-). 
Consequently, the expression for ®,(x,/) reads 


®,(x,A) = 5° (1—5) [ Ви (5) + Bow (s)], 
where 4 > —A. Hence, as x > —с0 we have 
®,(x,4) > s* Bl +5"? В, = Bi exp(iax) + BS exp(x—idx). 


As far as in this limit ®,(x,) > 0, we need to put В, =0 and for Ф, (х,^.) we have 
the expression: 


@, (x,A) = Bis? 1 — 5)? FQ/2-i04+.A,1/2-iX— A,3/2-id3 8). (3.4.13) 


The relationship between ®,(x,A) and ®,(x,A) (1.е., equations (3.2.1)) can be used to 
define the constant В. 


1 dD, 
®,(x,A) =—A ~ cosh(x) Ix +ЙФ, |. (3.4.14) 
At x —0 (that is s— 0 ) the hypergeometric functions has the following asymptotic 


ab 
F(a,b,c;s)¥1+—s . 
é 


By using the expressions (3.4.12), (3.4.14) and this formula we find that as т. 


Е(а,Б,с;5) =1+ 


2 
Ф, (х,^) > В! ехр(х-Йх), Ф (х,^) > ехр( ma fom) 
—1 


On the other hand, according to (3.4.14), one has 


®,(x,A) > exp(x—iAx) . 


iA 
(1/2-iA) 


Thereby „и And finally 


.. . exp(x — ix) * 


iA 


P= рп) 


. 1 1 3 
See a ee rA-a +4, 5-й -4,5-Й; s . (3.4.15) 
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Now we are able to find the elements of the transition matrix 7,,(A) and s—>0. 
Considering the limit x > +00 , when s > 1— exp(—x), and using the formula 


T'(c)I' (c-—a—b) 


F 1) = 
Ca ETC 
we get 
: _ Fd/2-ajrd/2-A) 
TQ) = 4A) = Топ AP(/2 in 4 AY’ ee) 
iAD(3/2—iA)P(1/2—id) 
T,, (A) = = | 
(А) = 50%) (1/2-)Га- Га+ A) 
By using the following formulas for Г -function [24]: 
ros Sens POSSE Sree es 
(1+2) = 2Г(2), Га-2) ет. (5-2) ве. 
we can obtain for 7), (^.) 
7, (A) = B(x) = ee) 3.4.17 


The points of discrete spectrum, which corresponds to the zeroes of functions 
T,,(A) at ImA>0, are defined by the poles of I’-functions in (3.4.16) , whence it 


follows that 
A, =КА-п+1/2), (3.4.18) 


where n=1,2,...,N, and М is determined from the condition of Imi, >0. 

The coefficients C,, which are introduced in the definition of the kernel of GLM 
equations, are determined by the residues of the function b(A)/a(A) at the points of 
discrete spectrum. Let A in (3.4.9) be not an integer number. It follows from (3.4.17) 
that b(0,,) = i(-1)""'. If A is an integer number, this result can be obtained as well but 
in more accurate manner. Thereby, 


БО)  i(-1)""T/2+ A-ia,) 
С, = Res = 
a(A) T*(1/2-in,) 


Res(1/2-—A-iA,) 


A=hn 
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Utilising the formula 


О =)” ' 
z(I-n) (п-1)!” 


ВезГ(2) 


we obtain 
i (2A+1=n) 
" (и- ПГ? (А+1- п) | 


(3.4.19) 


Other pair of the Jost functions Ч(х,/.) and Ф(х,^.) can be found by repeating the 
routine used to derive Ф(х,/,). But in this time it is needed to enter new variable 
s'=1-—s,s80 as х-> +00 we can analyze the hypergeometric functions near the point 
5' =0. However, the alternative approach can be offered. From (6.34) follows that 

D,(x,A) = a(A)P;, (x, 2) + DA), (x4), 


и (3.4.20) 
Ф, (х,^.) = а(А), (х,^) + (AY, (х,^). 


As far аз Ф(х,^.), b(A) and a(A) are already known, one can find (x,A) and 
W(x,), by expressing ®(x,A) in terms of 5'=1-5. The resulting expression should 
be compared with (3.4.20). By using the formula [24] 

Е(а,5,с;5) = A, F(a,b,a+b-—c+1;1-s)+ 

+ A, (1—s)°** F(c a,c—b,c-—a-—b+1;1-s), 


where 
_T@P(e-a-d) _TOrat+b-c) 
'~T(c-a)P(c-b)’ ~? = T(ar(b) ”’ 


after a series of manipulates with I -functions, we can get 


| 1 
@,(x,A) = a(A)s*? (1— 5)? FLA, =A 7 tis i s + 


+in/2 ина? (=) IC ae Ie Е 
1- Е =-iN-A,=-ik+ A, =-id; 1- 
+ b(A)s (1-5) 0/21) (2 i 5 ix + 5 iA; l-s 


Hence it follows the desired results 
= | 1 
Ч (х,^,) = (5)? (1- sy? F(A, =A, 5+; 3 , (3.4.21) 


= 1 1 3 
wy x)= и 1/2-id/2 l—s’ —id/2 r(3- и _ а р ota ) | 
1(х,^,) (72-0 (1-5’) 5 in 4, > й.+4, 7 in; 5 
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The similar approach leads to the expression for ®,(x,A): 


(-iA) 


| 3 
1/2+id/2 1/2+iA/2 . 
1- r(l- 4,14 4,34 №1) + 
(1/2+й)” (1-9 2 . 


@,(x,A) =a(A) 


| 1 1 1 
уе ine At in Avs in; 1 5). 


Both summands in this expression should be converted according to the formula 
F(a,b,c;s)=(1—s)°*”’ F(c—a,c—b,c;s) . 
Thus, we obtain 


—iA 


eo a) 


, ied | 3 
ИА (1 5) Е АА, +Й-А, 5-Й; 3 


1 
ав) = Ag = in; 3 


These results can be checked by means of symmetry relation, which follows from the 
reduction r=—q* when A=2: 


= 0 1), 
Pore") i} (x,A) . 


3.5. Evolution of scattering data 


In order to solve the non-linear evolution equation it needs to find the linear equation 
governing the variation of the scattering data. We begin by considering the linear 


equations of IST method (3.1.1) 


ба (3.5.1a) 
Ox 


ОИС: (3.5.15) 
Ot 


where С is matrix function. We consider the equation (3.5.1а) as the spectral 


problem. 
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Let U-V-matrices are such that 


lim O(2,x) =U), lim PA,x)=P(A), 


where U“)() and Г“ (^.) are the diagonal constant matrices. Solution of the (3.5.1а) 
represents the Jost matrices either Ф or $ for which 


P(x, A) > BO (x, A) =exp[U (A)x], as x +0, 
O(x, 2) > BO (x,A) = exp[UO (A)x], as x 00. 


These Jost matrices define the transfer matrix 7 (A) as 
т0)=Ф-Ф. 


Taking (3.5.1а) into account we can show that 07(A)/ dx =0. 
Differentiating (3.5.1a) with respect to t, we have 


“{20)-(20}s 595$] 
ot \ Ox Ot Ot 


where it takes G=@. It can be rewritten as 


[oe 5$] 6 [20}6. 
Ox Ot Ot 


Integrating this expression with respect to x from — 0 tox, we have 


= [or Low 


It is convenient to use 


© ф-7фФ_ФРО (3.5.2) 
Ot 


as the second linear equations of IST method associated with spectral problem (3.5.1a). 
The integrability condition for the pair equations (3.5.1а) (where it takes G=@) and 
(3.5.2) results in the same zero-curvature representation (3.1.2): 


—-— 4+[U ,V]=0. (35:5) 
Xx 
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From (3.5.2) it follows 


od 
——+>0as x>--, 
Ot 
thus 
00 | 
ео. 


ob „т 
—=6|6'— od 3.5.4 
ar J ar Ceo 


Now, we can take the x > + and obtain the equation for transfer matrix. By using 


Эф -рф_фро 
Ot 


as equation that determine time variation of Jost matrix $ , we can find 


ov 


——->0 as x>+0. 
Ot 


Thus, with taking det ¥“ #0 into account the equation (3.5.4) leads to 


ae OL. bie 3.5.5) 
Frei G53) and (3.5.5) we have 
at [67 2 НЙ 01 a. 6.5.6) 
Equation (3.5.2) results in 
p= . epoe, 
Ot 


Differentiating this expression with respect to x and using the (3.5.1а) and (3.5.2) we 
can find 


Ox Ox Xx 


ф- WV 5 _0 Ф- ОФ + Ф- ОФ po 
Ox ax” : 


and 


@"[V,U]6 = 


-1 -1 
ab" A ADT GD Fy 1 06], 
Ot Ox Ox Ot Ox 
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Substitution of these expressions into integral in the (3.5.6) result in the following 
equation 


+00 


7 -F(L eS |e -Fo7 2 
Ot Ox д 


With taking into account the following formulae 
OY =POP OOH LP por 
we can obtain the equation for transfer matrix 
oT 


OL oS F(P°EOPOPOT 2 oP”) 
Ot | 


or = PoOIpopop А. Ta "FO pO 
Ot | 


So far as U(X) and V(X) are the diagonal matrices this equation is reduced to 


a ae 
= =VOT -TV™., (3.5.7) 


If V =V, then (3.5.7) is converted into simple matrix equation 


| ae 
Pre Е (3.5.8) 


Equation (3.5.8) shows that in this case the diagonal elements of transfer matrix are the 
integrals of motion in considered non-linear evolution equation. More correctly, they 
are the generating functions of the infinite series of the integrals. 


3.6.Conclusion 


Both the Fourier integral transform method of solving a linear evolution equations and 
IST method of solving the non-linear evolution equation are the main technique in 
modern theoretical investigations of the non-linear optical waves. In this chapter we 
consider only spectral problem, which was proposed by Zakharov and Schabat, and was 
developed by Ablowitz, Kaup, Newell and Segur. In most cases it is enough to analyse 
the formation and propagation of the optical solitons. In the next chapters we shall 
consider the main examples of that. However, there are other spectral problems. It is 
noteworthy that non-linear optics provides the examples of the wave equation that can 
be solved by the IST method based on these spectral problems, too. It is convenient to 
discuss the relevant variant of the IST methods for the specific instances of the wave 
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phenomena. In any case the principal features of this method observed above are 
invariable. 
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CHAPTER 4 


SELF-INDUCED TRANSPARENCY 


A self-induced transparency (SIT) phenomenon consists in the propagation of a power- 
ful ultrashort pulse (USP) of light through a resonance medium without the distortion 
and energy loss of this pulse [1-4]. This phenomenon is characterised by the continuous 
absorption and re-emission of electromagnetic radiation by resonant atoms of medium 
in such a manner that steady-state optical pulse propagates. In the ideal case the energy 
dissipation of the USP is invisible, and the state of the resonant medium is not varying. 
It means that the medium is transparent. The group velocity of a such steady-state pulse, 
called 27-pulse or soliton of SIT, is less than the phase speed of light in a medium. The 
group velocity depends on a 27-pulse duration: the shorter is the duration, the higher is 
its speed [2-5]. When two pulses of the different velocities spread in the medium, the 
second pulse may overtake the first and a collision will take place. After the collision, 
the solitons keep their shape and velocity (but in general all other parameters of solitons 
may alter). This fundamental property of the SIT solitons has been studied many times 
both theoretically and experimentally [3,6,7]. 


From the mathematical point of view this property is a consequence of the complete 
integrability of the reduced Maxwell-Bloch equations, describing the SIT in the two- 
level media with non-degenerated levels [8-13]. The 27-pulses correspond to the single- 
soliton solutions of these equations, and the process of “collision” reflects the evolution 
of the double-soliton solution — its asymptotically transformation into a pair of solitons 
under certain conditions (see, for example, [6,9,14-16]). 


The simplest theory describing the self-induced transparency phenomenon was de- 
veloped by McCall and Hahn. Later the more complicated theories appeared, however 
the McCall-Hahn theory is quite instructive one. The base of the McCall-Hahn theory is 
represented in section 4.1. We shall consider the steady-state solution both of the total 
Maxwell-Bloch equations and the McCall-Hahn’s system of the equations. These equa- 
tions may be represented as the condition of integrability of some linear equations that 
provides the solution of these equations be the IST method. Generation of the SIT the- 
ory in frame of the IST method will be considered in section 4.2. Coherent pulse propa- 
gation along the interface of dielectric medium and SIT for surface polaritons are the 
subject of consideration in section 4.3. Non-trivial features of the self-induced transpar- 
ency are discussed in section 4.4 as an example of the pulse propagation under two- 
photon resonance. This chapter is finished by the analysis of the relations between sev- 
eral field-theoretical models and the SIT theories. 
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4.1. Theory of SIT phenomena by McCall-Hahn 


In general, the theory of the interaction of radiation with an ensemble of two-level at- 
oms is based on the Bloch equations for atoms and the Maxwell equations for the clas- 
sical electromagnetic field (for the sake of details see section 1.1.2. and 1.3.4.). In an 
isotropic dielectric the set of Maxwell equations reduced to one equation for the electric 
field E=E-1 . Fora plane wave with constant polarisation vector 7 one can obtain the 
following system of total Maxwell-Bloch (MB) equations; 


2 2 2 
д ТЕ т д [и д : | 4118) 
02 et ры Ot 
OT tah, Oi aes te eee ee A) 
Ot Ot n oth 


where d is the projection of a matrix element of the dipole operator on the direction of 
i,n д 1s the concentration of resonant atoms. It should be noted that the components of 
Bloch vector и, 7,, and г, depend on the atomic resonance frequency ®,. Hereafter the 
angular brackets represent summation over all the atoms characterised by the frequency 
©. 

The Bloch equations contain products of the field Е and the polarisations r, and 7, 


responsible for interference between the opposite propagated waves. It has been shown 
[58,60], however, that if the density of resonant atoms is small enough to make the pa- 


rameter 4ли ,d* /й®, less than unity, interference may be neglected. It was found that 
for a typical value of d ~ 1 Debye, o)~ 101? s! and n, « 10? сп” one may not take 


into account the backward wave generation by a forward running pulse. Thus, the MB 
equations convert into the simple reduced Maxwell-Bloch (RMB) system of equations. 
Following [60] we introduce an auxiliary function B(z,t), satisfying the equations 


0B __,0E 
Ot Oz’ 


so that the equation (4.1.1а) can be presented in the equivalent form 


ОВ ОЕ 
—-е—=0, 
Ot OZ 
(4.1.2) 
ОЕ _ с 98 и Or, 


Ot OZ 
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After simple algebra one obtains 


и (4.1.3a) 
Ot OZ Ot OZ Ot 
LS ra Lm ene eg (4.1.3b) 
Ot 92 Ot OZ Ot 


The equations of characteristics are &=1+2/с, m=t—z/c. In terms of € and п 
equations (4.1.3) look more compact 


ОВ OE 
ieee” 


_ or, ОВ OE ee, Or, 
on on - 


—2nn ,d 
0Е 08 Ot 


(4.1.4) 


One may assume now, that Е, В and и, are the waves moving preferably in one dimen- 
sion, for instance along characteristic n=t —z/c. If there were, no response atoms in a 
sample than all quantities in (4.1.4) would depend only on 7. In the case under consid- 
eration a back scattering wave occurs. Set 21 ,d == and expand Ё, В and и into a se- 
ries over degrees of = considering this parameter to be small 


E=E©(n) +E (1,6) + 2°E (ц,6)-..., 
B=B(n) +B (ц,Е) + =2В® (n,6)+..., 
п = (п) ten? (1,6) +077 (,€) +... - 


Substitution of the expansion of Е, В and и in the first equation of (4.1.4) gives in the 
first order of €: 


> 


ce (Bo + 6B | ce (E +5Е® )= 23 on 
on on on 


B+E=-er), 


In the equations above we have assumed that и does not depend on & and that field 
disappears at some point along with the polarisation of the medium. For example, elec- 
tric field and polarisation vanish at t > +o. 

Substituting the above expression in the second equation of (4.1.4) and holding the 
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terms up to the first order of = in the right hand side one obtains 


6& 20 


OF & on? 


In terms of initial 2 and ¢ variables the above equation reads 


2пп ,d 
OF 10E __ A ди, | (4.1.5а) 
Of СЕ c Ot 
This equation together with the Bloch equations in the same order of & 
0 
Os, CE ee Be Ce бы, (4.1.5b) 
Ot Ot h Ot h 


yields the RMB equation. In (4.1.5) the upper script of all the values is omitted for brev- 
ity. It should be emphasised that in both the MB and RMB equations symbol Ё denotes 
the real value of the electric field strength. Representation of the electromagnetic wave 
as a quasi-monochromatic one is 


E(z,t) =2A(z,t) cos[k,z — ®t + Q(z, t)] = S(z,1) expli(k,z — @t)] + с.с. 


where @, is the radiation frequency, Ко is the wave number, and the real envelope 
A(z,t) and the phase (z,t) are slowly varying functions of z and ¢. This is an ap- 
proximation which means that the envelope and the phase obey the inequalities 


aA aA 


2 


д 
<< в, | Al, <<, |9, | oP) <<hy lol. 


<< ky | Al; = 


Besides, the envelope amplitudes are usually so weak that Rabi frequency turns out to 
be much less than the resonance transition frequency. The resulting system of equations 
was obtained and discussed in Chapter 1 (section 1.3.4). Here we represent resulting 
equations 


Ey т CO PON 
= ORs af 224122) aro, (4.1.6a) 


2 = [ое], ть [обе], РВ = ЕР, (4.1.66) 
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where Ло = (®, —@,), @'=2nwn ,d?/hce, Е =dA/2h 15 a normalised slowly varying 


pulse envelope and P, О and R3 are connected with initial Bloch vector components by 
the relations 


r,=—P(z,t)sin[k,z — ®t + Ф(2,1)]+ О(2,1) cos[k,z — ®t + Ф(2,1)], 
г. =-А. (2,1). 


Alternatively, the slowly varying functions P, О and Кз are defined in terms of variables 
from section 1.3.4 as 


R,, =(1/2)(O + iP)expfig(z,t)], R, -В, =В.. 


To describe the SIT phenomenon McCall and Hahn used the system (4.1.6). Equa- 
tions (4.1.6) will be referred to as the general SIT equations. 

Furthermore, if we confine the SIT analysis to situations when the input optical 
pulse does not carry any phase modulation, i.e. Оф/02 = 0@/0t =0 at z= 0 and the form 
factor of the inhomogeneous line is a symmetrical function of frequency detuning Ло, 
then equations (4.1.6) yield дф/ 02 =0ф/ 01 =0 at any z and ¢. In this case equations 
(4.1.6) reduce to the system of SIT equations 


OF 10EF = a'(P), 


ee 4.1.7а 
oz cot ( ) 

0 oP a OR, = 

— = AoP —=-A ER —3=-FP., 4.1.7b 

Ope By OO Es Ot ( ) 


We have now set up all the systems of equations required to consider the ultra-short op- 
tical pulse propagation in a resonant medium. 


4.1.1. STATIONARY SOLUTION OF SIT EQUATIONS 


Before that moment when it became clear that SIT equations could be solved by the in- 
verse scattering transform method, a unique analytical solution of these equations had 
been given by McCall and Hahn describing the stationary pulse propagation (steady- 
state solution). Besides the solutions in the form of the solitary wave there were peri- 
odic stationary solutions of the SIT equations which we call cnoidal waves [61-63]. 
These solutions do not satisfy the conditions of the applicability of SIT theory as far as 
their duration exceeds the polarisation and inversion relaxation times of resonant atoms. 
But together with solitary waves cnoidal waves play a certain role in understanding the 
processes of the optical pulses non-linear propagation in a resonant environment. 
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Cnodal waves were discussed and investigated in literature. They should be considered 
like illustrations of the development of SIT theory. 

So, let us denote a unique independent variable for all dependent variables as 
t=(t—z/V), where Г is a velocity of a steady state pulse respectively, which have not 


been determined yet. In terms of this notation SIT equations can be written as: 


[ - ) re =~ca'(P), (4.1.8) 
c \xdo ; 

А Е , 4.1.8b 
| 4 dt “— (©) ) 
dQ -[ao+ Е. | (4.1.8) 
dt dt 

ЧР _ -^ь г 9 + ER,, (4.1.8а) 
dt dt 
aR, __ Ep (4.1.8е) 
dt 


Some additional assumptions are made: 
1. the frequency of the carrier waves соо is tuned to the centre of the symmetric inho- 
mogeneously broadened line of absorption : F(Aw) = F(-Aw); 
2. О(Ао) = -O(-Aw); 
3.as tT © we state dp/ dt =0, i.e. there is no phase modulation. 
It follows from assumptions 2 and 3 and the phase equations that dp/dt=0 and ф 
= 0 for all t. Then from (4.1.8c) and equations for envelope (4.1.8a) we have: 


where we take into account that both £ and О vanish simultaneously. Then 


| ae сое} (Ра Ом dha. (4.1.9) 
V Ao ) E(t) 


—00 


Having differentiated both parts of (4.1.9) with respect tot and taking into account that 
F(Aq@) is an arbitrary symmetric function we can show that 


6 | Ot, Aw) 20 
ét| E(t) | ’ 
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Expression in square brackets is a function of only frequency detuning Aw, which 
function hereinafter will be referred to as y(Aq@): 


O(t, Aw) = ¥(A@)E(t). (4.1.10) 
Providing (4.1.10), equations (4.1.84) and (4.1.8е) give rise to an integral of motion 
P? + В? —2Aw@y(Ao)R, =Г. (4.1.11) 
It is worth reminding that Bloch equations (4.1.8с) - (4.1.8е) have a integral of motion, 
which is the consequence of normalisation of the density matrix for a two-level system. 
This integral of motion does not depend on the assumption made before, 


Р* +В +0? =1. (4.1.12) 


Taking into account these two integrals and relation (4.1.10) we can express К, (Aq, т) 
as 

Hat _ KA) gy | (4.1.13) 
2AMy(Am) 2AM 


R,(AQ, tT) = 


Equation (4.1.8c) and relation (4.1.10) allow to express P(Aw,t) in terms of the func- 
tions depending only on A@ or 1: 


P(Ao,1) = ee |“ (4.1.14) 


If now to substitute Bloch vector components (4.1.10), (4.1.13) and (4.1.14) in (4.1.12), 
we obtain the equation with respect to an ultrashort pulse envelope £(t). Now it is use- 


ful to fix different boundary conditions defining the integrating constant and the value 
of the integral of motion in (4.1.11). As a result different types of solution of the equa- 


tion for E(t) will be obtained. 


Solitary waves 
Let us now assume that if the envelope of the optical pulse vanishes, then the all atoms 
be in the ground states. Formally, that means that, 


if E =0 then P=Q=0, R3=+1. 
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Having calculated the value J, = 1—2Am y(A@), one can write 


К, (Aq, Tt) =1- 


X(A@) = 
iG ——E*(t), 


and the substitution of all components of Bloch vector to (4.1.12) yields 


~\2 
dé) _{ 40 до. (4.1.15) 
dt y(Ao) 4 


The factor in brackets in the right hand side of equation (4.1.15) must be positive oth- 
erwise, this equation has no solutions. Denote this factor as 


Ао _A ee 
y(Ao) Jt 


2 
P 


so, function y¥(A@) can be explicitly written as: 


#2 Або 
х(Ао) = 


mee ВЕНЕ 
Fan. 2 
1+t,A@ 


Now equation (4.1.15) writes 


Its solution is 


E(t) = 2 sa "| (4.1.16) 
t 1, 


р 


The pulse duration ¢,, stays а free parameter, which can be fixed by solving the Cauchy 
problem for SIT equations. One can say that information about initial profile of a pulse 
entering resonant medium is hidden in parameter ¢,. Another parameter т, appears 
here as an integrating constant for equation (4.1.15). It is possible to set it equal to zero. 
This is equivalent to choosing a reference point on the scale of time or co-ordinate. 

The area shaped by the envelope E(t) is equal to 27. This pulse is the 2n-pulse. The 
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components of the Bloch vector vary by formulae: 


2 Awsech(t/t, ) 
t, Aw) = —^ a 
corre 1+t°Aw* 
—2tanh(t/t,)sech(t/t 
P(t, Ao) = ») — a 
1+t Aw 
2sech’ (t/t) 
R,(t, Aw) =1 Е 
ie 1+7 Aw? 


It is worth noting that all Bloch vectors for any Ао rotate through an angle of 27 about 
the individual direction of the До depending on an efficient field. 
Equation (4.1.9) yields an expression for the group velocity of 27-pulse: 


Vract+ra'r((+ao)"). (4.1.17) 


The 27-pulse velocity may depend on a duration in a very sophisticated way. If, for in- 
stance, to chose the form of inhomogeneously broadened absorption line as: 


* Ned 

T. Aor 
Е(Ао)= * exp— sett ae 
oe) 21 ; 2 }| 


then 


where erfc(y) = | exp(-?? )dt is the complementary probability integral. In a sharp line 
y 
limit, when ¢, << 7, > V takes the minimum value: 


Vt sctsale. 


In the opposite limit case (1, >> T,,) only a small part of resonant atoms, which fre- 


quencies are located close to the centre of an absorption line, interacts with the electro- 
magnetic wave, and so V =c. 
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Cnoidal Wave 
Let us rewrite expressions (4.1.10), (4.1.13), (4.1.14) for real component of Bloch vec- 
tor in the form 


O(t, Aw) = ¥(Aw) E(t), (4.1.18а) 
(Ао) | dE 

P(A, 2) = (= (4.1.18b) 

R, (Ao, т) = В, (Ao) — wee) (т), (4.1.18) 


Above the new notation for an integrating constant in the formula (4.1.13) has been ш- 
troduced. By substitution of these expressions in (4.1.12), it is possible to obtain an 
equation for the electric field envelope 


~\2 
[| наче", (4.1.19) 
Be 


where parameters a and b should be constants, as soon as the left side of this equation 
does not depend on the frequency detuning: 


ни Rj(Ao)], b= p= [Sooo _ a2). (4.1.20) 
Fas ) x(A@) 
Equation (4.1.19) can be written as 
Е] ЕТ (a2 — £?\o2 + 2°), (4.1.21) 
dt 4 


where a; =2(D+b), 05 =2(D-b), D? =a+b’. 
Consider the case of af > a3 >0. Substitution E=a, cos transforms equation 
(4.1.21) into 


[2] = (ai +azy{t—m? sin? 4), 


where m=a,(a; +05)’. 
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Solution of this equation is expressed in terms of the Jacobian elliptic functions [64]. 
We can write in particular that 


E(t) =a, of +05, a 


2 2 
a, + 4 


Now it is suitable to introduce new parameters that can be treated as а certain amplitude 
and duration: 


E(t) = (20D +b) el ND. — = 


2 


JD=t)', 2+ =Е, 


= 
Relations (4.1.20) allow to express y(Am) and К, (До): 


Aw? b+Aw’ 


> К A = > 
Ja+(b+Ao2) om Jat(b+Ao2) 


X(A@) = 
where constants a and 6 are expressed in terms of physically significant constants: 


1 1 
a - (7 ste) , b= (в -1 


The same constants allow to write the modulus of elliptic cosine as m= Et, /2. Thus, 


it is possible to obtain the solution of the reduced Maxwell-Bloch equations (4.1.8) in 
the case of m= Et, / 2 <1 in the form 


E(t) =E,cn(t/t,, Ext, /2) , (4.1.22а) 


21 „Дот си(т / 1, ,m) 


Q(t, Ao) = (4.1.22b) 
\(-12A@?)? +4т? 2 Aw? 
2msn(t/t, ,m)dn(t/t,, ,m) 

P(t,Aw) = — (4.1.22c) 
\(-A@")? +4т? 2 Ао 
— 1+2 Ло?) +2dn7(t/t,, 

R,(1,Ao) = (+7740) Cote (4.1.224) 


2 2\2 242 2 
(1-#,А®”)` +4m*t Aw 
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To obtain these expressions it is sufficient to engage formulae (4.1.18a) - (4.1.18c) and 
the relations 


Дог, —1+2m* +(Aot,)? 
х(Ао) = ие oa a ak Ry (Aw) = I IND DD yd 
\(-t2A0?)? +4т? 2 Aw \-A0?)? +4т? 12 Аб 


Expression for inversion of resonance energy levels populations (4.1.224) was obtained 
after some algebra by using the properties of Jacobian elliptic functions. 

Cnoidal wave under consideration describes an infinite sequence of short pulses 
with duration ¢,, spread in resonant medium free of any dissipation. Period of this se- 


quence is determined by the period of the Jacobian elliptic function, which is expressed 
in terms of the complete elliptic integral of the first genus: 


1 


This period becomes infinite and a cnoidal wave transforms into a solitary wave 
(4.1.16) when the argument of complete elliptic integral becomes unity. 


Notice that condition a? > a3 >0 means m= ЕЁ /2<1. For solitary wave, rela- 
1 2 of p ry 


tion a} >92 =0 holds. Formally, it is possible to consider the case a7 >0,a5 <0. 
That means that m= Ft, /2>1. In this case, it is possible to find a solution of the 
equation (4.1.21). But it is simpler to get the solution by transforming the found solu- 
tions by the known formulae of transformation from elliptic cosine with modulus ex- 


ceeding unity to elliptic functions with modulus less than unity. Using the expression 
[64] 


en(kz,1/k)=dn(z,k) , 


solution of equation (4.1.21) can be written as 


E(t) = E, dn В 22 | 
20 Lol: 


Expressions for a component of the Bloch vector can be found from (4.1.22b)—(4.1.22d) 
in which it is necessary to change parameters and arguments of the elliptic functions 
according to the rules of transformation of a modulus from m= ЕЁ, /2 to m=2/E,t,. 


This solution describes waves with amplitude modulation, and the electric field 
strength does not vanish anywhere. The period of such a wave is 
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2 
T, =2t,K 
PONE 


So far as its amplitude does not vanish there is a nonzero polarisation in a medium 
where this wave propagates. A realistic process of polarisation and inversion relaxation 
in two-level medium make such waves unrealised. 


4.1.2. STEADY-STATE SOLUTIONS OF THE MAXWELL-BLOCH EQUATIONS 


In a scalar form the Maxwell-Bloch (MB) equations without slowly varying envelope 
and phase approximation are [7, 58, 65] 


OE 10°E _ 4nn,d 04, 


, 4.1.23 
О”. 60" с? Or a) 
or, Or, 2d Or; 2d 
pp ae oer ee ee ay gee . (4.1.235) 
If we introduce new dimensionless variables 
t=0,t, €=@,z/c, g(t,€)= — : 
these equations can be represented in the form 
“а 07 д? 
аа, (4.1.24а) 
0Е^ OT OT 
or, Ory Or, 
at =—-r, ar ="+qIy,; Е. (4.1.2456) 


where a =8ли „4? (й®,)'. The integral of motion follows from the Bloch equations 
(4.1.24b) in the form 


И +=, =). (4.1.25) 


for absorbing medium и, = —1. Parameter © can be expressed in terms of characteristic 
time of a two-level system [66] 


t|=4nn,d°/h, 
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so a=(2/t.o,). 

To obtain the equations describing the propagation of stationary USP one should 
suppose that the components of the Bloch vector and the normalised pulse envelope de- 
pend on only one variable tix/V or n=@,(t+x/V) in dimensionless form. That 
means that a stationary (steady state) wave propagates only in one direction. Under this 
assumption the system (4.1.24) transforms into the system of ordinary differential equa- 
tions 


2 2 2 
и (4.1.26а) 
V dy dy 
" LaF 5 (4.1.26b) 
т 
i =r+qr, (4.1.26c) 
° = -gr,. (4.1.26d) 
т 


Solitary waves 
Let us consider the solution of equations (4.1.26) describing a solitary steady-state 
wave. Boundary conditions at |1 |-> со must look like the following 


dq 


—=q=0, п=р, =0, n=-1. (4.1.27) 
dy 


By integrating equation (4.1.26a) and taking (4.1.27) into account we obtain 


2 
| AG OU (4.1.28) 
V dy dy 
or, if one uses equations (4.1.26b), 
2 
= ag: = ar. (4.1.29) 
V dy 


The above equations and (4.1.26d) give 


В = 2 
г. =-1 =e gs (4.1.30) 
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So far as г, 2—1, the second term in the right side of (4.1.30) must be positive. That 


means that the velocity of a stationary USP is less than the velocity of light in the me- 
dium. This is a typical result for coherent propagation of a stationary optical pulse in the 
medium of two-level atoms. The following parameter is convenient 


>» 497’ 
Чо 2-2" 


Then 
ry =-1+2(q/ qo)? =-1+2%?. 


Equation (4.1.29) yields 


Integrating of equation (4.1.28) under boundary conditions provides и =4w/q,. The 
substitution of the Bloch vector components, founded in (4.1.25), leads at once to the 


equation to determine w(n): 
2 2 2 
dw =] и? Чо oy" 
dn 4 4 


This equation has a solution in the form of a solitary wave if the factor at the first term 
is positive. Let us denote it as 


2 


Чо =9 
—-1=0 0 
4 eae 


and rewrite the resulting equation in the form 


212 2 1/2 
ath nee) | (4.1.31) 


The solution of this equation is 


2 
О 
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2 © 2 
2,6) = —sech| — | t+ : 4.1.32 
q(z,t) 9 9 | ( ) 
This expression demonstrates that the duration of stationary USP can be determined as 


t, =9/a, 


The expression for an electric field strength follows from (4.1.32) 
Е 
E(z,t) = E, sot] 9 + | (4.1.33) 


where pulse amplitude is E, = ht ,'d |. This expression for stationary pulse correlates 


with the one found in [58, 65]. 

Expression for the stationary USP velocity can be obtained from definitions of pulse 
duration and amplitude. As in SIT theory by McCall-Hahn, these values are related to 
each other, so the pulse is able to invert a two-level system and then return it to the ini- 
tial state while the pulse lasts. After some algebra one may find 


ips. a0?) 1 A(t, /t,)° 
2=—2|1+ 5 |=—2|1+ 2 
V с 1+0 Cc 1+(¢,0,) 


1 ac ли. d-ho , 
(аЕо)” +(ho,)°) ’ 


(4.1.34) 


that corresponds to what was found in [58]. 


Cnoidal waves 
There is another class of stationary waves — cnoidal waves amongst the solutions of 
Maxwell-Bloch equations (4.1.23) or (4.1.26). These are periodic continuous waves dif- 
ferent from solitary waves observed above. Since the equations (4.1.23) are valid when 
the duration of the wave less or much less than relaxation times of the atomic subsys- 
tem, the cnoidal waves seem to present a mathematical object lying beyond the physical 
meaning of the source equations. However, it is worth to discuss this class of stationary 
solutions as an illustration of the properties of the models under consideration. 

Let us again turn to equation (4.1.26). We will not fix boundary conditions for a 
while and we will consider only the waves with the limited amplitudes. 
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If now to integrate equation (4.1.26a) with arbitrary boundary conditions at 
| И |-> ©, then we obtain the following expression 


dq 1 а 

dyn 4 dn 
where C7 is the integrating constant. The repeated integrating of this expression results 
in the relationship 


1 ! и 
qn) = ree (n)+Cm+Cy , 


where С!’ is a new integrating constant. The second term in the right side of this ex- 


pression displays an unlimited growing of the electromagnetic wave amplitudes. To 
avoid it the integrating constant above should be zero. 
Equation (4.1.29) can be rewritten as 


dq 1 
п. = 4 HIM; 


and being combined with (4.1.26d) it provides 
2 | 2 f 
q (= 240 п (п) + С: - 


This equation is a generalisation of equation (4.1.30). For the further analysis it is con- 
venient to collect all expressions found above in one list: 


4 
b= GG: (4.1.35a) 
0 
ry = nee (4.1.35b) 
Чо an 
2 
в=С,+— 4). (4.1.356) 


0 


The constants introduced here are defined from boundary conditions, which were not 
determined before this moment. These conditions should be chosen from the physical 
point of view. For instance, if to adopt that in the absence of an electromagnetic field all 
atoms are in the ground state, then constants should be taken in the form 
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С =0,C, =-1. It relates to a situation considered earlier, when a steady-state pulse 
obeys equation (4.1.31) and is described by (4.1.32) or by (4.1.33). 
Let the field have a zero amplitude at a certain point п =1,, the atoms are in the 


“superradiance condition” [3, 67, 68]. 


r,=0,r, =41,7,=0. (4.1.36) 


Then from (4.1.2.13) it is possible to define С, =0,C, =0. From the relation (4.1.25) 
and (4.1.2.13) equation for w= 4 / 4, arises 


2 2 
dw Ч 16 

= 20|] 5%” Aw* |. 
dy 16 qo 


This equation can be transformed into the form that is more convenient 


2 
(=) =|(0? - w? (a3 +", (4.1.37) 
where 
E=q.n/2, ay = 245?) 1+gi/16-1], а? = (295°) 1+ 44 /16 +1]. 


Substituting w =a, cos into equation (4.1.37) leads to 


eI = (a ча) (п? sin? $), 


—1/2 


where m=a,(a; +95) "”. Solution of this equation can be written in terms of the 


elliptic integral of the first genus [64]: 


Е(ф, т) 


2 a 
|, + 05 


Exe = 


Then, using the Jacobian elliptic functions it is possible to obtain an explicit expression 
for w(&): 


w(E) =, са, (& - Е, )т`' т]. (4.1.38) 
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In the initial variables, this result takes the following form 


А ‚ (4.139) 


Saas? 
И 
ere 

A Ogre Os 


E(z,t) = £, en 


where Ey = й® „9090/24. 

Usually a period of a harmonic wave is defined аз the time, during which the argu- 
ment changes to 27. In so far as the period of Jacobian elliptic functions is equal to 
4K(m) (where K(m) is a total elliptic integral of the first genus), the period Т, of 


non-linear (cnoidal ad hoc) waves can be introduced by the following expression 


_ 8&mK(m) 


a : 
Чо „91 


P 


One more time parameter naturally appears in (4.1.39). 


Z 
t ay 


po 2 a? 
Чо gy; +A 


1/2 
Besides, it is possible to write gj / 4 = la It, @ Vie | . Then the restriction on dura- 


tion of the “splash of a cnoidal wave” is @ ,t,, <1, that is the frequency of oscillation of 
the steady-state continuous non-linear wave does not exceed optical transition frequen- 
cies @,. 


Formula for phase velocity of this wave comes from the determination of parameter 


[5 | о 
у? Ди,“ 


The amplitude of the cnoidal wave and the modulus of elliptic functions can be ex- 
pressed in terms of this parameter: 


ho, *1=(oty) ; 
F (22 | Jor "7 1-(0,1,) 


ар 


qo 


Let us consider the system (4.1.2.13) and choose new boundary conditions 
r,=0,r, =0,r, =r. This choice corresponds to the excited medium, but there is no 
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macroscopic polarisation in the initial moment. In this case, the following equation will 
replace (4.1.36): 


2 2 
dw) _ % aes es Way |. (4.1.40) 
dy 16 Чо 


This equation can be transformed to equation (4.1.37) with substitution 


sel 5 [4 ый a 
a) = St) s9 —% Pees) 
qo Чо 


и ae > (4 
02 => 1-м) | + 5-ю 
2 Чо Чо 


v 


N | 
—_ 


— 


With the choice of и, < 44)’ and w=a, созф, the integrating of equation (4.1.40) 
yields 


w(S) = а: спа (5 —60)т, т], 


where €, is а constant of integrating. Parameter т is the modulus of an elliptic integral 


as it is in (4.1.38), but with the different a; and >. It is possible to introduce physical 
parameters Ey and ¢,, instead of parameters qo and ro: 


ho, . P ie 
Es zl a Jo, > te = (40°, / 2) ay +03 


In terms of these physical variables the solution (4.1.40) can be written as 


+ ate VEE 
ее о, (4.1.41) 
р h 
The period of oscillation of the electric field strength of these cnoidal waves is 
Те =4t, K(dEot,h'). (4.1.42) 


Notice that infinite period corresponds to the unit value of the elliptic cosine modu- 
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lus in (4.1.41) and then 


ttz/V —-t, 


E(z,0) = E, «а | E, = n(t,d)", 


Dp 


that corresponds to the expression (4.1.33). For any cnoidal wave, inequality 
Е, <n(t,d)" should be held. 


4.1.3. INVERSE SCATTERING TRANSFORM METHOD 
FOR THE SIT THEORY 


In order to illustrate one of the ways to find zero-curvature representation of the equa- 
tions of the SIT theory, let us consider at first the simplified version of the theory. If an 
absorption line is homogeneously broadened (this is a sharp-line limit of the absorption 
line) and exact resonance condition holds, then the SIT-equations reduce to the well- 
known Sine-Gordon equation or SG-equation: 


00 


=—$10 , 
0201 


which appears in the different fields of physics and often attracts attention as the classi- 
cal example of the equation having soliton solutions. 

If we abandon the condition of exact resonance and consider an inhomogeneously 
broadened absorption line, then SIT-equations are not already reducible to SG-equation. 
However, a zero-curvature representation of the SIT-equations can be found as well. 

Denote Aas a real slowly varying in the space and time envelope of the electric 
field strength of an optical wave. The SIT-equations (4.1.7) in the case of Aw =0 write 
as 


3 =-gP, (4.1.43a) 


where q=dAt,,/2h is the real normalised pulse envelope, 6 = а" „2 =L-'z is the 
normalised space co-ordinate, т = (1—2/с)/1„ is the retarded time, с is a velocity of 


light pulse in the medium in linear approximation, d is the projection of a matrix ele- 
ment of the dipole operator on x-axis. 
In addition to (4.1.43a), initial and boundary conditions are chosen in the form 


q(G =0,t) =4,(t), tie 4(6, т) =9, 
В. (С. т—> +0) =1, P(€,t > +00) =0. 


(4.1.43b) 
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Matrix U(A) of the IST method can be taken in the simplest form 


-й и 

U(A) -| | : (4.1.44а) 
w ir 

The spectral problem with this matrix has been well studied, and this is one of the rea- 

sons to choose it for the equations under consideration. Matrix Г (1) can be chosen in a 

general form: 


А В 
СЕ | (4.1.445) 


The dependency of the factors A, В and С оп Р, R,,g and A is unknown in advance. It 


must be chosen to match the zero-curvature condition (3.1.2) with (4.1.43a). Substitu- 
tion of the equations (4.1.44a) and (4.1.44b) in (3.1.2) results in the system of equation: 


ай (4.1.45a) 
OT 
8 apogee (4.1.45b) 
OT 96 
pe iy te (4.1.45с) 
OT 06 


The equation (4.1.43a) contains only partial derivative 04/06, the equation (4.1.45) 
contains partial derivatives Ow/0C and Ow/0C. Consequently, it is possible to expect 
that 


Ww=Qg, W=Q,9g . (4.1.46a) 


Constants a, and a, have not been determined yet. The equations (4.1.43a) contain 
partial derivatives of P and Кз with respect to т whereas in equations (4.1.45) there are 
only partial derivatives of A, B and C with respect to t. Consequently, A, B, and C are 
linear combinations of P and R3: 


A(t, C5 A) = 4, (A) P(t) + а, (ADR; (4,5), 
Bt, GA) =b, (A)P(t, CO) +b, (К, (1,6), (4.1.46b) 
CUT, GA) = с. (A)P(T,S) + с, (ADR; (4,5) - 
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Substitution of (4.1.46) in the first equation of (4.1.45) yields 


ОР OR 
a, +а, ae a.gb,P +0,gb,R, —a,9c,P —a,9c,R, =0 . 


Using (4.1.43a) it is necessary to exclude partial derivatives of P and R3 with respect to 
t from the above and comparing the factors before the equal degrees of gP and qR,, 


one can find the relations: 
ис. =a,+0,5,, ос =-а, +46, , (4.1.47а) 


Now it is necessary to repeat the same procedure, substituting equations (4.1.466) into 
(4.1.45b). It will give 


2.6, =-0.,, 2iAb, =0, 2a,a,=b,, 20,a,=-b,  (4.1.47b) 


1? 
Substitution of (4.1.46b) into (4.1.45c), eliminating the partial derivatives of P and R; 
with respect to t by (4.1.43a) from resulting expressions and reduction of similar terms 


bring the rest of the necessary relations: 


2ikc, =A,, 2iAc, =0, 20,4, =с,, 29а, =C, (4.1.47c) 


From (4.1.47b,c) it is seen that с, =Б, =a,=0. Other relations permit to define 
b,c, and a,: 


с =0,(2i0)', b, =-a,(2iA)", (4.1.48a) 
a,=(4ia)". (4.1.48b) 


If one substitutes b,(A) and c,(A) into equation (4.1.47a), then one gets another expres- 
sion for a,(A) : 


а, =-о а, (iA) 7. (4.1.48с) 


By comparing (4.1.48c) with (4.1.485), we find that free constants a, and a, are соп- 
nected by the relation 


0,0, = 1/4, (4.1.49) 
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but for the rest they may be arbitrary numbers. For instance, it is possible to choose: 
a, =1/2, a, =i/2 
a, =+1/2, a, =F1/2. 


So the U-V-pair can be chosen ambiguously: this is a single-parameter family of U-V- 
pairs. It is easy to be convinced of it if one takes a, and a, in the forms 


a, =i(coshu—sinhw)/2, a, =i(coshu+sinhu)/2, 
here и enumerates all U-V-pairs for system (4.1.43a) just as parameter 1 does. 


Let us now write a U-V-pair for equations (4.1.43a) in an explicit form and point out 
the evolution law for scattering data. So 


_{-% 9/2 eae R, —Р 
00H } rama at (4.1.50) 


Due to boundary conditions for the given problem we have 


yo upo.t|! 0 
АО -—1 


The evolution of the transfer matrix 7(A;C) will be assigned by the equation (3.5.8): 
27 ро, FI. 
aC 

Then it follows that 


7,50 = Try AsO)exp{C/2iR}, Ty, (456) = Ty, (050) ехр{-5/2й., 
7,059 =Т,0:0), Tin (36) = Tin (450). 


Initial values of the transfer matrix elements at 6 = 0 are defined here by the solution of 
the spectral problem for initial optical pulse with envelope q,(t). 
It is seen from (4.1.3.1) that for new functions 


(1,6) = [aq(r'. Ode! 
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the equation 
2 


Otot 


=—sin8 


can be found. Here P=sin@, R-=cos@. The U-V-pair for SG-equations can be de- 
rived from (4.1.50): 


U0) =i —А, т | РО. о eet —isin® . 
(1/2)00 / ot ^ 4ik\isin®@ -—со50 


The most general form of the SIT-equations, accounting the propagation of the ul- 
trashort pulse of the plane wave in the medium with an inhomogeneously broadened 
absorption line, is [2,3,6]: 


. д . . OR 1 * * 
=Йр), 5 = р + МВ , = "р-4р”), (4.1.51) 


where now one makes substitutions: 


gexp(t+ip) =q' > q, (Q+iP)exp(+i) = р’> p, 
and 5=(@, —@, 1. 


To find zero-curvature representation for equations (4.1.51) we shall follow the pro- 
cedure discussed above. Let w=a,q, W=Q,gq° as it was assumed in (4.1.46a). Ву 
comparing equations (4.1.45) and (4.1.51) one can notice that in (4.1.51) partial deriva- 
tives of p and R3 with respect to t are taken, but in (4.1.45) partial derivatives of A, B 
and C are taken. For this reason it is naturally to expect that A, B and C are a linear 
combination of only р, р’ and R3. Let us assume 


В(т,С;\) = bA)p(S)), Сб; = c(A)p'(t,6) (4.1.52) 


where b(A) and c(A) should be chosen in the form for eqs. (4.1.45) to coincide with 
eqs. (4.1.51). Of course expressions (4.1.52) are not the most general form, but the ex- 
perience in searching for U-V-pair in the case of equations (4.1.3.1) prompts that it is 
possible to start with the assumption (4.1.52). If an attempt to select A, B and C in this 
case is not a success, then it is necessary to present these quantities as the general linear 
combination of p, p* and R3. This is recommended to do as an exercise. 

By substituting (4.1.52) into equation (4.1.45) and eliminating the terms with partial 
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derivatives with respect to т and С by means of (4.1.51), we obtain two equations 


D(A)(isp + igR,) + 2iA D(A)p =ia, p -20,gA, 
ср" +ig’R,) + 21 c(A) p* = io, p -2a,q°A. 


By equating the factors at р, р’, and 4, q° in the right and left sides of these expres- 
sions, factors b(A) and c(A) as well as expression for A(t, €;2) can be found: 


D(A) =a,(5+ 2A)", c(A)=a,(5+2A)" , 
A(t, 63) = (-i/ 2) В. (1, C)(8 + 20)! 


If one substitutes now A(t,C;A) and the found B(t,¢;A) and C(t,C¢;A) into the equation 
(4.1.45a), then a restriction, imposed on parameters a, and a,, will be obtained: 
a,a,=—1/4. This is the same condition as in (4.1.49). It is convenient to choose 
a, =i/2and a, =i/2. 

Thereby, the matrices U(A) and V(A), assigning a zero-curvature representation for 


the system of equations (4.1.51) are found. The linear equations of IST method can be 
written as 


OW, . 4 ду, 
=-Йду, +i—y,, 

OT a ae Ot 
Ow, ae i К, i р 


+ 
бет * DBA 


= iy, iW (4.1.53a) 


| и (4.1.535) 
1 1 

= Г у, + р Wo- 

06 2\6+2^ 2 .8+2Xr 


The matrix elements of the transfer matrix 7() are varied with С by the laws: 


T,,(A;6) = T,, (230) exp {-iG < (6+ 2A)" >}, 
T,, A356) = 1, CA;0) exp (+g < (6+ 2%)" >} (4.1.54) 
T,, (A356) = 7, 0550), Ty) (A5C) = Ty. (A;0) , 


where the boundary conditions (4.1.43b) were accepted. 

The zero-curvature representation of SIT equations (4.1.51) allows to obtain the so- 
lutions related to McCall-Hahn’s 27-pulses and, furthermore, to the Nz-pulses, which 
describe the interaction of the 27-pulses. We may use the results from section 3.3. 
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Let us consider the single soliton solution of the non-linear equations (4.1.51). Soli- 
ton solution is related to the discrete spectrum of а single point. Let 2, =& +1, 


Л, =& —in,. The equations (4.1.54) lead to the evolution law for the kernel coefficients 
of GLM equation: 


С) = С (0) ехр[5к, 0. )6+ 7, (5 CQ=C (0), 
where 
i 
K(A) = = KH, (A) +, (A). 
(A) S422 (A) + 7K, (A) 
It is convenient to define two parameters t, and ф, as С, (0) = 2n, exp(2n,T, +). 
Then it follows from the relation (3.3.4) that 


Юве 2in, exp(—9 —Ф) 


=} hd —Ф), 
1 texp(-29) in, sech(9) exp(—i®) 


where 


$=2n, | es sxc} ® =9,+K,6+ 28,1. 
2n, 

Thereby, the corresponding solitary wave q,(t,¢) is a soliton with the duration 
t, =(2n,) |. The constant phase shift фу, the position of the soliton centre т, and the 


soliton amplitude proportional ton, are determined by the initial envelope profile and 
expressed in terms of scattering data 


фо =arglC,(0)/2n,} ту =(2n,)' n[C,(0)/2n, |. 


We can see that the real envelope of an electric field of a light pulse does not experi- 
ence any distortion while the pulse propagates in a resonant absorbing medium. It is 


<i) 


5 


q(t,z) = z wi 
ts 


where the group velocity И, is related to the pulse duration t, =¢,)t, and the resonant 


absorption coefficient L,' by the formula 


ее) 


8 


This is а well-known result for the coherent propagation of light pulses, where the speed 
of 27 -pulse is less than the speed of light. 
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The multi-soliton, in particular N-soliton solutions of the SIT equation can be ob- 
tained by considering the case of a spectrum consisting of only N discrete points. Let 
dr, =in,, n=1,2,...,N. Expression (3.3.11) from section 3.3. allows to do it. The com- 


pact form of N-soliton solution for SIT equation has been found in [7,16]. It is 
д? з 
|g = — шае М (т,0), (4.1.55) 
Ot 
where N x № matrix M(t,C) is defined by the matrix elements 


My = хр, J+ -D"" expl-9, ]} 
Nn + Nin 
where 


9, =2n,(t+1, -K(n,)6/2n,)- 


Here functions *«,(n,,) and %,(n,,) are defined as 


2n б 
aC = ES Tees = 

i(,) 42 +8 5(N,,) 4n? + 8° 
If the form factor of the inhomogeneously broadened absorption line is the symmetric 
function, then “,(1,,) is equal to zero. 


4.1.4. DERIVATION OF BACKLUND TRANSFORMATIONS 


One of the important properties of the equations, which allows a zero-curvature repre- 
sentation, is a possibility to specify a certain relation for any pair of its solutions, which 
converts one solution into another. This relation for Sine-Gordon equation was found by 
Backlund in the previous century and now it is known as Backlund transformation 
(BT). Here it will be shown how it is possible to find BT for the whole class of a non- 
linear evolution equations solved by IST method with Zakharov-Schabat (or AKNS) 
spectral problem under the reduction of w =—w* =, С = -В. The RMB equations will 
serve as an illustration of the method. 

If one introduces a new dependent variable Г =лу, /iy,, then the linear equations of 
IST method can be presented in the form of the Riccati equations: 


=_= 2iT+W(1+T’), (4.1.56a) 
т 


7 =-2AT +iB(1-I’), (4.1.4.2b) 
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where И’ = q/2 is areal quantity. 


Following [69], the pair of equations (4.1.56) can been considered as a mapping of 
the solution of the RMB equations onto the space of functions Г and complex numbers 
^., denoted as (^,Г). The further procedure is general. The linear equations of the 


AKNS spectral problem are chosen only for illustrations. Let us denote this mapping as 
R and display it schematically by a diagram 


R:(W, A,B) > (KP) . (4.1.57) 


This mapping can be inverted as it is seen from (4.1.56a) provided A and B are ex- 
pressed in terms of W and spatial derivatives of И’. Now in the space (A ,I-) one can 


make some transformation 5: 

S:(A,0)> (Г. (4.1.58) 
As a result of this transformation Г’ and 4’ will satisfy in the general case the equa- 
tions different from (4.1.56) by form. One should select only those transformations 5, 


which keep the form of equations (4.1.56). Herewith A, B and W perhaps have to be re- 
placed by 4’, А' and И”. Thus, new Riccati equations result and they define the mapping 


RIAL) > И.А’ В. (4.1.59) 


The relationship of А’, A’ and И” with A, В and W is the result identified аз the Back- 
lund transformation (Fig.4.1.1.) 


R(W, A, В) > (0,1) 
cal 


RAT) > (W', A’, В") 


Fig. 4.1.1 Scheme of Backlund transformation 


To illustrate the Backlund transformation algorithm, let us choose a concrete trans- 
formation 3: 


В VR FSO is (4.1.60) 
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In primed variables Riccati equations can be written in the same form as (4.1.56): 


ОГ" 


: =2iAT'+W'1+T"), (4.1.61a) 
x =-2AT’+iB'(1-I’). (4.1.61b) 

By taking (4.1.60) into account, equation (4.1.61a) can be rewritten as 
=. =Г+И’а+Г?). (4.1.62) 


The equations (4.1.62) and (4.1.4.1А) give rise to 


40 +(1+T?)\W-W')=0, (4.1.63) 
a = (1+ Г?) +7”). (4.1.64) 

T 

Thence 
ie po apy. (4.1.65) 
OT OT 
a =(W'-W). (4.1.66) 
(1+T?) 


Let 4 = ди / Ot, then equation (4.1.65) yields 


utu' 
[T= tan{ 4 ) ; (4.1.67) 


One of the BT (say t-part of this transformation) follows from equations (4.1.56) and 
(4.1.66): 


DE EE) 5 tee, (4.1.68) 
2 26% pi 

In order to obtain the second part of BT (i.e., ¢-part of BT) it is necessary to produce 
similar calculations for (4.1.56b) and (4.1.61b). Nevertheless, there is a shorter way. 
The transformation law for W (4.1.65) 


2 Oarctan Г 
OT 


W+W'= (4.1.69) 
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leads to 
и’ =u+2arctanl. (4.1.70) 


Differentiating of the right and left sides of (4.1.70) with respect to С with the account 
of (4.1.56b) yields 


Г? 


1 O(u'+u) _ 1- 
Г” 


i 
=—4А +2iB 
2 a OO) par ee 


It is needed to eliminate Г by use of (4.1.70): 


Loy) = пи воде "| ] (4.1.71) 
2 a 2 2 


In this expression А(и) and В(и) are not specified. Therefore, expressions (4.1.68) and 
(4.1.71) define BT for the whole class of non-linear partial differential equations, which 
solutions can be found by IST method with Zakharov-Shabat (AKNS) spectral problem. 

The RMB equations are equivalent to Sine-Gordon equation in the case of exact 
resonance and an infinitely narrow absorption line. In fact, if К, =cosu, P=sinu and 


4 = ди / Ot, then the equations (4.1.3.1) transform into 


2 


CP ai (4.1.72) 
Ovo 
As it follows from (3.1.53b) 
COSU sin u 
Tape ee a 


and expressions (4.1.68) and (4.1.71) yield well known form of BT for SG-equation: 


о aol“), 1 O(u ии | (4.1.73) 
2. - 2 2 OC а 2 


where а = (21) is a parameter of BT . 

It is worth noting that the t-part of BT (4.1.68) is due to the spectral problem only. 
That means that (4.1.68) is a general result for the whole class of non-linear equations 
solvable by the IST method with the given spectral problem. If it is possible to derive 
some relationship only from (4.1.68) without using (4.1.71), then this relationship will 
be applicable for the same class of non-linear equations. 
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Let и, u,, и, and и, be solutions of the equation (4.1.72), 4, = ди, / 0% 
(k =0,1,2,3) are solutions of RMB equations under current assumption. Besides let 
solutions и, and и, be related accordingly to solutions и, and u, by Backlund trans- 
formation with parameter a,, but и, and и, be related accordingly to solutions и, and 
u, by BT with parameter a,. These requirements are formally expressed by the rela- 
tions (4.1.68): 


O(u, — Uy) = 2a,sin u, +Uy O(uy — Uy) =2a,sin и, +Uy | 
OT 2. OT 2 


O(u; —u,) ee u,+uU, . O(u; —Uuy) 95 ain и. +и. 
Ot 2 Ot 2 


АП derivatives should be excluded from these expressions. The result is an identity, 
which is valid for only SG-equation solutions: 


= + = 
па “| -(% “| tan ) Е (4.1.74) 
4 а 4 


This is an exceedingly important result known as a formula of tangents. Firstly, the rela- 
tion (4.1.74) is true for the infinite number of the non-linear evolution equations. Sec- 
ondly, this relation allows constructing a new solution и. of the corresponding equa- 


tions in terms of the three already known solutions u,, и, and u,, leaning only on al- 
gebraic transformations (no integration is involved). Before the IST method was applied 
to the equations of SIT theory, the formula of tangents (4.1.74) was a unique means to 
obtain the multi-soliton solutions. The Ол -pulses (“breathers”) were found in this way 
too and, in particular, the decay of the 47 -a pulse on the pair of the 2 п -pulses was de- 
scribed [70]. This period of the SIT theory development has been summed up in the sur- 
vey [6]. 


4.1.5. BACKLUND TRANSFORMATION IN SIT THEORIES 


Backlund transformation (4.1.73) allows to find soliton solutions of self-induced trans- 
parency equations in the case of the exact resonance, when inhomogeneous broadening 
of the absorbing lines is either absent or neglected. More general BT or the formula of 
tangents (4.1.74) are applicable in a more general case of SIT theory. Here this simple 
case is chosen only for the sake of illustration of the BT method. In this limiting case 
the system of SIT equations (4.1.7) is reduced to SG-equation (4.1.72), for which the 
BT are expressed by the formulae (4.1.73). 
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2n-pulse 
Let us choose the trivial solution of the SIT equations u, = 0 as a starting-point. Then 


the solutions м, (т, С) related to the trivial one by BT with parameter a, can be defined 
by the differential first-order equation 


TO ogg h| Mas UOUie a tleae st May, (4.1.75) 
2 a р Dee EO 


Therefore 


1 ди. Ou, 
+a 
а OT 96 


That means that sought-for solution depends оп one variable n = at—€/a. It describes 


a simple wave moving at the velocity a~ 


equations (4.1.75) are reduced to one 


in the т and 6 frame of reference. Now both 


du, /dy=sin(u, /2). 
The solution of this equation is 


и, (П) = 4arctan{exp(n — 1, )}, (4.1.76) 


where 1, 1$ an integrating constant. The envelope of the electrical field strength of the 
ultrashort light pulse follows from the above solution in the form 


q(t,0)= a = 2asech(n — ny). (4.1.77a) 
a 


The integrating constant may be chosen to locate the maximum of the pulse atn = 0, so 
Ny = 0. One may be convinced that pulse area 


0= [4.04 . 


equals to 2л and for this reason this pulse is named 272-pulse. Expression (4.1.77a) can 
be re-written in the form 


q(t,G) = 2asech(at—C/a), 
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E(t,6) = - [С 


р р 


where the introduced parameter {, =1 ‚а | has an obvious meaning of the 27-pulse 


р 
duration. If to restore initial coordinates 2 and ¢, it is seen that the group velocity of 27- 
pulse V, is different from the light velocity in a linear medium. 


—1 —1 142 
Г, =с (1 +cat, ) ; 
where o’ =2ли, 4” /hc. This expression shows that 27-pulses of greater duration 


(and smaller amplitude E,,. =2/t ») propagate in the medium with smaller velocities, 


max 


which means that solitons tend to stay in line in the height order. 


4n-pulses 
Let we have a trivial solution и, = 0 and two soliton solutions и, and и, (4.1.76). Now 


we can use relationship (4.1.74) to find more complex solutions of equation (4.1.72). 
Let 


u,, = 4arctan[exp(y, › )], 


where v,, =4@,,t—G/a,,. Then (4.1.74) provides a new unknown solution u;(t,¢) 


и, (т,С) = ‘aca ( aii } = me! } 
aia, 2 


ui, (tC) =A sta [© 742 | ра 2 | (4.1.78) 


a,—a, Л cosh[(v, + v,)/2] 


The pulse area 9 in a general case is 9 = u(+00,C) —u(—c,C). In the case under con- 
sideration we can simply obtain from (4.1.78a) that u,(+00,¢) = +27. In so far as the 
area 0 =4л corresponds to this pulse, the envelope of USP corresponds to the 4z-pulse 


of SIT. 
Depending on a, and a,, this expression provides different two-soliton solutions of 


the considered equation. 
Let a, > 0, but a, < 0. If we introduce parameters ¢,, = ba. and t,, =. | а, |’, 
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then from (4.1.78a) we obtain E(t,z) in the form: 


(2/t,,)sechY, +(2/t,,)sech У, 


E(t,z)=A (4.1.79a) 
1— B(tanh У, tanh У, —sech У, sech Y, ) 
where 
J baat 21 it 2 ( / ) 1 ( /V;) 1 
=—-— >. B= Y=(t-z/V,)t,,, У, =\t-z ee 
tr tte, try tty : al а 


This 42-pulse is not a stationary solution of (4.1.72) and it describes collision of two 
solitons (of 2-pulses) which propagate in the same direction with the different veloci- 
ties V; and V2 where 


ie =c"(1+ea'2?,), k=1,2. 


As С —> +0 expression (4.1.79a) yields the approximate formula for the envelope of 
this 4-pulse. It describes two solitons separated in space. 


E(t,z) = (2/t,,)sech(Y, +B) +(2/t,,)sech(Y, +В), (4.1.78b) 


Whereas at С —> ©, E(t,C) is given by the same expression but with B = 0. Parame- 
ter В =artanh Bin formula (4.1.78b) is a phase shift appearing under the two-soliton 
collision. The upper sign before В in the arguments in (4.1.78b) corresponds to the con- 
dition ¢,,; <¢,. and the lower one corresponds to Е) >t... It is worthy to note that 


character of the soliton collision depends on the ratio of the pulse durations ¢,,/t,,. 


Figures 4.1.2 and 4.1.3 show different evolution of these 42-pulses. The condition of 
the formation of 4-pulse profile peaked at t= z=0 is 0’E/ét? <0 and E >0 in this 
point. So, we can obtain the following inequality 


2 
1-2 14] 2] 3 |0 
12 12 Ey 
Thus, the solitons collision results in overlapping if ratio ¢,,/t,, is obeyed to inequality 


ty, /tyy <(3-/5)/2 =0.382. 
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Fig.4.1.2. 


Crossing collision of two solitons 


This kind of collision is referred to as crossing one. Fig. 4.1.2 shows the evolution of 
the 4x-pulse for which ¢,,/t,, is 1/3. In the opposite case when ¢,,/t,,> 0.382, the 


picture of the soliton collision alike with an elastic ball interaction. 


Fig.4.1.3. 


Repulsive collision of two 
solitons 


The evolution of the 4-pulse in the case of t,,/t,. = 2/3 is shown in Fig.4.1.3. 


The terms of “crossing collision” and “repulsive one” are illustrated well by the 
Fig.4.1.4. 
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Fig. 4.1.4. Contour plots of crossing (a) and repulsive (b) collision of two solitons 


Let a, > 0 and a, > 0. In this case u,(+00,¢) = 27 and the pulse area @ is zero. It is 


natural to call such pulse as Ox -pulse, but this term doesn’t prove to be proper first. It 
is useful to find the envelope of USP from (4.1.78a) for positive parameters of Back- 
lund transformations. By introducing pulse duration ¢,, =t,)a,' and t,, =t,)a)', and 


differentiating u,(t,¢) with respect to т, we can find 


(2/t,,)sech У, —(2/t,,)sech У, 
1- B(tanhY, tanh Y, + sech Y, sech Y,) ^ 


E(t,z) =A (4.1.79b) 


Fig. 4.1.5. 


Collision of soliton with anti-soliton 
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Under condition ¢ —> +0 this expression approximately equals the sum of two solitons 
of the (4.1.77a) type with the opposite phases (Fig. 4.1.5). Pulse areas of both solitons 
are equal, but they are opposite by the sign. Indeed, such pulses are the “sum” of 27- 
pulse and anti-27-pulse. The word “sum” has been taken in the quotation marks, as far 
as such 42-pulse decays into two 27-pulses only asymptotically and, strictly speaking, 
is not a linear superposition of the two real solitons. 


Breathers and degenerated On-pulses 

There are no restrictions imposed on the parameter a of BT in the above method of 
solving the equation (4.1.72). Thus a can be considered as a complex number 
a=a+iB,a>0. As a result the 22-pulse obtains the phase modulation. Formula of 


tangents (4.1.74) is correct in this case of complex parameters a, and a, too. It is par- 


ticularly interesting to consider the case when a, =a, =а+ , а>0. Then the for- 
mula of tangents yields 


iA acta [< om a (4.1.80) 


а". The p=a(t—G/|a,|’), 
g =B(t+C/|a, |’) are introduced for the sake of simplicity. The envelope of the USP 


where the pulse duration can be defined as ¢, =¢,, 


obtained from (4.1.80) can be written as 


еб A sino SoD НЫ | | (4.1.81) 


1+ (а /В)? з "(а ) зесв? (р) 


Pp 


Fig.4.1.6. 


Breather or On-pulse 
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This pulse does not decay into two 27-pulses as it happened with the 47-pulse, consid- 
ered above, but it remains as the indivisible object being a non-steady-state solitary 
wave (Fig.4.1.6). The pulse area 9 of this USP is zero, so such a pulse should be named 
as On-pulse. But they often call it breather, emphasizing the periodic changing of its 
shape. Breather is a specific case of two-soliton solutions of SIT equations or of SG- 
equation. It is interpreted as (nonlinear) superposition of two solitons, which have equal 
group velocities but different phase velocities. 

If parameter B approaches to zero in the above formulae, then we can find solution 


of SIT equations under condition a, =a, (Ima,, = 0). It is impossible to find this so- 


lution from the formula of tangents. In this degenerated case the two-soliton USP the 
envelope takes the form: 


1—utanh(v) 


. 4 
E(t,C) = —sech(v) ———_ , 
(755) t С 1+ и? sech’(v) 


р 


(4.1.82) 


where и =at+C/a and v=at—C/a. This degenerated Oz-pulse exhibits a pair of 27- 
and anti-27-pulses propagating as shown in (Fig.4.1.7). 


Fig.4.1.7. 


Collision of two solitons corre- 
sponded with degenerated O-pulse 


All these expressions for two-soliton solutions of the SIT equation can be obtained 
in the framework of the inverse scattering transform method too. 


4.1.6. LINEAR POLARISED ULTRASHORT PULSE PROPAGATION 


Let us dwell on the known limiting version of the equations, which describes the polar- 
ised ultrashort pulse propagation in a resonant medium with energy levels degenerated 
over the orientations of the total angular momentum (1.4.7). It is easy to see that for a 
USP linearly polarised along the same axis, the initial equations (1.4.7) for resonance 
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transitions 1/2341/2, Л.Л, 11 and 3/2<51/2 reduce to the conventional SIT 
equations 


09 . Op. . OR, a ae 
=> В = о + 74 ь = — = г 4.1.83 
ac BPD ПОР 2 ЧР q Р) ( ) 


with the initial and boundary conditions 


q(t,¢ = 0) =4,, (7), ate а= ae p=9, т R, =1, 
where Аз is the inversion of the lower and upper levels for one pair of Zeeman sub- 
levels. The quantisation axis is chosen along x-axis, 4 is related to the field <, by the 
formulae: 


e for transitions 10: q=q™ = d&,t 9 /h 
e for transitions 1/2 1/2, 11 and 3/2<>1/2: q™ = d&,t 4) /hv2. 


Equations (4.1.83) can also be derived for the circularly polarised waves and the transi- 
tions 1/2—1/2, 1<> 0 and 1-1, as well as for a fixed (identical for all USPs) ellip- 
tical polarisations for the transitions 1<> 0 and 1— 1. Thus, all those versions of the 
USP propagation do not provide any new aspects to the theory of SIT. 

A simplification of the problem can be achieved in the sharp-line limit, the perfect 
resonance and ignoring the phase chirp of the input USPs with the identical linear or 
circular polarisation. Then, assuming field &, to be given, equations (1.4.7) can be in- 


tegrated easily and the substitution of the result in equation (1.47a) yields 


2 
vos = - FD Gins sin(20S/.,,., ), (4.1.84) 


where we introduce the following definitions: 
e Гог linear polarisation (7 = 0) along the x-axis 


8 = 0(1,6) = [aC дас; 
e for circular polarisation (j = + 1) 


0=0(7,6) = [че ба. 
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The index (x) or (+) labels the spherical components of vector 4 For linear polarisation 
the quantisation axis is chosen along x-axis, and for circular polarisation it is supposed 
to be parallel to the z-axis. 

For the transitions 1/2—>1/2, 1<>0, 1—1 and either linear or circular polarisa- 
tion of the light wave as well as for the transition 3/2 <> 1/2 and linear polarisation of 
the light wave, equation (4.1.84) provides the famous Sine-Gordon equation 


070 
ОСдт 


=—sin®. 


In the case of plane polarisation and 2 — 2 transition, equation (4.1.84) gives Double- 
Sine-Gordon equation (DSG-equation) 


09 р 0 
Е =-[910+95), (4.1.85) 


where 


6 = 0(t,C) = 8/5 fa (t',C)dt’. 


—00 


Independent variables € and т are ina factor of /5/2 larger than the old variables. 


The DSG-equation is a representative of the family of the non-linear evolution equa- 
tions. It was named the ““Multiple-Sine-Gordon equation” 


2 J 
и (4.1.86) 


This equation was engaged to describe the USP propagation in a degenerate medium 
with the О(.Л) vibration-rotational transitions. The selection rules for the O(/) branch 
transition in the wave of linear polarised light are JJ, Am=0. Thus equation 
(4.1.84) can be reduced to (4.1.86). In [6,21] other transitions (J — J+1) were ob- 
served and other families of the generalised Sine-Gordon equations were discussed. In 
[21] these families of equations were written as 


070 oe у VI? — т? п-т 9 
ддт 21+1— J J 


for transitions (J > J —1), and 


ee 1 > (1+1? —m (J+)? фи? 
agdt  2+1—, J+ 1+1 
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for transitions (J > J +1). 

However, only DSG-equation attracts a noticeable attention due to its relations with 
physical problems. For example, the DSG-equation is the model equation for the 
charge-density waves phenomenon [71,72]. This equation describes the spin wave dy- 
namics in the B-phase of superfluid *He [73-75]. The DSG equation governs the stable 
2п -kinks in the theory of commensurate-incommensurate phase transitions [76,77]. 
The non-linear internal dynamics of dislocations in Frenkel-Kontorova model is de- 
scribed by this equation [78] too. More detailed surveys may be found in [79]. 

It is known [80] that the DSG equation is not completely integrable. So it does not 
have soliton solutions. However, there are steady-state solutions. The change of the in- 
dependent variables in (4.1.85) yields the standard form of DSG equation 


020 070 


0Е? ar? 


1.0 
=sinO+ sin, (4.1.87) 


where & =б-т, п=б+т. The steady-state solution of (4.1.87) [79] can be written as 


0(9) = 9% + 4arctan|coshd, exp(9 — 51) + sinhd | + 
+4 arctan| cosh , exp(9 —6,)— sinhd 5 |, 


cQO| { 2V 50 2 
G= -lm-€&]+9, =-— t— +3%,, 
a (2 hn 4 ay | =. о 


po 


(4.1.88) 


where 


and 6,, 6,, 63 , ),Q, V and 6, are free parameters. Of particular interest are the 
next four specific solutions of the DSG equation: 
I. This is the so-called 4х -kink [79-82] 


0(3)=4 arctan(exp[9 _ А]) + 4 arctan(exp[9 + А] ; (4.1.89) 


which follows from (4.1.88) under condition @,=0, 8,=-8,=A=In(2+5), 


6, = 0. The pulse envelope can be then written in the form 


g(t, 6) = 2Qsech(9 — A) + 2Asech(9-+ A), (4.1.90) 


40? 
= С... 
5+407 
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This steady-state pulse is shown in Fig. 4.1.8. 


Fig.4.1.8. 


4m -kink of the DSG equation 


II. It is the case of solitary wave named On -kink 


0(9) = 2л + 4 arctan(exp[9 — A])—4arctan(exp[9+A]). — (4.1.91) 


It follows from (4.1.88) under conditions 0) =2л, 8, = т-5, =A=In(2+ V3) and 
б. =0. The pulse envelope of the Oz -kink is 


q(t, 6) = 2Q sech(9 — A) — 20 sech($ + A), (4.1.92) 
V =407(3+407)'c. 


Ш. This solution was named the 4х — 26 -kink: 
0(3)=2 0 + 4arct | - [9] + 1) (4.1.93) 
=2n- arctan] —— ex а Ae 
В 15 


It can be obtained from (4.1.88) under conditions 9, =5-—27, 56, =0,0, =, and 
6, = 1n(5/3)/2 with the pulse envelope in the form 


2V15Q 


(tS) = 1+4cosh 9’ 


(4.1.94) 


V =1607(15+1697) ce. 
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This solution corresponds to the rotation of the Bloch vector from 4m — 6 at z > —o0 to 
+6 as 2 —> +00, so the total angle of rotation is 4m — 26. 
IV. This solution was named the 26 -kink: 


4 1 
0(3) =5-2n+4 arctan exp[9] - 1) | (4.1.95) 


It can be obtained from the expression (4.1.88) under conditions that 0) =2^-5, 
6, =0,6, =—co, and 6, =—In(5/3)/2. The corresponding pulse envelope is 


2V15Q 


aed) = Acosh 3—1” 


(4.1.96) 


V =1607(15+1697) "ce. 


This solution corresponds to the rotation of the Bloch vector from +6 at z—- to 
—6 as 2 —> +00, so the total angle of rotation is 4m — 26. 

These expressions allow to interpret the physical meaning of Q and V. So V is the 
group velocity of a steady-state pulse and © determines the pulse duration by the for- 
mula 


The numerical solutions for J = 2 and J = 3, obtained in [80], demonstrate all char- 
acteristic features of solitons. For example, when J = 2 the initial condition 9, = 0 cor- 
responds to an initially unexcited medium of the five-fold degenerated two-level atoms. 
The unique pulses, which propagate without distortion, are the double-humped pulses 
with pulse area 4m (4.1.90). The decay of the pulses converts them into the train of 
such 42 -pulses of different amplitudes. Two 47 -pulses can collide and pass through 
each other without a change of their shapes and velocities, but with the phase shifts, 
which are small. 

As it is pointed out in [83], solutions, corresponding to Om -kink, 4л — 26 -kink and 
26 -kink, are steady-state pulses in a partially inverted medium. Analysis of the integral 
curves related to the DSG equation on a phase plane yields four points of the rest, i.e. 
zeros of function 2510 + $11(0/2). These zeros are Ол, 27, 4% —6, and 5, where 
cos(6 / 2) =-1/4. These values of the parameter 5 label the steady-state solutions un- 
der consideration. 
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4.2. SIT -theory in frame of inverse scattering method. Polarised solitons 


The development of the SIT theory is characterised by its going beyond the framework 
of two-level approximation and by the spectral composition of the USP field becoming 
more complex. The latter means that the resonant medium interacts with radiation con- 
taining several carrier frequencies. Besides, such factors as the direct interaction be- 
tween resonant atoms, non-linear properties of the dielectric doped with resonant atoms 
and polarisation of the electromagnetic field should be taken into account. We shall 
consider now some of these further generations of the coherent propagation theory. 


4.2.1. SIMULTONS 


In a number of works [22-28,91] the ultrashort pulses propagation in three-level me- 
dium was studied. In the simplest case of this model the resonance levels have V, A 
and “cascade” configurations (see Fig.4.2.1.). It was determined [23-25] that, if the os- 
cillator forces for every transition in a V or a A configuration are equal, then a two- 
frequency pulse (characterised by two different frequencies of the carrier wave) is able 
to propagate in such a medium without the envelope distortion. An ultrashort pulse of 
the kind was called simulton [22]. 


Fig. 4.2.1. 


Energy level configurations: 


(a) Л, (b) V and (c)“cascade” (a) (b) (c) 


Further studies [26,27] demonstrated that the system of equation governing the evo- 
lution of USP in the case of V and A configurations are completely integrable. The so- 
lutions of these equations are solitons. The theory of simultons includes the infinite se- 
ries of higher conservation laws, Backlund transformation and non-linear superposition 
principle. The simultons are single-soliton solutions of the above equations. At the same 
time solutions occur which are responsible for the propagation and collisions of simul- 
tons. The oscillating simultons (colour breathers) are the two-frequency generalisations 
of Ол -pulse by McCall-Hahn. It is worth noting at this point that a simulton is gener- 
ally unstable with respect to transformation into one-frequency 27 -pulse [92] and may 
remain as two-frequency pulse only for a special choice of resonance level populations. 

In the case of “cascade” configuration the corresponding equations are unlikely to be 
completely integrable and to have soliton solutions. Nevertheless, numerical simultions 
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[24,93] displayed a solitary wave differing very little from a soliton. These solitary 
waves propagate without any significant distortion. 

The propagation of three-frequency simultons under triple resonance with simulta- 
neous non-resonant parametric three-wave interaction was studied by Zabolotskii [94]. 
This model can serve as a generalisation of a three-wave interaction. 

Dynamics of simultons under multiple resonance conditions was studied in [95-97]. 
We know both this model and the multifrequency simulton model do not provide com- 
pletely integrable system of equations. Numerical simulations free of any restrictions 
showed that a USP with a simulton-like envelope keeps its form steady long enough. So 
one may recognise it as nonrigorous SIT, though there are no soliton solutions of the 
corresponding evolution equations. 

Let the resonant medium consist of there-level atoms with non-degenerated reso- 
nance states. We shall consider the collinear propagation of two ultrashort electromag- 
netic pulses 


Ey = & 2 exp[i(k, 22 — 61 21)] +с.с., 


resonant to adjacent optically permitted transitions |1>—|3> and |2>—|3> in the A 
configuration @, ~@3,, @, *@,). The generalised Maxwell-Bloch equations under 
slowly varying complex envelope approximation can be written as 


0&, 1 0&, 270 \N, ( ) 05, 1 05 eit (d ) 
+ = = Е 
Oz с Ot i cn(@ , ) 13P31/> Oz c Ot : cn(@, ) о 
„ ОРз 5 ъ 
ih > =h Ао рз1 + 41 (Рзз — Ри) — 4з2Ро1 >, 
4 Орз2 5 > & 
И До рз2 + 4з2 (Рзз — P22 OE. — 431P 21% 
„ 9 P21 fe : aH 
ih, = (Aw, — Ар, + 431P 328 — 432P 31S) 
0 (P33 -Ри) fay St Е. 
и =—-2 Im(d3P 39S) ) — 4 Im(d31p 3) ), 
0 (P33 — Px) * 5.6! ie 
h — 227 = 4Im(d3P 39S) )— 2 Im(d31p 3,6, ). 


Here as usually p;; is slowly varying amplitudes of matrix elements of the density ma- 
trix of a three-level atom. Besides, Aw, =@,, —@, and A®, =@ 3, —@,. The veloci- 
ties of weak pulses in matter are supposed to be equal. 
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When the USP is in resonance with optically permitted transitions |1>—|3> and 


|1>—|2 > in V configuration @, ~@,,, @, ¥@3,, the basic equations can be written 


as following 


0& 108, 219 па 05 105  2nm,n, 
éz cot cn(@,) 12P21/> éz cot cn(@>) 


(Яврый 


„ Ор = 1S 
ih 5. =h A® ро: + 451 (Ри! — P22 )& — 431P32& » 
 OPs = 5 
A Аб 9231 + 43) (P11) — P33) — dy P3296}, 
 OP32 ve : 3. 
ИЕ OD — A ;)P 39 + d31P21S2 — ЧР, 


д a * * * * 
h aoe ри 4 Пп(4> ро: ) — 2 (Ч р: >), 


д cat * * * * 
h ee Pu) = —2 Im(d5,P2,&, ) - 4Im(d31p 3,6, ), 


where Ло, =®,, —@, and Aw, = 3, —@,. 

When the USP propagates in the medium under double resonance condition with the 
optically permitted transitions |1>—|2> and |2>-—|3> in the “cascade” configura- 
tion ©, ©@>,, ©, ¥@3,, evolution of the slowly varying complex envelopes and ma- 


trix elements p;; is governed by the following system of equations 


0S, 10& (2nw,n, 0S, 10% (2n@,n, 
=H (disor) “+ i 2 (dy3P39); 


+ 
„ ОР 5, : 5. 
ih 5 =h Аб ро! + 451 (Pr Ри), — 432P 318» 
„ ОРз2 = рее. 
а. AQ 5 P32 — 432 (р22 — P33)&2 +421P31& 
 O P31 5 5 
а Oe + Ас, )P 31 + dP 38, — ЧР, 
(Px -Ри) Е Е 
Е ИИ = 4 Im(d5 ро, ) + 2Im(d3)P 396) ), 
0 (P22 — P33) Hao Е 
jp = 2 пи(Ч ро ) + 41mM(d39P 39) ), 


Ot 
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where Aw, =>, —@, and До, =@3 -©.. 
Now we introduce the new normalisation variables to unify these systems. Here they 
are for V configuration 


sf +1 2 = 
Ч! =—d,,&t oh › | =—d,,&,t oh › 
U=P21>V=P31,W=—P32 ‚ И! =Ри ~ P22> M2 =Ри - P33; 
and for Л configuration 
2 -| ss bs 
Ч = —А И рй > | = —d,&yt oh - 


U=P3) »>V=P32,>W=Pj2 > И; =Ри1 — Рзз, M2 =Po22 — P33- 


Besides, we introduce т = (t-—z/ СЕ and б=2/Г , where L is a normalised factor, 


which is related to resonant absorption of optical radiation at frequency @ ,. In terms of 
these variables, we can write the unified form of evolution equations for these two cases 


Mie М (4.2. 1a) 
0 oC 
Ou, | о а ЧИ. . | 
— =Юи +“ и +ig,w , —=idv+ig,n, +4 м, (4.2.15) 
Ot Ot 
ee ey (4.2.1c) 
Ov 
On, р * * 5 * * 
Е =2К4и-аи )+Кау-4> ), (4.2.14) 
On, а * * 3 * * 
ae =Каи-аи )+2i(q,v—qpv ). (4.2.1е) 


Here we assume that, for partial carrier frequencies ®,ап@ @,, the conditions 
5 = (@, — Oy, tno = (Oz — 3 )t и and 5 =(O, —@;,)t,o =(@, — O53, )t,9 are satisfied. 


The parameter y is the ratio of oscillator forces 


_ @ldish n(@,) 


5 , for V configuration 
@|d),|" n(@>) 


and 
= © > |453 (Фу) 


= 5 , Юг A configuration. 
© |1 n(@2) 


SELF-INDUCED TRANSPARENCY 181 


We can also rewrite the evolution equations for the case of “cascade” configuration. 
Let 


Ч, = —dy,&t oh’ 42 = —dy Got yh, 
U=P 21 .>V=P32,W=P31> п, =Ри — P22. M2 = P33 — P22- 
6, = (65, — @, )t 


ро? 5, =(@3 =O) Ge 


Then the normalised equations are 


д д 
Fi = и), “12 ЕР», (4.2.2а) 
0 06 
ди _. ‚+ Ov ‚+ 
— =i6,ur+ign,-—ig,w, —=id5,v—ig,n, +ig,w, (4.2.2b) 
Ot OT 
ON i ee о (4.2.2c) 
Ot 
On, é * * J * * 
ЕЕ 2i(q,u—q,u )+Ках-а» ), (4.2.2d) 
On, : * * х * * 
oe =i(q,u-—qwu )+2i(q,v—qyv ). (4.2.2e) 


We can see that for the “cascade” configuration Bloch equations differ from the equa- 
tions (4.2.1.). 

Generally speaking, system (4.2.1) cannot be integrated by IST method. The reason 
is clear from the following. There are two lengths of non-linear compression or resonant 
absorption in three-level systems due to interaction of the double-frequency USP with 
two different transitions. The equality of these lengths is necessary for solitary steady- 
state wave to exist. This condition can be written in the form y = 1. At the same time, 
system of equations (4.2.2) is not known to be integrable under any conditions. 

The integrable version of unified system (4.2.1) coincides with the generalised 
Maxwell-Bloch equations in the certain case of USP propagation in the resonant me- 
dium with degenerated energy levels. Now we turn to these instances. 


4.2.2. THE POLARISED SOLITONS 


In this section the equations describing the ultrashort pulse propagation in resonant me- 
dium with the degeneration of energy levels will be introduced. The resulting equations 
are to be rewritten in the homogeneous form, so that we will be able to observe their 
solutions and properties from the common point of view by considering vector and ma- 
trix solitons. 
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The case of one-photon resonance 

Let us consider the resonant medium as an ensemble of two-level atoms embedded in 
the linear host medium with the index n(w). Let the optical pulse propagate along axis 
z and Cartesian components of the electric field strength vector be presented in the form 


E“(t,z) = ©" (2) ехр(- i@ t+ ik,z}+ Ce: 


The carrier frequency ® ) =k oc is in resonance with the frequency @,, =(E,—E,)/h 
of an optically permitted atomic transition 7, > j, between energy levels Е! and £) 
degenerated over the projections т and / of the total angular momenta j, and /,. 


In a general case the evolution of the envelope of the ultrashort pulse and states of 
the resonant medium are described by the system of equations 


Ge MO Veep 
[24126 =i(2no,n, Га Иер Pim |» 


д 
cE: -i80 р. = Lae De. -У Si, P mn } 
a Jj m 
Dy = iD Yas" 9 р» 28“ 6.) (4.2.3) 
а 1 


д А 
Ри = ITY (459 ры _ 45" 9 рт) 


In these equations d is the reduced dipole moment of atomic transition defining the ma- 
trix element of the dipole operator 


de, = Sid = cre eee ‘Nt 
—та l 
written by means of the 37 Wigner symbol. Index a = +1,0 labels the spherical compo- 
nents of the vectors under consideration. In the case accepted here d° =d_, 
d*!=F(d, tid ae 2 а. Indices x, y and z denote the Cartesian components of vec- 
tors, Ло = (©, —@,,) 15 the frequency detuning from the centre of the absorbing line. 


Angular brackets mean a summation over all frequency detuning within the inhomoge- 
neously broadened line. The slowly varying envelopes of matrix elements of the density 
matrix р are determined as 


Par =(irsml6| i252), Pre = (ИВ, рыть = (Лт Лт"), 
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It is convenient to introduce the independent variables т = (¢ — z/c)t- 505 6=2/ Га» and 


the normalised pulse envelopes g, = d&“t ene , where L, is defined by 


L, =(2n@,d?n4t,/cn(o)h) 


Hereafter n4 is a density of resonant atoms. The system of equations (4.2.3) with the 
initial condition 
&*(t,z=0)=&@ 


and the boundary conditions 


©“ (t > +00,z) = p,,, (t > +00,z) = 0, 
P(t > 400,2) =0, р„„(Е-— 400,2) =5 


form the boundary problem for which the exact solution is not known in the case of ar- 
bitrary values Л and /2. But the certain choice of transitions Л =0<> /, =1, 
Л=1—> j, =1, and Л =1/2 -> j, =1/2 makes this system of equations exactly in- 
tegrable. Its solution can be obtained by the inverse scattering transform method [16], as 
it was shown in [30,31,33]. 

Generalised reduced self-induced transparency equations (GSIT equations), for tran- 
sitions д =0<> j, =1, Л =1— j, =1, can be represented in the homogeneous form 
[30,31]: 


0q; 
ет В. Р® | 
06 ps i 
[вы j= _ q,N®), (4.2.4) 
“a 


дм? 


»\ ON 
(4* p(a) (a) ce * p(a) (а)* 
ре -ае®} —_ я Уре -4,P). 
J 
If we consider transition 7, =0— 1, =1, then in (4.2.4) we assign 
q, =4&'t,,/h, B,=1, В, =0, (4.2.5a) 
for transition Л = 1— j, =0 we have 


q, =46't,,/h, B,=0, В, = (4.2.5b) 
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and for transition 7; =1— j, =1 we have 
q, = jd&’t,,/h/2, В, =B, =1/2, (4.2.5c) 


Everywhere here the sub-index and upper index take the values / = +1, and the deter- 
minations are used as following 


PY = (72018 jist)» PP = Jas J)0 4.0), 
= зов F250 > м =—л.0Вл,0 > (4.2.6) 
М = Л.Л» › Mi = АПВ Л] . 


The case of double resonance 
Let the double-frequency USPs with the electric field strength 
E‘(t,z)=&6/ ехр(- i@,t + ik,zH&$ ехр(- i@,t + ik,z) + с.с. 


propagate in the linear medium containing resonant impurity atoms. The carrier fre- 
quencies are satisfied to the double resonance condition 


0, *|E,-E,|/h, @,~|E,—-E,|/h, 

where E, , E, and Ех are the energy of the resonant levels characterised by the total an- 

gular moments /,, /ь, /‹ and their projections та, ть, т. on the axis of quantisation. 
Depending on the positions of E, , Еь , and Ес on the scale of energy we will distin- 


guish three configurations, namely 


e V-configuration: Еь < Ea < Ес; 
e Л -configuration: Ea < Ес < Ep; 
e Cascade configuration: Ё < Еь < Ес. 


In the case of arbitrary values of the angular momenta j,, /ь, j-, the equations, de- 
scribing the evolution of the USP and the states of resonant medium present the cum- 
bersome system of equation [32]. Here we shall consider only the case of ja =j¢ = 0, № = 
land j, = 7, ЕТ, 7. = Оа$ the examples. 


Transition j, =j.=9,j, =1 


If we introduce new variables t= (t—z/ Е ‚ С=2/Ё, and define the normalised 
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vector pulse envelope 4, › = d&, ot a ae then the GSIT-equations will look like the fol- 
lowing [32,59]: 


aq \’ 


г = | Dahm, -q,N, aR}, (4.2.7) 
г 


* * OM * * 
ЧР" 45 Pi), B= AD ГР -ч,Р,), 
J 


о ии of Ft) 


k 


In these equations we have 


q = dt o/h, q> =d Sto /N, 


(4.2.8) 
р. =( 1.0 В Ль› К) р. =( 1..0 р Ль›К ‚ Ми= р р Jools 
N, и 720 р 10), М, = 1..0 р 1.30 2 R= 30 р ИО 
for V-configuration, and 
q =а, ль /Й, q> т /h, 
(4.2.9) 


og = Sik p узо Re = Janke p Jy20 > Ми = (jot p А > 
№ =— 1..0 6) ЛО), №, =— 1.0 В Л..0), R=-—j,,0 6 j,,0 


for A - configuration. 


The following expressions serve as the boundary and the initial conditions for the 
equations (4.2.7) 


G,(t,6=0)=G (0), 
and at | т |-> со 
4.0) -0, Раб) 0, 2(,0)>0, 
М и(ъ,6) > m,6 N (4,0) > п. 


ml? 
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In (4.2.7) the length of absorption is determined by the formula 
2D: —1 
L,= (бло, [Ч [Пай po /cn(w)h) ; 
and we expect the oscillator forces to be equal, 1.е., ® |4 = @5|d.,|" 
Transition j, =j, =1,j. =9 


For this case the system of generalised self-induced transparency equations can also be 
written in the homogeneous form [37, 59]: 


да’, 
jp—=(P'), 1,1=12, 
06 : 
© _ inet, | =] УМ, +9: 8: ЧМ 
ar AOL 9 | = Iai tk + 9h JON > 
1 
Аа Рена = My +4) Ry )— iN (4.2.10) 
a po 12 = 92 к TON J Jo LV |, =. 
ОМ ; + * . 
и = ар! - am = -i(g!* P! - ав") 
Ov 
OR, * * * 
=" 48"). °— Te Py — 4 PF), 
т К | 
In these equations indices k,j,/ take only two values -1 and +1. 
For V-configuration we have 

Ч = Ч /®\З, qo = dst yo /hv3, 
Pf = В Jy 20), Pi = ЛЕВ j,,0), 
Ми = Fast P Fak Ky = Jest |P Л.,-К), (4.2.1 1a) 
Ry =— АЛ), №М=—Л».0 р j,.0 

For A -configuration we have 

ie dt po 153, = 4.51 /hy/3 

В" = ЛВ Л.Е), Py = 0 р jerks 

Ми =, В 1» Ки =k IP 7.2!) (4.2.11b) 


Ки = у р Fisk > 


N= j,,06 7,0, 
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Everywhere above р is understood аз a slowly varying amplitude of the density ma- 


trixes (speaking more correctly, this is a density matrix in the interaction picture). The 
length of absorption is determined by the formula 


L, = бло, |dy, ? t,o24/3cn(@yh) 
We also assign the equality of the oscillator forces 
Old! = Oleh - (4.2.12) 
The boundary and initial conditions are the same as in the preceding case. 


4.2.3. ZERO-CURVATURE REPRESENTATION 
FOR THE GSIT EQUATIONS 


In order to use the inverse scattering transform method for investigation of the solutions 
of the considered systems of GSIT-equations, it is necessary to represent these equa- 
tions in the form of the condition of integrability for a set of linear equations [98-101] 


OV /dt=UV , OV/AC=V¥, (4.2.13a,b) 


or in a matrix notation 


00 av 
aia 7, 0]. (4.2.14) 


In equations (4.2.13) and (4.2.14) 4 =colon(y,,w,,...,W,,), functions U(A) and V (A) 


are (NxN) matrices, depending on some constant complex parameter /, (it is spectral 
parameter or eigenvalue of the spectral problem under consideration), These matrices 
also depend on both the dependent variables of the non-linear equation under considera- 
tion, and their derivatives. 

The important problem now is to find matrixes U(X) and V(A) in order to obtain 
the considered system of the GSIT-equations from (4.2.14) for any 2. For (4.2.4), 
(4.2.7) and (4.2.10) this problem was solved in [30-33, 37] by using previous experi- 
ence and some prompts. But now it is possible to derive the results of these works, i.e. 
the zero-curvature representation of the GSIT-equations in a more formal way. 

Notice that usual SIT-equations (or reduced Maxwell-Bloch equations) have zero- 
curvature representation with the U-V-matrixes, which belong to AKNS hierarchies [98, 
99]. The electric field of USP in this case is described by the scalar function q(C,t). In 
the case considered here we deal with the vector value which describes the envelope of 
the USP q,(¢,t). It is natural to find the zero-curvature representation of (4.2.4) in the 
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vector expansion of the AKNS hierarchy. On the other hand as we can see from equa- 
tions (4.2.7) and (4.2.10) the electric field of USP is characterised by matrix 4, т: 


Consequently, it is necessary to pay attention to the matrix expansion of the AKNS hi- 
erarchy. 


Vector variant of the GSIT-equations 
Let us consider the vector expansion of the AKNS hierarchy. Let U(A) and V(A) be in 


the form 
а reyes 
(A) | Е an) Сс D 


where O, К, В, С are the N-components vectors, I is a matrix unity, D is the (NxN) 
matrix. The AKNS-like system of equations follows from (4.2.14) 


OA = 


ОВ = BR On COO. 
T От 
OF 958 AO новее. (4.2.15) 
Ot 96 
OC сие DR. 
OT С 


where dots mark the internal (scalar) multiplying, i.e., (а. В) ‚ =а,Ву, а b= a,b, , and 
symbol ® serves for tensor multiplying, 1.е., (@@b),, =a,b, 
The system of equations (4.2.4) can be rewritten by using vector notation 


= ВР“, 


06 
D(a) a 7 
< aaa Лор“ —ig-M“ +igN™, 
7 (a) р oes, 
— = -i(7° @ P — B @ 4), (4.2.16) 
oN” 


WO lg or _g* pen) 
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Let O=y 19 » R= 1d and it is assigned that 


B= (Ds, сое ‚ C= 2 с, вое") 


Utilising the last two equations Нот (4.2.15) and the equation for the envelope of the 
USP one can find that 


b,(A) = 118, (2 +46)", с, (А) =-1,В,(2^+46)", (4.2.17) 


= (рим b= (увьйи (4.2.18) 


where the shortened designation is used ((...)) = (...(22 + Aw) ') | 


апа 


Taking B and C into account, one can find from the first two equations of system 
(4.2.15) that 


ния (имо 5- ви (вый (4.2.19) 


Comparison of the expressions (4.2.18) and (4.2.19) makes it possible to find parame- 
ters у, and у, which satisfy the condition: угу, =-1. For the sake of certainty let 
у, =Y, = —i. Thereby, we obtain zero-curvature representation or U-V-pair for the sys- 
tem of equation (4.2.4) or (4.2.16): 


: 2 
GOs ek (4.2.20a) 
—iq И 
(@) pla) 


Раз (в.а. Ре [№ a (4.2.20a) 


Matrix variant of the GSIT-equations 
Now the matrix expansion of the AKNS hierarchy will be considered. Let U(X) and 


V(X) have the form 
. -iMl В ‘ А В 
U(A)=| о, ИМЕ А 
О М C р 


> 
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where O , R | А : B : С ; D are matrices of (NxN) size and N>3. That is a particular case 


of the more general approach considered in a number of works [102-106].The system, 
named matrix AKNS, follows from (4.2.14): 


aD _ 
OT 

OF in + 40-05-99. (4.2.21) 
T 


0G 
ac OR 


04 ос _ BR. RB-CO. 
OT 


—=2iiC = RA+DR = — 
OT 96 


System (4.2.7) can be transcribed in the matrix form by introducing the (2х2) matri- 


ces 
ооэ-[ | оэ-[# : - 


1 
—1 +1 
P, P, 


42 42 
м В у ee ee 
wa=[ ; } n= = | 
R N, М М a 
Now equations (4.2.7) can be rewritten in the form 
OO ja 
a = -i( P), 
oP 5 
> aot poh +i(NO- OM), 
OM ЦР" 0-0°5), “=i(P0" 05°). (4.2.22) 
T T 


By referring to (4.2.8), (4.2.9), it is worth to note that № and М are Hermitian mattri- 
ces by their determination, i.c., N* =N, М* =М. 
Alike the preceding case, we expect that 


О = 7, О0(С, 7), R= 7.0" (6, т), 


B=(bA)PG1)), C=(c(A)P*G1)). (4.2.23) 


Taking into account equations (4.2.22), substitution of (4.2.23) into the last two equa- 
tions of the system (4.2.21) yields b(A) = -y, (24+ Aw)", c(A) = -7, (20+ Ao) |, 


SELF-INDUCED TRANSPARENCY 191 


and 
B=-y,((P)), C=-7,((P*)), (4.2.24a) 
i(b(2)(NO- O7)) +7 ,(46- OD) = 0, (4.2.24b) 
i(c(ay(O" N - MO*))+y,(BO* - 6" A) =0. (4.2.24c) 


It follows from the first two equations of (4.2.21) and (4.2.24a) that 
A= Ay —iy\y,((N)), Б=ВБ,-ни, (М), 


where А, and D, are integrating constants. These results are in agreement with 
(4.2.24b) and (4.2.24c), i.e. these relations must be identities. It is reached if 
A, =D, =0 and уу, =-1. By choosing у, =y, =—i, we are able to write U-V-pair 


вод | го [1 ee (4.2.25) 


explicitly 


These matrices constitute the zero-curvature representation of the GSIT-equations 
(4.2.7). 
The case of double resonance with j, = 7, =1 and j, =0 described by the system 


of equation (4.2.10), does not provide the new type of the AKNS equations. In order to 
show it, equations (4.2.10) should be rewritten by introducing the vector designations 


which correspond to the space of polarisations 4, = {q;',9/'}, P,={P', P*'}. Then 


equations (4.2.10) will be re-written as 


oc 06 

72) Se, ik 4 

St = ido oF —ig,-M —ig,-R* +ig,-N, 

OP, а ee eee 

Be Мы, — М, “K-ig,-R+ig,-N, (4.2.26) 
OM „.[-* pas 2 ж* = OK „.[-* a aK = 
<= - lg ®Р-В @4,), <= iG @8, -F 84,) 
OR .[--* a > = ON . > ъ* >* > 
<= igi ®В-Р ®4,). = 7D, ®Р - 9, @B,). 

п 
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Hereinafter, one can define the vectors (and matrices) in the space, which presents the 
direct sum of the space of polarisations and the spaces of “colour” 


4=4, Фа, = т, а, gs ГА ‘lp POP. (P| Php pH). 
M,=M, M,,=R, a, И 


In terms of these designations equations (4.2.26) will take the form 


09 _ 15 
ЕЕ 
= = iAot,,P —ig-M +igN , (4.2.27) 
T 
<* --i(f' @P-P* 94), = -iG- P= 4" -P), 


where internal (i.e. scalar) and direct (i.e. tensor) products are extended to the case of 
the direct sum of the vector spaces. 

It is seen now that the system of equations (4.2.27) complies with the (4.2.16) by the 
form. Consequently, it is possible to write at once the U-V-pair for the system of equa- 
tions (4.2.10) in the given designations. 


—ig 


Е } V(A) = (4.2.28) 


А —iA 
00. = | Sas 
—iq idl 


This result was presented in [32, 37]. 


4.2.4. SOLITON SOLUTIONS, INTEGRALS OF MOTION, AND 
BACKLUND TRANSFORMATION 


If we know a zero-curvature representation of the GSIT equations, then the large num- 
ber of the exact results referring to these equations can be found. So multiple-soliton 
solution can be obtained by solving linear algebraic equations following from the sys- 
tem of Gelfand-Levitan-Marchenko equations. This approach was presented in [37]. It 
bases on the results from the article by Manakov [107]. Equation (4.2.13a) with U (A) 
in the form (4.2.20a) is the spectral problem considered in this work in detail. Equation 
(4.2.13a) with U (A) from expression (4.2.29) is the same problem, but with the matri- 


ces of a greater size, i.e. it is a (5x5) matrix. The alternative approach will be presented 
here based on both the representation (4.2.13) in the form of Riccati equations and the 
Backlund transformations following from representations [27, 32]. 


SELF-INDUCED TRANSPARENCY 193 


Backlund Transformation 
Let us determine vector Г as Г= colon(y, Или, лу, Ими... х/ф), where it is sup- 
posed that y, * 0. Then from (4.2.13) we can get the system of equations 


Or, /év=R, + 2iaT, -(O-D,, (4.2.29a) 
OV, /dG=C, +(D,, — 46,,)0, -(В.ГГ.. (4.2.29b) 


On the other hand, if the condition 


0 [Г _ д [дГ 
Ot\ 06) 0С\ ot 
is valid, then system of equations (4.2.29) yields the AKNS-system (4.2.13) so, that we 


may consider (4.2.29) as an alternative to (4.2.13) and forget about the assumption, that 
y, 40. 


Now we may consider equation (4.2.29a) as the rule to transfer any “potentials” 


R=-O' and О into “pseudo-potentials” Г and parameter 4. The potentials О forms 
a set of solutions of the considered system (4.2.15) if we use both equation (4.2.29b) 
and equation (4.2.29a). In the space, formed by pseudo-potentials Г and 4, one can 
assign a transformation (map) (Г, Л) > (Г.А), so that equations (4.2.29) keeps their 


form. It is possible when the transformation of potentials is done simultaneously with 
the above mentioned. This transformation was named the Backlund transformation 
(adding “in the pseudo-potential form’) [96,108,109]. 


Let Г-> Г’, then in accordance with (4.2.29a) one has 
Г" / Ot = R'+ 2iT' -(O'- ГГ" 
If we expect that [’ =I ,A'=A", then this equation will take the form 
OV /dt = R'+2iNT -(O'-T)T. (4.2.30) 


By taking into account R =—O", from equations (4.2.29a) and (4.2.30) we obtain that 
AO = О'-О expresses as ДО" = -2i(1 -° )T —(AO-T). 

By assuming AO = гг : where (Г) = f(T) ,we can define the function 
i ( I) and the final result has the form 


—1 


O' = 0-2(.-N)T(HT?) (4.2.31) 
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Now let us consider the matrix AKNS-equations (4.2.21). One may be convinced 
that the equations alternative to equations (4.2.13) in this case are the matrix Riccati 
equations 


OF /dt = 2if + R- FOF, (4.2.32a) 
of /at=C+DF-FA-FBF. (4.2.32b) 


д [= - д (=) 
dtl ac) acl at 


the system of equations (4.2.21) follows. 


From the condition 


If we make a transformation А > F ', Л, — Л’ then the conservation of the form of 


equations (4.2.32a) must be ensured by the additional transformation O > on ; RRS 
Let 


* 


ОО’ HEN: 
It can be obtained from the equation for F' with the account of (4.2.30a) that 
0=2i(A-A )F+A0* +FAOF, (4.2.33) 


where AO = О'’-О. Let us assume that AO = f(F)F , det f #0, and Г(Ё) isa real 
function, which is necessary to be defined now. From expression (4.2.33) it follows 


0=2i(A-20')+ f(F)+ Х(РЕ" Е. 
Thence we can find f (Р) and formulate the transformation law for O 
А А . *) A+ —1 1 
O'=O-2(A-M)F*[l+d7 WFP), (4.2.34) 
where d is the dimensionality of the space which O and Ё act to, ie. here d=2. 
Vector and matrix solitons 
The generalised SIT equations, called here as GSIT-equations, present the USP propa- 


gating in the resonant medium and keeping its form. In order to find a soliton solution 
of these equations, formulae (4.2.31) and (4.2.34) may be used. But, beforehand the 


pseudo-potentials Г or F should be determined accordingly. If one is interested in sin- 
gle-soliton solution, then the pseudo-potentials for the trivial case, when O =0, O =0 
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(i.e. when the USP is absent) should be found. Then О’ and О' accordingly from the 


(4.2.31) and (4.2.34) will be the single-soliton solutions. 
Consider firstly the vector USP, i.e. the relationship (4.2.31). From equation (4.2.29) 
it follows 


W,/ar=20T,, &,/0C6=-(45,, -D,,M, . 


The boundary conditions for (4.2.4) yields diagonal matrix D = (D,,,), А is simply the 


constant 
D=i(B,))i, 4=-i((B,)), 

so that 

Г, /0G=RAT,, 
where 

(21. + Дог) 
Thereby, it is possible to find Г 
Г, =C,, exp[2iat + RAC], (4.2.35) 


where C,, is an integrating constant, which has been chosen as a real vector for the 
sake of simplicity. Substitution of (4.2.35) into (4.2.31) with the account of 
O=0,0'=-ig provides a solution of equations (4.2.4) 


4nC), exp|- 2nt+ R’Clexp(i) 


qa (т, О) = 1+| С. р exp|- 4nt + 2K'C] 


where ф=-—2&т + R"C, A=E+in, and R(A)=R'+iR". 
After introducing the unit vector 7 = C,/\C,| and a new constant т, = In| ©. |/2n 


[27,30], g,(t,¢) can be expressed by the following: 


а. (<, 6) =1, 2nsech|2n(t — то) — R'C]expfio(t, 1. (4.2.36) 


This formula gives the soliton solution of the system of equations (4.2.4), which corre- 
sponds to the USP of self-induced transparency or the polarised 27 -pulse. 

We can get a matrix generalisation of the 27 -pulse, which is the two-frequency po- 
larised 27-pulse in the similar way. Let us consider the relation (4.2.32), in which 
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O =0, and let F be a solution of (4.2.30) under O =0. When USP is absent, the medium 
is in the ground state, so that 


& и . ie Е . 
М = Й N = 5 
0 m 0 пм, 


consequently equations (4.2.32) will take the following form 


OF /év=2i.F , OF /OC=RF , (4.2.37) 


where K =i (21+ Awt Pid diag(m, —n,, mM) —n,). Solution of these equations can be 


written in the form 


Е» = 1/2 COC exp[2iat + K,)C], (4.2.38) 


ab 


where К, (A) =i (2A + Awt ah (т, —n,), and the integrating constant is presented in 


the form of a direct multiplication of a vector from the space of polarisations C and 
vector from the space of “colours” (or frequencies) C. Alike in the preceding case of 
the vector solitons, these vectors may be chosen real (that means that we ignore the con- 
stant phase of the USP envelope). Substitution of the relation (4.2.38) into (4.2.34) with 
the setting О' = ~iO allows to write the following expression for the jth component of 
the envelope of USP 


2. 2mCC® exp 211+ K'6-io, | 


(= = ‘ 
О, (49) 14} C® pom exp[- 4nt + 2K/C| 


(4.2.39) 


where the polarisation is marked by the index А, A=€+in, 9, =2€t+K'C and 

К, =К, +Ж,. If to introduce the orthogonal unit vectors in spaces of polarisations 

7 and “colour” 7, so that CPC? = 1,1 | С® | С° |, and to define parameter 

t, by the formula т, = In(( С® 1 E@ | 21 , then the expression (4.2.39) can be trans- 

formed into the following form 

2. 2m i? exp|- 2n(t- t,) + K'G— i, | 
1+» `12? exp[- 4n(t — t)) + 2K/C] 


Q, (1,6) = (4.2.40) 
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If only the lower resonant atom level was populated, then 


n,=0, т, =1, К, =K, =K =i((21.+ Aot,))” . 


J 


The expression for О, ;(t,¢) will take the form of the well known 2х -pulse: 


O,; (1,6) =2. 211 sech[2n(t — то) = K Clexp[-ip(t, Q)] - 


Conservation laws and integrals of motion 

The fact that generalised self-induced equations (GSIT-equations) allow zero-curvature 
representation leads to the existence of the infinite number of relations in the form of 
the equations of continuity 


"+" =0, n=1,2,3,... (4.2.41) 


where 3, and 8, are the functions of the variables from equations (4.2.4), (4.2.7), 
(4.2.10), and their space derivations. Expressions (4.2.41) are named the (local) conser- 
vation laws. If the boundary conditions on the Т -axis is %} =), where 


я,“ =lim®,,, at t— +00, then 


и [Зин and 3, = [3.4 


~ 


The quantities 3, can be understood as the integrals of motion. 
It is necessary to emphasise that the structure of 3, and 8, was defined by the lin- 


ear equations of IST method (4.2.29), or by their alternative Riccati form versions 
(4.2.32). 


Let us consider the case of vector expansion of AKNS-equations. Let О = (Г. 0) 
and, by using the (4.2.15) and (4.2.29b), one may find that derivative O with respect to 
С has the form 

00 _ дА i (Г.В) 
06 «Ot Ot 


Then 


O09) _ 2 (Г.Б). (4.2.42) 


198 CHAPTER 4 


Here Г =Г(О,^.). The conservation laws must not contain parameter 1. Following 


the standard procedure from [99-101], the pseudopotential Г can be expanded in a 
power series of (2iA)?: 


T(O,2) = > (2A) "PF (0). 
n=1 


The (4.2.29a) relation results in 
2iM(T -O) = (Г.0)? +(0-0') +(O-OT / At). 


The substitution of the series for T(O,2) into this relation and equating the factors at 
the same degrees of (2i1)' give rise to the recursion relationships for the determina- 
tion of Г“ (0) 


(n+l) or” Ge (m)(qfr(n-m) A 
Г а. ce" -O), п>3 
Me (4.2.43) 


Го - 0", FO-= д0` 
j Ot 


We can obtain now the set of the conservation laws from equation (4.2.40) after the sub- 
stitution of (4.2.43a) and expanding of A and В ina power series of (2iA)”’. 
If limB=0,limA= A* at Т-> +0 and A* =A, then the quantities 


3,= | (Г®.Общ, п=123,... 


form an infinite set of the integrals of motion. Аз ап example, it is useful to demonstrate 
here the first three integrals 


5 = fOr, 3= fOr, 5- [6224607 


(Я 


—0 


Let us consider now the matrix form of AKNS-system (4.2.30). By using the equa- 
tions (4.2.32a) and (4.2.21), we can get for O= OF the following expression 


OA 
+ 
OT 


00 _ 0B 


Е я 
a ot не [А, OF]+[BF, OF]. 
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Thence we can see that after calculating the trace of all matrices in this expression the 
following relation holds 


Г: tr(OF) = 2 - (A + BF). 


As in the preceding case, F is expanded in a power series of (271)! 
ЕО.) = 121A)" FO). 
n=1 
Equation (4.2.32a) results in 


2iM OF) = (OF)? + (OO0*) + (OOF / ét). 


Substitution of the power series of F in this equation and equating the factors at the 
same degrees of 2)" yield the recursion relationships for Е” (О) 


(n+l) orm зы (т) ив (п-т) 
A iar (4.2.43b) 


PO =g*, pe 82" 
| OT 


If limB=0 | lim4=A™ and AM = АС) as > +00 , then the integrals of motion are 
in the form 


3 = | tr(F O)dt, n=1,2,3,... 


For instance, 


5 = [00° 3, - [обо мк, 3, = [109 9` +00" lat 
Е. г Ot" 


We can see that the form of these integrals is the same as considered above. 
4.2.5. INTERACTION OF POLARIZED SOLITONS 
The solitons (both vector or polarised 27 -pulses (4.2.34), and matrix or polarised two- 


frequency pulses (4.2.38)) obtained here, differ a little as a separate USP from 27- 
pulses by McCall-Hahn [1,2], which are the scalar solitons of the SIT equations. The 
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polarisation of solitons, as an additional degree of freedom, manifests itself in an inter- 
action between them. Such interaction is described by multiple-soliton solutions of the 
GSIT-equations, which we can find by the IST method, basing on (4.2.18), or (4.2.23), 
or (4.2.26) and by using standard procedures of the soliton theory [100,101]. 

Let us consider a collision of two vector (polarised) solitons as an example of their 
interaction. Instead of searching for the two-soliton solution it is possible to use more 
simple procedure, described in [100] for the case of scalar solitons. When ¢ —> +00 two- 
soliton solution transforms to a pair of space and time diverged solitons. If one consid- 
ers that as € + —oo there are two single solitons before the interaction, then as С —> +00 
these solitons should be understood as solitons after interactions. It is important to know 
how their parameters have changed with respect to the initial data. 

For further purposes some information on the spectral problem of the IST method 
(4.2.13a) with matrix U (X) in the form (4.2.18) is necessary. The spectral problem with 
such a sort of 0 (4.) was first reported by Manakov [107] to describe the self-focusing 
of the polarised light beams. 


Manakov’s spectral problem 

As it has been noticed above, the advantage of a representation of non-linear evolution 
equations as a condition for zero curvature consists in the possibility to solve the 
Cauchy problem by means of the auxiliary linear equations (4.2.13a). One of them 
serves to pass from the functions desired to scattering data of the 00.) operator. Let us 
write the equations of Manakov’s spectral problem in the form 


oy, /Ot+ihy, +, +, =0, 
(4.2.13с) 
Oy, /Ot—ikw, tig;w, =0, ду, /0т-Йлу, чм, =0. 


If the potentials decrease rapidly enough as t— +o, then the solutions of this system 
of equations is uniquely determined by one of its asymptotic forms for tT — +00. 

There are two sets of special solutions known as Jost functions for the spectral prob- 
lem (4.2.13c). B (1,4) and ¥(t,A) (i = 1,2,3) are defined as the fundamental solu- 


tions of (4.2.13c) with the following asymptotic at real A=, as t> —©, 


1 0 0 
Ф® >| 0 Jexp(—iEt), Ф® >} 1 Jexp(+iEt), O° >|] 0 lexp(4iét) , 
0 0 1 
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and, as t—> +00, then 


1 0 0 
PO | 0 ехр(-&%), YO >] 1 Jexp(+iét), 4 >] 0 |exp(+iér), 
0 0 1 


The transfer (or scattering) matrix 7 in frame of the Jost functions is defined as 
3 
O68) =), OK (GE)- (4.2.44a) 
j=l 


The eigenvalues of the spectral problem (4.2.13c) are found as the solutions of the equa- 
tion 7,,(A)=0. 

If G(t,¢) decreases sufficiently quickly as т—> +00, then T7,,(6), OE), PO (Е) 
and ¥)(&) are analytically continued in the upper half-plane of the complex variable 
r,and ФС’ (&), ФС? (Е), ¥ (&) are analytic for Ima <0. 

Let 2, be the zeroes of 1, ‚ 1.е. 7,,(A,,)=0, n =1,2,3,...,N (ImA,, >0). Then 


DB (1,4, = COV (1,2, )+С® Ч (TA). (4.2.44b) 


The set of quantities Т..(&), С, C” and the zeros of 7, establish scattering data 
q ij 12 13 И 5 


which are unambiguously determined by the potentials of operator in (4.2.13a) (variable 
fal plays the role of the “renumbering” parameter for all potentials corresponding to 
these scattering data). The solution of the inverse scattering problem may be obtained 
on the base of the singular integral equations from Manakov’s article [107]. It is possi- 
ble to use an alternative approach based on the system of Gelfand-Levitan-Marchenko 
integral equations, which were presented in the article by Kaup [131] and in [101]. 
These equations have the following form 


- оу) = DA (e+ ye + У [ROW DK E+ dz, 
23 b=2,3 x 


RO, y)=Fyrt ye + [KODE + y)dz. 
(п) 


№ С со 
Еь(у) ==> —^<ехр(Й.,у) + 
" >. Т/ (^,) | 


qi (A,,) = (dT, /dr\(r,,) ? 


текие Vi ge 
277, ® ” 
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where К, К and gare the three-component vectors, (&®), =8,,, b =2, 3. Po- 
tentials 4(т,С) are expressed in terms of solutions of these equations under the limiting 
transition т’—>т+0 


ij? 


ig, (1,6) = -2K\?) (t= О” (Е 
iq, (1,0) = —2к® (Ее OK (t,7’). 


Here the lower index of KOK? numbers the elements 7 of the column vectors 


KK. The system of Gelfand-Levitan-Marchenko equations can be reduced to one 
integral equation 


~K (x,y) = DF yet Ve + ох, УЕ + [ КФ) y)dz , 
b=2,3 bs 


where 


R(xX;x',y)= >» LA, (x'+z)Fi,(z+ y)dz. 


a=2,3 x 


It is convenient to obtain the quantities к ,a=2,3, from the following equations 
~ KO (x,y) =F (x ty) + | KO (ах, 2) (аут, у)? 


There are specific solutions of the GSIT equations, which scattering data of the 
spectral problem (4.2.13a) at C=0 are nontrivial only for a discrete spectrum, which 
means they are characterised by a transfer matrix with zero non-diagonal matrix ele- 
ments on a real axis Т,(&)=Т, (&) =0. That is a reflectionless potential. Solutions of 
this kind are usually called N-soliton solutions, according to the N points of the discrete 
spectrum. They correspond to the functions Fj, (x) defining the kernel of the integral 
Gelfand-Levitan-Marchenko equations, 


N Cc” N 
Вь(у)=- —¥ — exp(ii.,y) = >С expGA,y). 
n=l Ti (X,,) n=l 


Note that the coefficients С“” are the functions of С. 
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Single soliton solution 
If there is only one eigenvalue 7, =in and there is no continuous spectrum of the dif- 


ferential operator in (4.2.13a), then the spectral data can be written in the form 


Fy(y=-iC,e™, TAA )=A-mMA+im), Ty A, №) = Tyr, №) = 9, 
Zinc. ©) 


(A, А) =5,, + : 
ЕЕ. | 


In this case the solution of Gelfand-Levitan-Marchenko equations yields 


q(t, 0)=-21C (OHO), 9.446) =-2iC3 (CHO), 
H(z,6) = [exp(2nt) + ((C, |? +1С, |? Jexp(-2n2)/4n?]", 
C3(C) =2nl_, exp{2nt,(C)}, С (6) =2n/,, ехр{2 т, (0)}. 


These expressions present an analogue of the 27 -pulse by McCall-Hahn 
4(т, 6) = 211 (6)sech[2n{r— 14(6)}]. 

The duration of the pulse is 1/21 and the polarisation vector / that obeys expression 
(4.2.34) arisen from Backlund transformations. 

The second equation from (4.2.13) sets an evolution of the scattering data (see sec- 
tion 3.5), where V- matrix is given under the limits 6 > +00, Le. Vo р 

об =РТ-ТРО, 
and the eigenvalues {1,,} are stable. In the case under consideration we can find that 
= - (2) RER(A)G Г(©) =1 exptilm RA, )C} 

where ‘R(A) =7 (В, +В.) /(2^ + Аб! „)). 
Double-soliton solution 


Let two points 2, and 1, from the discrete spectrum of the Manakov problem be on 
the imaginary axis, 1.е. A, =in, and A, =in,. Herewith we have 


Fy, (v) = Ch? exp-n iy) + CY? ехр(-п2у), В=2,3. 
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It is suitable to seek for a solution in the form 


K!? (x,y) = AP? (x) exp(-ny) + Ai” (x) exp(—n2y). 


After some algebra it can be expressed in the form 
] я 4n,n * = 

КФ (= On, BO” oP (+22: + Ny BO BOF ср! “+ 
at | mene ac 


+2n, BO” еР2 +92 (14074 41 п, 5 LBP BS" e Pi+P2- ror | 
(yy ny)? 


4 * * * * 
M2 certo: [во (er +> BOB eh + BO) (er: + BOBO е:*® | 
(n, +1.) b b 


where 
р, =ReR(A, )G-2n,(t-T,), ©, = (А, JC , 
Cy” =-22.,B,"" exp[4n,t, + RA, )Cb УВ” P=, 
b 
В ИТ 
А=1+е7Р! + е2Р2 + е2Р1+222+441 4 е2р1+2р2+42 , 


нло |} 


4 
wy A (5 a e%1%2 + с. -). 
(mi +12)” 


(2)* BD) 


2 
4niN> 
(yn, + 12) 


Assume that t, —t, >> (29,)', (21.)"' and n, >1,. ТВеп а the point 6 = 0 on the 
characteristic p, = const 1, we have p, >> 1 and 


Kt, ae in, ехр(р, + ,) Ё No ]ar-2 BO > Be в 
1+ ехр(2р, + 4,) п, +15 see я 


but on the characteristic p, = const = 1 we have р, << -1 and 


ye 2in, exp(P, + @,) BO”. 


КО (т.т 
ь( 1+ exp(2p,) : 
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As С > on the characteristic p, = const = 1, then p, —> —0 and 


=. 2in, ехр(р, + @,) BO 


K (т,т 
ь (т) l+exp(2p,) °’ 


On the other characteristic p, =const =1, we have р, > +ю and expression for 


K\ (4,1) therefor gives 


KGD= 2in, ехр(р, “ona 7h Jae _ Bo 2n, у во" во , 
1+ ехр(2р, + 4,) \ п, +1. MN +12 “a 


Thus the double-soliton solution of GSIT equations splits at C=0 and 6 > into two 
single-soliton solutions. This result was interpreted as the collision of two polarised 
solitons. 


Collision of vector (polarised) soliton 

Assume two differently polarised soliton with duration 1/2n, and 1/21, and unit po- 
larisation vectors / and Г, enter a resonant medium at C= 0. Let them be separated in 
time by the interval t, —т,, 


4(т,0) = —2in,/, sech[2n, (t т,)]-- 271 sech[2n,(t- 7, )] 


On the т axis the first soliton is at the left of the second one and the inequality т, — Tt, 
>> 1/2n,, 1/2n, holds. If n, >7n,, then the velocity of second soliton exceeds the 
velocity of first one. Therefore the second soliton overtakes the first one in the course of 
propagation and after the collision continues its course, so that at C—> о the second 
pulse occurs at the left of the first one on t -axis 


G(t,6) = —2in,i'sech[2n, (< — 71) ]— 21. sech[2n, (t — 15, }. 


The possible phase shifts are not taken into account here, but they can be taken into 
consideration by expecting that vectors i include phase shifts in their determination. 
During the interaction of solitons the positions of their centres (position of the maxi- 
mum of each of them) change that was taken into account in the parameters т’. 


Instead of the analysis of two-soliton formulae it is possible to use the method of 
“passing” by Zakharov and Shabat [101]. When 6 =0, the Jost functions in the field 
t— —ю have the form 


0 (t,in,) = exp(n,t), 0 (t,in,) = 2" exp(n,7) . 
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In the field between solitons the Jost functions write as 


Ф‘ (t,im,) = (COZ? +28 Jexp(—n,1), 


© (1,in,) = T,,(in,,in)g” exp(1),1). 

Here the upper indices of the factors СС) and С“) indicate the number of solitons. At 
the passing of the Jost functions through the second soliton, vectors from the right parts 
of these expressions &“ exp(—n,t) and s° exp(—n,t) transform by (33.2.44a), but 


oa 


vector g°’ exp(1,T) transforms Бу (4.2.44b). Thereby, at т >> т, we have 


ФО (с, in) = Уи СЕ о exp(—1,T), 
bya 


noe р oan (4.2.45) 
Ф`(т,м,) = ТУ) Ci, exp(—n,7). 
b 


If € оо, then the order of soliton changes to the opposite and for the Jost functions 
we can similarly find the expressions as tT > со 


oO (en, TGs ть). Ch s exp(—n,1), 


(4.2.46) 
© (t,m,) = УТ (ть, in) CLS exp(—n,2). 
b,a 


The quantities 7’, (in,,in,) and Ci," were calculated after soliton collisions. 
Comparing expressions (4.2.45) and (4.2.46) and using the evident forms Т,, and 
С'® ‚ we can obtain a relationship between polarisation vectors i. (before) and р (af- 


ter) the collision for each soliton 


i+ hd 7| 8-7 +21 К] (4.2.47) 
= (n= 1) 


and (1'-1)") =(i, -1). 
Shifts of the position of the n-th soliton centre are given by the known formulae, 
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which can be obtained within this approach: 


At, = (-1)"(2n,)tIn|(n, +1). — и | (4.2.48) 


Formula (4.2.47) means that if the USPs were linearly polarised before the collision, 
they remain linearly polarised after it. The polarisation vectors of these solitons Г, ro- 
tate by different angles 0, and 0, 

>> -1/ 
eo -1/ 
(1.5) =cos®, = -(1 + B,, cos? 6)(1 — В/›Вь! cos” 0) | a 


2 2 si he 
a ‚ В. = a , cosO=(/,-1,). 
N11 — Ne No п, 


(4.2.49) 


l= 


It is interesting to observe that the angle between the polarisation vectors of the soliton 
does not change. It is equal to 0. It follows from (4.2.49) that a rotation of the polarisa- 
tion plane does not occur if 0 = 0 andif 0 =л/2, 1.е., if the initial pulses are polarised 
collinearly or perpendicularly. A collision of circularly polarised solitons does not 
change the polarisation either. 

A collision of a linearly polarised soliton with a circularly polarised one results in 
two elliptically polarised solitons. One can obtain the parameters of the ellipses from 
(4.2.45) where they are determined by the pulse durations and by the value of the re- 
duced dipole moment of the resonance transition. The pulses with any polarisation be- 
have as repulsive particles. The solitons being overtaken are given a positive increment 
in the co-ordinate At, >0, while the surpassed soliton is given a negative one, At, <0. 

The result (4.2.47) can also be obtained using the Backlund transformation of GSIT 
[111]. Also, this result can be obtained by analysing the solutions of Gelfand-Levitan- 
Marchenko equations provided there are only two eigenvalues of the spectral problem 
A, =, and A, =in>. 

It is noteworthy that the law of variation of polarisation (4.2.47) is defined under the 
analysis of the spectral problem based only on the U-matrix in the form (4.2.18). There- 
fore the interaction of polarised soliton in the case of transition Л =1— j, =1 gives 
rise to the same results. Furthermore, the features given above do not depend on either 
the degree of an inhomogeneous broadening or of detuning. The latter can only affect 
the velocity of the solitons within the validity of the resonance approximation. 

The interaction of the scalar two-frequency USPs (i.e., simultons [22-25]) has the 
same nature [27], since simulton propagation is described by the equations (4.2.4). The 
partial amplitudes of the waves with different frequencies [27,92] correspond to the po- 
larisation states. The collision of polarised simultons can be considered similarly 
[32537]. 
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Alternative solution of spectral problem by Manakov 

There is a different approach to the solution of the inverse spectral problem for the sys- 
tem of equations (4.2.13c). It was developed by Manakov [107]. This approach bases on 
the system of linear singular integral equations [107, 110] 


() a4 ре. т) [-. (2) 
Ian at A р О о (4.2.50а) 
+ ры 
FOCGA) HEP += j= AIMS FMEA, = (4.2.506) 
от = М 
FOGA)= BO +5 — fr ue sc OBO FGA), — (4.2.50) 


where the following functions are introduced p,(A) =T7,,(A)/T7,,(A). 

The С is the contour in the complex plane above all zeros of 7,,(A) (1.е., the poles of 
P,(A)) while С is its mirror image in the lower half complex plane. The potentials 
q,(t) and а, (т) can be recovered from the following asymptotic limit for large 1 


q(t) =~2alim( Bf), g,(t) = —2A lim(Z - fF). 


We are often interested only in soliton solutions of the evolution equations, which are 
determined by the discrete component of the spectrum. In this case only the poles con- 
tribute to equations (4.2.50), which are reduced to set of linear non-homogeneous alge- 
braic equations 


То) = 3 yee POPE, FG 2,) +E FER) 


n=l 


F(a) = 8? — 2h „Т) Cr FN), 


=> е 2 yt x > * 
FO (GA =E + рес, 


where the following notations are introduced 


Con = Ty)! Ty) =. 
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4.2.6. POLARIZED SIMULTONS 


Let us discuss the propagation and interaction of differently polarised two-frequency 
USPs in a resonant medium consisting of three-level atoms under the conditions of dou- 
ble resonance 


@,*|E,-E,|/h, @,*|E,-E,|/h, 


as it was considered in section 3.2.3. We shall focus our attention on a specific choice 
of j, =j. =9,/, =1. In section 4.2.5. the single soliton solution of the GSIT equations 
has been obtained by Backlund transform method (4.2.39). This solution is 


2. 2im1 1 expl- 2n(t-1,) + К", | 


Q, (1,5) = 14010? exp[- 4n(t—1,) + 2K/C| 


О, (2,6) =2 2iml 1 sech[2n(t — т) - K'lexpl-io (t,6)| (4.2.51) 


in the case of purely absorption medium . 

Let us now determine two linearly dependent sets of Jost functions of the spectral 
problem (4.2.13a) ® (1,4) and YW“ (t,A), (i = 1,2,3,4) which are defined as the fun- 
damental solutions of (4.2.13a) with the U-matrix in the form (4.2.25) and with the fol- 
lowing asymptotic at real 4 = € 


@ (1,4) > &° exp(-iAt), (1,0) > &© ехр(-Йл), 
®°(1,A) > & ехр(+йл), Ф“®(х,^) > = exp(4iAt), 


as т-> —© , and 


P(t,A) > 5) ехр(-Йл), (1,4) >> & ехр(-Йл), 
POA) > &° ехр+йл), PO (t,A) > &™ ехр(+йл), 


as T—> +00. Since 


d 
—sechx =—tanhxsechx, —tanhx=sech’ x, 
dx dx 


it is natural to seek for a solution of the equations of the spectral problem (4.2.13a) in 
the form 


ли, = с. sech[2n(t — tT, )] +8, ‘ап [21 (< — 1, )]+y, \exp(iSAt) : 
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where k = 1,2,3,4 and constants 56,a,,8, and у; are different for every Jost func- 


tion. After algebra we obtain that: 


- for 0" (7,2), 


in 


1 n*(1 
5-1, Ben 1 PIP, Не 
Т y*,(2)* М ,* а | 
а > ae 1 =O, =Вз =B, =73 =7¥4 =0; 
- for OD (1,A), 
May," 1p 
aaa aaa recta ‚ B,=y¥,-1= Sal > 
1)*,(2)* 1)* ,(2)* 
аз = о тж, 1 =O, = Вз = Ва = уз = 74 =0; 
- for Ф® (т,^) 
аа, 1) 12" set tae 12/2 
a я ‚ Вз=Уз == || 
ей a Li =a, =В, =B, =7, =72 =0; 
- for Ф® (7,2), 
in 2) ,(2)* in 2 
b=+1, Ва === ВИ” : ой 
И Ию ро 
- for Ч (1,4), 
92 2-Й ›)*/ 0 
=-1, В. =У, — ай lee B, Е: me bai 
Ц 1)* ,(2)* Ц 1)* ‚(2)* 
р ee Be , a ae, ee one , 2 =Вз =В4 =Уз=у4 =0; 
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- for BP (1,4), 
=™M_ а (1) 2 
1 =— [*] =y, -l=- LS 
‚ В tq = Bo =¥2 coal ee 
N cy* (2)* М (ty*7(2)* | 
ее 1, Е lL”, 1 =O, =Вз =By=73=7¥4 =0; 
- for ФО (1,4), 
(2) ,(2)* (2) 
6=+1, Вау = Sega 
‚ By V4 Mg © ly, В. V3 A+in г | 
=A) 72) 7 (1) (2) . 
о > = vane а" =O, =В, =B, =у, =7) =0; 
- for BP (7,4), 
S=+1, Ву: = ИРИ", By =l-ya =P 
В. 3 = ae +in By V4 em? | 
TAH 7) 702) - 7) 7) 
о > ae ia > 3 =A, ЕВ, =B, =y, =72 =0. 


These formulae clearly demonstrate the analyticity of the Jost functions and determine 
the transfer matrix for simulton (4.2.51): 


1-2 пор СИ юр 0 0 
A+in A+in 
А ee O19 1- an les 0 0 
B= 2 |2) 2 2] 402)" 72) 
0 0 1+— А” | — АИ 
А-1 ^-м 
0 0 er 14 Ap 
^-т А. 


As t—>— only ®"(t,A4) and ®(t,A) functions are bounded at the point /, 


and as t—> +00 only 4 (т,/.) and WY (t,A) functions are also bounded. Therefore 
the bounded solution ®(t,) can be written in the form 


Ф(т,^) = ФФ (т.м) +190 (а, = 


(2)* ду (3) . (2)* wy (4) р (4.2.52) 
= (к + he (с, т) lexp(2n11,). 
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where A =in is a root of the equation 


del 7 come _ =0. (4.2.53) 


TA) Т (А) 


For arbitrary potentials О, , roots of equation (4.2.53) determine, in general, a dis- 


crete spectrum of a spectral problem under consideration. When (4.2.53) is satisfied, we 
can eliminate ‘¥(t,A) and ¥(t,A) from the equations 


4 4 
OO A=) LAO), Фот, 
а=1 а=1 
and а bounded solution ®(t,A) can be constructed as a linear superposition of 
Ф‘ (t,A) and ©” (t,A) (or BW (t,A) and $ (t,A) ) as follows 


Ф(т, ^) = T,, (A)® ы (т, ^) + Ги (A)® a (с, ^) | 


This expression differs from (4.2.52) by the factor /{)”. It is important to emphasise 
that this definition does not depend on the co-ordinate € since, if we assume that the 
resonant medium is in the ground state as t—> +00, then 7,, and 7,, (as well as Т,, 
T,,, Г, T;4, Гз and T,,) do not depend on 6 


Below we will need the two-simulton transfer matrix for the “potential” 
О, (<,0) =2. 2in LO1 sech[2n, (t- 1,)]+ 2. 21,191)? sech[2n,(t-1,)], 


for 1, #1). Instead of being directly solved the equation of the spectral problem, we 
assume that the simultons are separated by a large time interval, i.e., the inequality 
т, -т >> 1/2n,, 1/2n, holds. Now consider the Jost function ®(t,A) and 
(tz, A). 

As t>-0,wehave ®(1,A) =" exp(—iAt), (1,0) = = ехр(-Йл) . For 
т, <<т<<т, , we have 


OB (т,/.) = STO AE ехр(-Йл). 
1,2 


k=l, 


So that, for t— +0o we obtain 


CO (DA= У TOOT Qe” ехр(-Йл). 


k=1,2 
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The superscripts 1 and 2 on T label the one-simulton transfer matrix for he р Lo 5 


and ce 3 р? ‚ >, respectively. Thereby, the two-simulton transfer matrix can be ех- 


pressed in terms of one-simulton scattering matrices 


T= ТО), 


k=1,2 


For A =in, and X4=in, the matrix elements of the above matrix can be transformed 
into the following form 


т. (in,) = 10 por Th Me M2 T i= por Na 7 zis 


1,+1 2,+1 


+ + 
Ni +. ЦИ ie (4.2.54) 


T,,(m) = ей и. iN ee T,, (in, ) =-К LG + Hides 2. 
N+. т, +n, 


where pm are the spherical components of the vectors Lb ,n=1,2, which are deter- 


mined by the following relations 


ei $ Z abi, aries 2 > 2 Sey Sete 
POs {Osa GO. FO EO) ПО GO, OO 
2 п hh ™N 


Let us now consider the collision of polarised simultons. Suppose that two differ- 
ently polarised simultons be incident on a three-level medium: 


Q(1,0) = 2in, 1, @1, sech[2n, (t—1,)]+ 2in,L ® 12 sech[2n,(t-1,)]. 


Here the normalisation of the pulse envelops is modified. Let т, >t, and the velocity 
of the second polarised simulton be higher than the velocity of the first one. During its 
course the second simulton overtakes, interacts with and passes first simulton. That 
means that, as С > +00, the first simulton will have the position to the right of the sec- 
ond one on the t axis. Generally simultons will be characterised by new polarisation 


7’) , colour-state vectors /,'), the phase shifts and the soliton centre positions 


vectors [, 
т’. In order to obtain these parameters one may use the “passing” (or “transporting”) 


method by Zakharov and Schabat [112]. We shall use the procedure from [32, 59]. 
Let us assume that, for both €=0 and с -—> + the simultons are sufficiently far 


from each other, 1.е., t,-—t,>>(2n,)', 2m.) and т, -т' >> (2n,) 7, (2n,)". 


Consider a linear combination of Jost functions ®“(t,A) and ©” (t,A): 


M(t, Gs ^) = —T,, (A)® Е. (1,6, ^) ats Г (A)® и (1,6,4) . 
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As t—>—0, this function is independent from 6: 
D(1,6,2) > -Т, (AE ехр(-Йл) + Т, (A)2 ехр(-йл). 


One can calculate ®(1,C,A) Юг т—> + and two values of A, namely, A=in, and 
X. =], by “transporting” the Jost functions through the both simultons. The results of 
С=0 and €— +c must coincide if we take the evolution of the scattering data into ac- 


count. 
By utilising (4.2.52) and (4.2.54), for С =0 we have: as tT > —oo 


B(A,) = [0,8 exp(—id,1) + 1,2 exp(—ir,1) LO" ЛЕМ, 


| т 
Ф(^.,) = [Lg exp(—iA,,1) +L 8 exp(-i2.,1) #2" mM. 
1 2 


- for T, <<T<<T,, 


ФО) =" 8 expl+iht) +137 expl+ih.,e)|Ee пе exp(2nyt), 


1 2, 


O(A,) = [№ а 6“) ехр(-й. 2) +1 2 ехр(-Й. т)" Е. 


2,-+1 
т 2 


- аа т-> +0 


DA.) = POT) + LTO (A,B expat) + 


+ [12°72 0,) + ТО.) explir. т) о exp(2n,t,) 


1 2 


2,41 
1 2 


Ф(^.,) = [12g exp(+id,t) + 139" 8 exp(+idt) fy 12 "N exp(2n,1,). 
YN, + 
To simplify the cumbersome form of the formulae below, the evolutionary factors and 
primes on the quantities 7/", 7’, т’ and 7” will be omitted, so that one should 
remember that these parameters correspond to the simultons after interaction. For 
С — +00, the situation after the collision of the simultons is as follows 


-aS т—> —© 


O(A,) = [zz exp(-iA,t) + Le exp(—ih,t) [© NN | 


2,+1 
1 a 


O(A,) = [12,2 exp(—idy2) + 1M, exp(—id,1)|L" B=, 
n+ i: 
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- for t, <<t<<T,, 
D(A) = 0,2 exp(—i.,T) + ee ехр(-й. т) В > 
n+ 


111] 


Ф(^,) = [© &® схр(+. 2) + 12" 8 exp(+ir..t) LO” 2—™ exp(2n,t,) ; 
+1, 


- а T— +00 
Ф(^,) = 2" exp(+ir,t) + 128 ехр(+й. т) | ПЕ exp(2nyr,), 
N+, 
D(A.) = HIE" TO (05) + YT...) B© хр. о) + 


+ [12°72 (a,) + 12°72 (0.,) |e explir..1) 2" mone exp(2n,Ts) 


1 2 


Comparison of the formulae for Ф(/,,) as t—> +00 at C= 0 and 6 —> +00 yields 


_ exp{2n,(t, — "2 и Pie. ob (ao ee 


i? = 
(1) 
р, +1 


2 т, 


Г’ = Рети - с, )} esl (2) _ 2 (ha 7H) 
ри tl 2-1, 


‚Ч 


We note that the equations of spectral problem are invariant under the transformations 


И-М, Ма, М, у У> , 


—1 —1 —1 +1 +1 —1 + 
Ч. Ч: › 42 > Чи › Ч: -*- 42 › 42 —*-9> 
Therefore we can write 


- I 2n - = (2)* 
(1) (29| 7(2) 1 , (2) т,(2)* 7, (2) 
Ь = 72) Le (ug + и yA Ир | 
2,2 2 1 


- is 21) (2) -(2)* 
(1) (2) 2 (2) 7 (2)*)7(2) 
ie „ (2) LY [1 7 "п Gy +h и ; 
1,2 2 1 


These expressions result in the following transformation laws for the polarisation vector 
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Го and the colour-state vectors Г) : 


= 1 = 2 - >(1)* > 
mae 5 ee oa ae и) , (4.2.55a) 
я 1 
ty De pes 2 а 
i р 50 G tee и и) (4.2.555) 
2 1 
and 
7@_ 1 | 7a, 2% 7@ тете) 
i, ae i, ren oy aca | (4.2.56a) 
2 1 
7 (2 1 т 21 7 7 y7 
Ea ee ee (4.2.56b) 
2 1 
where 
Fi 1/2 4 V2 
BO си ре a] ower [1+ де a") 
(n2-m) Ana!) 


It is seen that the collision of the polarised simultons is accompanied by the rotation 
of the polarisation vectors independently from each other and by redistribution of the 
energy between the partial pulses forming the simultons. These processes are governed 
by the relations (4.2.55) and (4.2.56), 1.е., this law is identical to the transformation law 
for the polarisation vectors of pulses of single-frequency SIT involving the transitions 
а =1=> Jj, =9, J, =1> J, =1 [30,3133], but differs from the properties of the in- 
teraction of two-frequency waves in a resonant Kerr medium investigated in [113]. 

The phase shifts of simultons that accompany their collisions are found to depended 
both on polarisation and on the colour-state of USPs (1.е., on the energy distribution be- 
tween them). These quantities are defined as 


т, =In(BOB")/2n,,  t, -—t, =—-In(BB™)/2n,. 


Whatever the polarisation, the simultons behave as if they repel one another: the 
overtaken simulton receives a positive increase in its co-ordinate т, —t, >0 , and the 
overtaking simulton receives a negative co-ordinate increase т, —т, <0. 

The special case resonant transition /, =, =0,/, =1 is not unique example of 
exactly integrable systems. Another one is provided by the tree-level system of A - or 
V- configuration with 7, = 7, =j,. =1/2. Here the left- and the right-polarised circular 
components of the USP with the identical carrier frequency propagate independently of 
one another, so that the interaction between arbitrary polarised simultons for this sort of 
level configuration is described by two independent sets of non-linear evolution equa- 
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tions [26,27]. It is readily shown that, in contrast to (4.2.56), the linearly polarised si- 
multons preserve their states of polarisation in a collision in the three-level medium 
with 7, =j, = Л. =1/2, but the collision between a linearly polarised simulton and a 
circular polarised simulton results in the formation of three circular polarised ones. The 
latter result is a consequence of the separation of the left- and right-polarised compo- 
nents of the linearly polarised simulton due to the interaction between one of them and 
the circular polarised simulton. 


4.3. SIT for surface polaritons 


Propagating of an ultrashort pulse of an electromagnetic wave along a thin film of reso- 
nant atoms (thickness of which is less than the light wave length) can be considered on 
the basis of the Maxwell and Bloch equations, as it was done in the fundamental work 
by Agranovich et al. [38]. The simplest case is a two-layer system, when a thin film of 
the resonant atoms is located on the interface of the two linear dielectric media. Let 
wave propagate along a planar interface of two linear dielectric media in the z-direction. 
The normal to the surface is fixed to lie in the x-direction while the y-direction lies in 
the interface plane, giving a right-handed Cartesian frame. Since in the frame chosen all 
y-co-ordinates are equivalent, the electric field strength as well as the magnetic field 
and electric induction vectors do not depend on y. This planar symmetry leads to split- 
ting the Maxwell equations into two group of equations describing two kinds of surface 
waves. These are the transverse electric wave (TE wave) and the transverse magnetic 
field wave (TM wave).The single non-zero component of the electric field of the TE 
wave is ЕЁ”, while the magnetic field of the TM wave has only Н” as a non-zero сот- 
ponent. 


4.3.1. SURFACE POLARITON 


Let us consider the TM waves propagation. It is convenient to consider the wave equa- 
tion for the vector of magnetic field strength of light wave instead of the wave equation 
for E in the case of TE waves. Indeed, the boundary conditions at the interface use a 
single nonzero component of a magnetic field strength vector in TM waves. 


Е: (0-)-Е*(04)=0, D*(0-)—D*(0+) =0, a a a aa (4.3.1) 
С 


This component H = H” (х,2,6) satisfies the equations 


02 сб’ Ox сб’ & 0х c Ot 


OH 10? OH 10D' OE* OF 10H 
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It can be found that for the isotropic dielectric medium at x < 0 and x > 0 the Fourier 
component of the magnetic field strength H(x,z,w) satisfies wave equation 


OH /62°+0H/dx? +kee,H =0, 


where =, =e(x>0), =, =e(x<0), k=@/c.Let A(x,z,o) is given by 


A(x,2,0)= | EN(x,Bo)expliBoyz] |, 


—00 


then for h(x,B,@) we obtain 
Orh/ ex’ +[kje, -—B’ Jk =0. 


For the solution of this equation to correspond to a surface wave, it is necessary that А? 


be less than В? (А? =kje€,). Then A(x,B,@) is a decreasing function of |x|, 


h” (x) = A(B,) exp(—gx) , x > 0 


A(x,B,@) = | h® (x) = B(B,@) exp(px) , x < 0 


where g* =В? — ke, р? =p" - k; and p>0,q>0 are chosen. The boundary con- 
ditions yield the relation between A‘ (0) and A (0) 


i (0,В, ©) = no (0, В, ©) = iky 4m Ps (В, ©) ’ (4.3.2) 
where 


Ds (B,@) = [ачьр: exp[i@t — 18 (©)2]. 


Using the equation rot Я =с '0Б/д1 and continuity of z-components of an electrical 
field of the light wave one can find that 


A(B, ©) = -ik,(€,/q)E“ (0,8, 0), B(B,@) = tik, (e,/ p)E (0,B,@), (4.3.3) 


and also E*)(0,B,@) = E*(0,B, @) = E(B, ©) , where 


Е (х,В, в) = | dtdzE* (x, 2, Г) exp[iat —iB(@)z]. 


—® 
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Substitution of (4.3.3) into (4.3.2) yields the equation to determine E(B,@) , 


(‘чер EB.) = 4 p,(B,0), (4.3.4) 
or in space-temporary representation 


. pdodp 
—4nP; = о 


—© 


f (B, @)E(B,@), (4.3.4a) 


where 
f,o)=q'e,+p &>. 


If there are no resonant atoms on the interface, expression (4.3.4) yields the disper- 
sion relation for the linear surface wave of TM type. Besides, if the TE wave had been 
considered, equation 


с dwd 
Ankh! = [Os 


—00 


TACO ACKO)E 


where {(B,@)=q + p, instead of (4.3.4) would have been received, where р and 4 are 
determined in the same way, as they are here. E(B,@) is Fourier component of the 


electrical field strength of light wave Е” (x,z,t) atx = 0. 

No assumptions have been made here that a thin film is formed by resonant atoms 
located on the interface. Equation (4.3.4) is the basis of the theory of light pulse propa- 
gating along the interface of two linear dielectric materials. The film is made of linear 
or non-linear material. It is important only that the thickness of the film is less than the 
wavelength. Such film serves as a guiding structure like an optical waveguide does. 
However, if the guiding ability of a waveguide can be explained in terms of total inter- 
nal reflection from its boundaries this interpretation is not valid in the case of film. Be- 
sides that, the film is a single mode guiding structure, i.e. a single-mode waveguide. 

Let the light pulse be described by a complex envelope which is slowly varying in 
space and time, namely 


E(x,z,t) = &(z,t)®(x,@) exp[-i@ ot + iB) (@ )z] 


Function ®(x,@) can be related to the function A(x,B,@) found above, but it is not nec- 
essary here. 
If E(B,@) is a Fourier component of a surface wave envelope, then one can show 


that &(B,0)=E (Во +В, ©) +@). The Fourier component of the slowly varying sur- 
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face polarisation envelope is defined analogously аз p(B,@) = p,(B, +В,®, +0). 
Equation for é(B,@) and p(B,@) follows from (4.3.4) 


— 47 p(B, 0) = f(Bo +В,®, +o)e(B,o). (4.3.5) 


Since e(z,t) and p(z,t) are slowly varying functions in space and in time, the quanti- 
ties €(B,@) and p(B,@) contribute essentially only in a small interval of В and © 
around zero, 1.е., В <<B,),@<<@,. Therefore, we may make a power series expansion 
in (4.3.5). Let 


FB +В, + ©) = f(By.@y) + (Gf / до), + (Af / AB), (4.3.6) 


where index zero means that the corresponding derivatives are taken in the point 
(Во, Фо). Then (4.3.5) is converted to 


—4п p(B, ©) = f (Bo,@)) @(B,@) + (Af / Ow), © (B, о) + (Af / OB), B E(B, ©), 


Inverse Fourier transformation provides the differential equation 


(Во-во, )е+ Ка! / da), “ —i(f / OB), > =—Anp. (4.3.7) 


We assume that @, perfectly matches the resonance frequency of the two-level atoms 


in the film and the inhomogeneous broadening of the absorption line is negligible. 

The atomic system is described by Bloch equations similarly to a bulk medium, but 
unlike the latter the resonant atoms are affected by the field in the thin film. As it fol- 
lows from the Bloch equations (3.1.7), the polarisation is purely imaginary when 
Aw =0 Atoms absorb electromagnetic radiation and reradiate it due to induced emis- 
sion. One can easily find from the Bloch equations (1.3.17) or (4.1.43) 


p(z,t) =in,d sin (2,1), 
where 


(2,0) = (d/h) [ e(z,t"dt’. 


—oO 


Substituting p(z,t) in (4.3.7) and separating the real and imaginary parts of the equa- 

tion (in solution of (3.1.7) it was already implied that e(z,t) is a real function), one ob- 
tains 

(Во, )=0, (4.3.8а) 

де/ди+у,де/д2 = -4пп (6/06), за Ч , (4.3.86) 
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where у, = (dw / dB) is the group velocity. Equation (4.3.8a) gives a relationship be- 


tween В and < or dispersion relation, from which the group velocity can be obtained. 


If we introduce new independent variables t=(t-z/v,)/t,), G=2z/L,, equation 


(4.3.8b) reduces to the well known SG-equation [100,101] for ‘Y¥(t,¢) 
OY / dtd = -пзт Ч, (4.3.9) 


where n/=sgn(6f/Om), and Г. =4пи 4”! „[йу, | (Of / do), ||. If м’=-1, then 


equation (4.3.9) has soliton solutions, which determine the electrical field strength of a 
surface solitary wave moving along the film. Non-steady-state solitary solutions 
(breathers) [100] serve as another example of non-linear lossless ultrashort pulse of the 
non-linear surface wave. On the base of these results the phenomenon of self-induced 
transparency of surface polaritons was predicted in [38] (see section 4.1. also) 

Attention should be drawn to the equation (4.3.84). As it is well known, this equa- 
tion has no solutions in the case of TE waves. That means that SIT for TE waves does 
not exist, at least in the framework of the assumptions made. This has been one of the 
reasons to pay major attention to а TM wave, for which equation (4.3.84) can have a 
solution. 


4.3.2. POLARITONS IN THE THREE-LAYER SYSTEM 


We now consider the propagation of an optical pulse in a planar waveguide with both 
sides coated by a thin film of resonant atoms. The planar waveguide is assumed to be a 
layer of dielectric material with a permittivity ¢, and a thickness / placed on a substrate 
(x < 0) with a permittivity ¢,. The permittivity of the covering medium (x > /) is ¢,. It 
is known [114] that if ¢, >¢€,,¢, a three-layer system can guide the propagation of 
electromagnetic TE and TM waves, setting up a discrete series of waveguide modes. 
The propagating constant B for every mode is determined by the respective branch of 
the dispersion relation. 

The presence of thin films of polarisable matter brings new qualitative aspects into 
this picture. First of all the characteristics of the waveguide modes are changed. It 
would be more correct to call them modified modes. In addition, since both interfaces 
(at x = 0 and at x = /) are now able to support surface polariton waves, in the guided 
wave spectrum a modified polariton wave appears in the form of two bounded surface 
polariton waves. In the linear waveguide theory the surface TE waves are absent in the 
absence of a thin polarisable layer but TM waves occur when both 5, or €, are nega- 
tive. 

Let us consider the case of the TE waves. Maxwell equations yield 


0’e/ Ox? +[kpe(x)—B’ Je =0 , (4.3.10) 
where 
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E(x,z,t)= | oS o(x.8.0) exp[—iwt + 132] , 


and 
sx) =e, SS: 5, 0<x <i; ВО 3 


The boundary and continuity conditions are 


lim e(x,B,o) =0, e(0+)—e(0-)=0, е(1+0)-е(1-0)=0, 


|x|->00 


e,, (0+) —e,, (0-) = 4k; ps (0), е,, 7 +0)—e,, (1-0) = 4k; ps (/). 
Taking into account these conditions the solution of equation (4.3.10) can be written as 


e' (x,B, ©) = A, ехр(-41х), io 
e(x,B,@) =e (x,B, @) = A> exp(qox) + By ехр(-4›х), 0<х<! 
e (x,B, ©) = A; exp(q3x), x<0 


where qj =В? —koe,, 93 =B°-koe,, 93 =В” —koe, and 4, >0,q; >0. For 
modified surface polariton waves q; > 0, for modified modes 4> <0. The coefficients 
Aj, Az, Аз and В» are coupled by continuity conditions at the interfaces х=0 and x=, 


A, exp(—q,/) = A, exp(q,/) + В, exp(-q,/) (4.3.1 1a) 
Ч. [ А, exp(q,/) — B, exp(—q,/)| + 4, А, ехр(-4,1) = -4^А‚р;(0 (4.3.116) 
A, = A, +В, (4.3.11c) 
43 Аз —4>(45 — By) = -4ту ps (0) (4.3.114) 


Expressions (4.3.114) and (4.3.11с) yield Az and By 


1 
A, = зи "(95 © — е()ехр(-4>1], 
(4.3.12) 


Е 
B, = 5 sinh'(q,/[e(0)exp(-4,!) — e)], 
where the new notations are introduced 
е(1) = A, exp(-q,/), e(0)= A; 


The equations (4.3.11b), (4.3.11d) and (4.3.12) give the following expressions 
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[4; +4, tanh '(q,/)]e(0) — q, sinh (q,/)e(1) =—4rk; ps (0), 


и ve Е (4.3.13) 
[4, +4, ав" (4,0 (0) - 4, sinh (4, е(0) = 4 Ко ps (I). 
If we introduce the notations 
Si (B,®) =9, +92 tanh '(q,/) ‚ f2(B,®) = sinh '(q>/) р 
S3(B.©) = 93 +92 tanh (451) р 
equations (4.3.13) can be rewritten as 
(ffs - 12) е(0) = 4 [ fips + Arps], 
(4.3.14) 


(ffs - f2 )eD = ча № р5 (0) + fps]: 


Following the paper [39] we shall consider here the particular case of a symmetric 
waveguide (=, =€,) and we shall assume that the condition of exact resonance is ful- 


filled and inhomogeneous broadening of the absorbing lines is absent. In this special 
case f\(B,o)=/;(B,@) and e(x=0,B8,@) = е(х =1В,®). Here the positive sign 
corresponds to a symmetric solution of the wave equation, the negative sign 
corresponds to an anti-symmetric one. It results from (4.3.14) that 


F,(B,o)e() = Ато Ps (Bo), (4.3.15) 
where 


Е, (В.о) = Л (В, 6) + Л, (В,®), Ps(B,0) = ps) = tps (0). 
Equation (4.3.15) is written for the Fourier components of the observable field strength 


and surface polarisations. As in the previous section we must transfer to slowly varying 
in time and space envelopes e(z,t) and p(z,t). The Fourier components of these enve- 


1орез E(B,@) and Ps(B,@) are related to €(B,@) and p(B,@) by the following rela- 
tions 


(В, ©) = Е(Во +В, @) +), РВ, ) = Ps (Bo+B,@ 9 +), 
and they satisfy the equation 


—Ank2 (В, ©) = Е, (Во +В,Фо + )2(B,0). (4.3.16) 
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Analogous to surface polariton wave spreading along only one interface, a reduced 
equation for slowly varying envelope e(z,t) results from (4.3.16) 


de/Ot+v,0e/0z =4nikgrs р, 
where v, is the group velocity of a modified surface wave light pulse and 
из =(0F,,/00),'. 


The polarisation p(z,t) can be found from the Bloch equation (3.1.7b). Finally, for the 
value Ф(т,С) we obtain the SG-equation 

OW / 0т0б =-y" sin Ч, 
where t=(t¢-z/v,)t59, C=z/L,, n” =sgn(r;), Г =4nd?n,t,,(hv, | rg |)". That 
means that the problem is reduced to a known theory SIT by McCall-Hahn in the limit 
of exact resonance and a narrow absorption line, the sharp-line approximation. 


Unlike the surface polariton waves considered above, the modified surface polariton 
waves can be even and odd with respect to the sign in the expression for Е, (B,@) 


(4.3.15). The dispersion law for modified surface polariton waves is given by expres- 
sion 


F,,(B,@) = q, +4, tanh (4,0) +4, sinh '(q,/) =0. (4.3.17) 

Note that a SIT phenomenon is possible only for the positive sign of rs. 
To find modified modes of the planar waveguide all derivations must be redone sub- 
stituting 492 =Ко=ё, -В” for all 42. However, it is simpler to change 4, Юг 


ix = Иов, — В?)"? in all expressions. Then the dispersion relation for the modified 
modes can be shown to be 


F..(8,) =q, + «tan '(k/) + «sin '(K/) =0. (4.3.18) 
This expression may be rewritten in a different form. Relation (4.3.18) yields 


q, sin(kl) + к cos(k/) +к=0. 


о й —1/2 —1/2 
Using the known formulae sino = tan all + tan? a) , COSA = (1 + tan? a) ? we ob- 


tain that 
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2к4! 
о 
к а! 
This is a well-known expression for the dispersion relation of the guided modes of a 
planar symmetric waveguide. Since tan(k/) is a multivalued function the solutions of 


tan(«/) = 


this equation (which implicates the relation between В and @) give a set of dispersion 


relation branches for modified modes. 
Surface waves of TM type can be examined in exactly the same way as stated above. 
The analogue of equation (4.3.13) here is equations 


le,qs' +e, 45! ав ` (45020) — & ,g3' sinh '(q,1)e(0) = -4прз (0), 


; (4.3.19) 
lecgi! +245 tanh" (4500) ~ e pq" sinh” (ql) e(1) = -4nps (I). 


where е(х;В, >) is the Fourier component of z-projection of the electric field strength 


Е” (x,z,t). Instead of equation (4.3.14) we obtain the following system 


(AA — #2 0) =-42[f,750) + Arsh 


(4.3.20) 
(AA — Ae =-4aL р (0) + firs] 


where 
Л (B,@) = 4, + 2792 tanh” (q,!), Л, (B,@) = =,4>' sinh! (q,!), 
I; (B,@) = E.93, ate Sah tanh" (q,/). 


For a symmetric waveguide /,(B,@) = /;(B,@), the equation for the slowly varying 
pulse envelope is similar to (4.3.16): —4пр(В, о) = Е, (By) + B,@) +@)e(B,@). One 
can reduce it to the SG-equation. The dispersion relation for the modified surface 
polariton of TM type can be written in the form: 


far a £29). tanh“ (qx!) + £29). sinh” (420 =0, 
and for the guided modes it has the form 


6.9, +6,« tan '(kK/)+¢,« | sin“ (к =0. 


As in the case of TE waves, dispersion properties of TM waves are determined com- 
pletely by the linear characteristics of the three-layer medium. 

The propagation of a surface wave USP along a thin layer of the resonant atoms ly- 
ing near the interface was considered by Agranovich, Rupasov and Chernyak in the 
work [39]. The layer was assumed to be polarised normal with respect to the interface. 


226 CHAPTER 4 


It was also assumed that the layer of the atoms is completely embedded in one of the 
me-dium, for instance, in the one with permittivity ¢,, ata depth much less than a 


wave-length. The difference from the cases considered so far consists in the boundary 
conditions, which now read 

E? (x =0+)-Е*(х=0-)=-4п='0Р/02, Н*(х=0+)-Н*(х=0-)=0, 

Е?(х = 0+) - Е?(х =0-) =-4ne;/'OP/0y, H’ (x =0+)-H’ (x =0-)=0. 


where P= P;(z,t) is the thin film polarisation per units of surface. 

Let us consider a planar waveguide with a thin layer of resonant atoms located near 
the interface at x = /. Assume that the layer was polarised normal with respect to the in- 
terface. We can obtain the equations for the surface TM waves by analogue with 


(4.3.19). Then the equation for the electric field strength Е” (x =/) will have the same 
form, as (4.3.20). The transition to the slowly varying envelope е(2,1) is made by shift- 
ing arguments of function E(B,@) B>B,+f and ® >, +, as it has been done 
for TE waves. The difference is in the concrete type of functions F(f,w). In the pre- 
sent case 


Е(В, о) =Л(В, ) — fy (B,@)/ f3(B,@), 


where 


2 
f\(B,@) вы] 


ИИ 2.8, 42 
fr(B,@)= € -B sinh(q,/) ’ 


2 

Е 

Л, ®) = Е +2 tanh" | | 
В , 8; 

In the sharp-line approximation and under exact resonance the Fourier component 

€(B,@) is governed by the equation similar to the equation for TE waves, with substitu- 


tion r; — г, =(@F / 0%). Then the Bloch angle defined as 


t 
(2,0) = (d/h) | e(z,t’)dt' 
satisfies the SG-equation. 

Theory by Agranovich, Rupasov and Chernyak can be generalised by including the 
cubic non-linear non-resonant susceptibility of a thin film, three-level atoms and double 
resonance and two-photon absorption by two-level atoms. A somewhat more compli- 
cated subject is the IST theory under the condition of degeneration of the energy levels 
of resonant atoms of a film. 


SELF-INDUCED TRANSPARENCY 227 


4.4. SIT under two-photon resonance 


So far the one-photon resonance picture has been discussed. Progress in laser physics 
has made possible the generation of intense ultrashort pulses to produce the multi- 
photon processes. The simplest one develops when the resonant matter interacts with a 
pair of USPs of different carrier frequencies @, and ©, so that ©, +@, coincides with 


a transition frequency @,,. The nonlinear processes are two-photon absorption and Ra- 


man scattering, respectively. The coherent pulse propagation takes place under both 
resonance conditions when the pulse duration is much less then relaxation times. This 
process is similar to SIT and it was referred to as two-photon self-induced transparency 
(TPSIT). In the next sections we shall consider the theory of TPSIT. 


4.4.1. BASIC EQUATIONS OF TWO-PHOTON SELF-INDUCED 
TRANSPARENCY THEORY 


The generalised Maxwell-Bloch equations, which describe the joint evolution of two 
differently polarised ultrashort pulses, (a = 1, 2 are vector indices) 


Е, =&, expli(k,z-@,f)]+e.0c, E,, =&,, exp[i(k,z—-@,t)]+c.c (4.4.1) 
under the conditions of Raman resonance (RR), 
O,-@, ®,,; (4.4.2) 
or two-photon resonance (TPR), 
о +0, *O.,,. (4.4.3) 


with а double-quantum (optically forbidden) transition 7, > j,, between atomic (or 
molecular) energy levels Е», and E,, E,-E, =hw,, are extensively described in sec- 


tions 1.1.2, 1.13 and 1.3.4. There the degeneracy due to different orientations is taken 
into account. Here we consider the simplest case of zero momentum, i.e. 7, = 7, =0. 


Let us assume that group velocities of different waves are the same, 1.е., ст = cz = с. The 
following definitions are convenient to be used: 


П. (©) =[I1,(@) +1), (6)], 
R,=R,-R,, Ry =R, +R). 


Now the systems of equations (1.317), (1.3.20), and (1.3.21) can be exploited. 
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Raman resonance (@, —®, * ®,,) 
The generalised Maxwell-Bloch equations read: 


05, 105 | . 
{ ue |- 2nn К", (-6,) < Ry, > & - 


OZ С (4.4.4a) 
—I1,(@,) < R, > & -T1_(@,)< Rk, >&}, 
05, 105 : ee 
|) 2 4-2 | = -2nn ,k, п", (-@,) < Ri, > & - 
Of) 6 Ot (4.4.4b) 
—IT,(@,)< А > &, -П_(®,) < К, >5,}, 
OR : 
—! = i(Awt Ao, JR, + "1, (@, )R3&,, , (4.4.4c) 
OR ae 
а ~2i(hTL., (@, R368; -сс.), (4.4.4d) 
t 


where Ло =, —®, —@,, 1$ frequency detuning and the high-frequency Stark shift de- 


termined by the formula Aw,, =2П_(®,)|& |? +2I1_(@,)|&, |’. As usual, the corner 
brackets denotes the summation over all the resonant atoms. Let 


Il, (@,) =11,,(-@,) =| 11, (@,) |exp(ay), R,, =(/2)pexpliy + iAk,z —iAk,z]. 


If one introduces t=(t-z/c)ty', C=2z/L,, and 4, = (2 Ад & › exp[—iAk,,z], then 


the system of equation (4.4.4) reduced to normalisation one 


i0g,/06 =ЬВ(К, а, -(1/2) pq, (4.4.5a) 
104, /06 =Ь, В. 4. -(1/2) р’) аи, (4.4.55) 

dp/dt=i(5+5, )р +1. 414, (4.4.5) 
OR, (Ot = (1/2) (ра: а, - P4142), (4.4.54) 


| 2. 


where 8,, =2Ь, |4, |? +2b, | q, 
proposition that 


and 6 = Awt,. These equations were obtained under 


Ak, = —2nk,n ,I1,(@,)< R, >, Ak, =—-27k,n ,I1,(@,) < № > 
Ab, = К, | П..(-®,) | AS Ay = К, | По. (-@,) | Ay 5 


h = 
= з L =2ли ET. © КА . 
| T.,(@,) [Г kk, Ap : ‘ | a _* 


Lo 
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Note that | IT,,(@,) |= II, (@,) |. Normalised Stark-shift parameters РБ, and b, 
fined as 


_ в IL@) , _ [& IL@,) 
А | (@,) |) 7) & [TL (@,) | 


Two-photon resonance (@,+@, * ®.,) 
The generalised Maxwell-Bloch equations (1.3.20) and (1.3.17) in this case read 


{ 0& 106, 
1 + 
Oz c Ot 


= —2mn 4k, i, (<>) < Ry ><, - 


—IT,(@,)< А >&-П_ (©,) < В, >5}, 


[ 0S, 105 | 7 
| _ а =| 2nn k, {I1”, (@,) < Ry Sot 

-П, ©.) < Ry >65, -П_(®;) < Rs > &}, 
aa 
Ot 


OR 
== ~2i(n"T1,, (@,)R3,8,&, —cc.), 


До + A, В + ih, (@, )R3&&,, 


Let again R,, = (1/2) рехр[Ау + iAk,z + iAk,z], and all other parameters are the 
The system of equations (4.4.6) becomes 


i0q, / 0G = b,(R;)q, -(1/2)'p)q3, 

104. /0C =Б, К. 4. -(/2)p)q; 
др/0= 5+6 )р +1, 414, 
AR, / бт = (i! 2)(pqig? - р’а4,}, 


where Ло =® + @, —@,,, and б = Аб. 


ca? 


Steudel-Kaup equation 
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are de- 


(4.4.6a) 


(4.4.6b) 


(4.4.6c) 


(4.4.6d) 


same. 


(4.4.7a) 
(4.4.7b) 
(4.4.7c) 
(4.4.7d) 


The Bloch equations under a two-photon resonance condition can be interpreted as 
usual Bloch equations in which an effective field is more complicated complex. The 
equations for this effective field can be obtained taking into account the reduced Max- 


well equations. 
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Let us consider the case of Raman resonance at first. From equations (4.4.5a,b) we 
can find 


Male 2 (р 5" —(р" s), _ |4. 2=- (р 5" —(р" 5). 


where 5 = 2q,q; . Hence, 


sh 
06 


Е 


Pak Р 14 2) = (р)5*— р” oh 


(аР+|а, Р)=0, ; 


Thus, if one introduces the new variables A= ( а +145 ee S, = ( а -|4, P) 
then the system of equations (4.4.5) can be rewritten as 


Op/0t=idp+ib, Ap +ib_pS,+iR,S, 
AR, /дт = (i/2)(pS" - p's), 

aS, /05 =(i/2)( p\S* -(р")5), 
95/06 =—Ир)5, —ib_(R,\S, 

04/86 =0, 


where b, =b,+b,. Let denote S=S,-iS, and R=R,—iR,. Thus, these equations 


describe the interaction of two real vector fields: 5 and R. 

We can do the same manipulations in the case of two-photon resonance with the sys- 
tem of equations (4.4.7), too. Resulting equations may be compared with above equa- 
tions that lead to the system of equations for quadratic combinations of the electric field 
envelope and Bloch vector 


05/06 =—im p)S,—ib_(R,)S, (4.4.8a) 

aS, /96 =(i/2)_p\s* -(p"'s), (4.4.8b) 

Me = i8p + ib, Ap +ib_pS, +iR,S, (4.4.8с) 
т 

AR, / dt = (i/2)(pS* - pS). (4.4.8d) 


In these equations we use the following parameters and values 


A=(aP+mlql), 5 =(аР т 4, Р), 


S=S,—-iS, = (1-т)4, 4 + (1+т)а, 4>, 


SELF-INDUCED TRANSPARENCY 231 


and В, =b, +mb,, where т = +1 for RR and т = —1 for TPR. 
It is seen from equations (4.4.8) that 


5 (в + А? + R3) =0, pas +mS; +52)= 0. 
Besides it follows from equations (4.4.5a,b) and (4.4.7a,b) that ОА / 06 = 0. If we know 
the solution of equations (4.4.8) for quadratic combinations 5,, (7 = 1, 2, 3) of electric 
field envelopes, then №. and № can be found from equations (4.4.7a,b) for TPR and 
from equations (4.4.5a,b) for RR. 

The quantities < А > and < p> are connected with the quantities 5; by the follow- 
ing expressions: 


p =—mS;\(b..R; 5-105/06), OR, /r = 0S, / AC. (4.4.9) 


We shall consider only the easiest case of the sharp-line approximation and 6 = 0. Let 
us make the following transformation: 


p =F, ex [acre | =f. = os | ac i Йа 
0 0 


where B(t)* = т(5? + S;)+S;. By using the new independent variable 7, where 
T= | Ве), 
0 


we can obtain from equations (4.4.8) the Steudel-Kaup equations of a two-photon SIT 
(TPSIT) theory, 


Os OS; 1 * * 
ыы Г ВБИ — 4.4.1 
ac DT SF ITS, 5 7 (": 5 г. | , ( 0a) 
or, _ | Or; Ты , 
эт: 2187,93 +1755. , ЭТ = ре ". 5), (4.4.106) 


where we redefine g =—b_. For the real quantities 7, and 5, the following relation- 
ships hold: 


rot + =1, ms? +52)4+52 =1. (4.4.11) 


The generalised reduced Maxwell-Bloch equations for TPSIT on the transitions 
1/2—1/2 and 1<>0 may also be transformed to equations (4.4.10) with the certain limi- 
tations on the parameters of the two-photon interaction operator. A difference should be 


232 CHAPTER 4 


noted between the model in question and the one examined by Steudel [53]. Though the 
outward form of equations (4.4.10) coincides exactly with Steudel-Kaup equations, the 
field of application of equations (4.4.10) is much wider. It covers the case of differently 
polarised pump pulses. Formally, this is displayed by a mismatch of the quantities В? 
and A* in equation (4.4.10), as happens in the case of plane polarised pump pulses. 

The properties of equations (4.4.10) were thoroughly analysed by Steudel [48, 53], 
Kaup [54], and Meinel [55]. In this section we only underline that the homogeneous so- 
lutions of equations (4.4.10), mr, =s, =1, и, =s, =0, are stable. 


4.4.2. STEADY-STATE SOLITARY WAVES TWO-PHOTON ABSORPTION. 


When the carrier waves frequencies are equal (©, =®, =©), they say that the degen- 


erated two-photon absorption takes place. The normalised system of equations, describ- 
ing the propagation of USP can be written as: 


i0qg/0G=b В, q-(1/2) pq , (4.4.12a) 
Ap/dt=i(5+5,,)p+iR,q? , (4.4.12b) 
OR, / 9х = (i/2)(pq? - pq’), (4.4.12c) 


where g = A,'Gexp[i2nkn ,I],(@,) < В, >=] is normalised complex envelope of the 
USP, 5, =2b|q|’ is Stark shift of the resonant levels, and other parameters were de- 
fined in the section 4.4.1. 

Here we will consider the theory by Belenov-Poluektov [42], where the stationary 
pulse of light was determined. This pulse is alike to conserving solitary wave with the 
zero asymptotic, propagating at exact two-photon resonance with the narrow absorption 
line, 1.е., at 6=0. In the following works [43-52] other solutions were found, amongst 
which the solution by Belenov-Poluektov is presented as a specific case. 

From the equations in complex variable we can change to equations for real vari- 
ables determined by the following formulae 4 = аехр(1ф), р = (и, +1, )ехр(21) , and 
К, =u,. We assume that6=0 an the inhomogeneous broadening is absent. System 


(4.4.12) results in the following system of the real equations 


да/ 06 =—(1/2)au,, (4.4.13a) 

Ab / AC = —bu, + (1/2)u,, (4.4.13b) 

ди, / 9х = (20/0т- 2ва? uy, (4.4.136) 

ди, / бт = -(20$/ Ot 25а? и, +иза?, (4.4.13) 


ди. /дт=-и,а’. (4.4.134) 
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By differentiating equation (4.4.13b) with respect to t and using equations (4.4.13b) 
and (4.4.134) for “instant frequency” w= (0ф/ 0T), we get 


dw/ 06 = wu, +ba*u,. 
Accounting equation (4.4.13a), we can obtain then: 
dw/da* =—wa? +b. 


This equation has a general solution w(a*) = C,a~ + ba’ /2 . Constant of integratin 
q 5 0 5 8 


must Бе chosen by the assumption that the instant frequency is limited for all values of 
the USP envelope amplitude including those when a — 0. So that 


60/0t =ba?/2. (4.4.14) 


Let us substitute the expression (4.4.14) in the Bloch equations. In terms of the angle 
variable 9 determined as 


oe [ада : 


Bloch equations (4.4.13c-3.5.13d) can be written in the form of the system of ordinary 
equations 


du,/d3=—-bu,, du,/d9¥=bu,+u,;, du,/d9=-u,, 


with the initial conditions u,(9=0)=u,(9=0)=0, u,(9=0)=1 that correspond to the 


absorbing medium. Solution of this system can be found by standard methods in the fol- 
lowing form 


u,(0) = —b(1+ 5?) '[1—cos(®)], u,(0) = \1+5? sin(®) u,(0) = 1+5?) ЦБ? + cos(0)], 


where 0(1,6) = .1+b79(t,C) is the Bloch angle in the two-photon resonance case. 
Now the equation (4.4.13a) leads to an equation for this principal variable 


6°0/0Cét = -(1+ 57)" sin(0)00/ dt. (4.4.15) 
By integrating equation (4.4.15), we can obtain 


00/05 =-(1+b?) "2 [1 — соз(@)], (4.4.16) 
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where the integrating constant was determined from the condition of the vanishing the 
USP envelope as t > —o0. If to determine ЧФ , named a pulse area [42,47-51] (it is more 
precise to speak about energy), by the expression 


@(C) = ‘1437 fac бас, 


then equation (4.4.16) leads to an expression which is similar to the area theorem by 
McCall-Hahn in the one-photon SIT theory. 


d@/d6=—-(1+ b*)"[1-cos@]. (4.4.17) 
This area theorem for two-photon resonance shows that pulses may be steady-state 
when their area © is an integer multiple of 27, but unlike one-photon SIT, these pulses 
are generally unstable. A small distortion of the 27N-pulse causing the decrease of its 
area converts it into 27(N-1)-pulse. 

By integrating equation (4.4.16), one can obtain 
(1+2)? 6 = cot(0/2)—cot(0, /2), 

where 0, = 0(t,¢ = 0). Hence, we get the exact solution of the equation (4.4.15). 


@(t,¢) = 2arecot|(1 +57)? + cot(0, /2)]. (4.4.18) 


Turning back to the initial variables, it is possible to get a square of envelope ampli- 
tude of the USP from (4.4.18): 


a*(t,6 =0) 
sin?(0,(t)/2)+ [cos(®, (2)/2) + (+62) "Csin(0, (©) /2[ 


a’ (4,6) = . (4.4.19) 


The steady-state pulse can be derived either by solving equations (4.4.13), having 
assumed that all variables depend only on n = € —w)T, or by using the relation (4.4.18). 


To do this one should change the argument of the function in the right part of (4.4.18) 
as 


@(t,¢) = 2arecot|(1 +57)? (C—u,7)]. 


It is possible if 
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со, (t)/2)=—(1+b7) 17a, к. 
Hence, it follows from the initial value 8, =0, (т), which provides propagation of the 
USP without altering its form: 


2и 
(145? 1+ bt! ase} | 


a’ (2,6 =0)= (4.4.20) 


So if the “Lorentzian pulse” (4.4.20), under the conditions considered here, enter non- 
linear medium it does not change its Lorentzian form in the course of his further propa- 
gation in the medium. 


2и 


а ан f +(e un) 1+5} | : 


(4.4.21) 


Having substituted (4.4.21) in the integral defining the pulse area ©, we can find 
that © is equal to 27. So they call this Lorentzian USP a 27 -pulse, too. Under the ac- 
tion of this USP a Bloch vector rotates through 27, 1.е., the state of a resonant medium 
after the passing of such a pulse returns into the initial one. Numerical study of the col- 
lisions of 27 -pulses [115] showed that, though the total area of pulses stayed unaltered, 
the shapes of pulses after the collision changed. For instance, one of the pulses experi- 
enced auto-compression. It should be pointed out that the formula (4.4.19) gives an ana- 
lytical description of this process. 


Fig.4.4.1. 


Evolution of the 0.8 л -pulse. 


The illustration of the pulse propagation under the THR condition is shown in 
Figs.4.4.1-4.4.3. We assume that the initial pulse is characterised by the sech-envelope 


a(t,¢ = 0) =a,sech(t/T,). 
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In this case we have 


0, (<) = ато 1+ 6? (1+ tanh(t/t,)). 


Fig.4.4.2. 


Evolution of the 2.5 2 -pulse 


Fig.4.4.3. 


Evolution of the 4.1 2 -pulse 


the expression (4.4.10) can be re-written as 


= sech’ (x) 
sin’(9,(1 + tanh x)/2) + [cos(9,(1+ tanh x)/2) + ysin(9,(1 + tanh x)/2)] 


w(x, у) 


The Fig.4.4.2 show that the USP decreases along co-ordinate у at З<л. The initial 
pulse collapses when the parameter 2л < 9< 4m, i.e. the pulse duration decreases USP 
propagates in the medium (see Fig.4.4.2). The initial USP transforms into two-peaked 
pulse if 4л <9< 6m as it is shown in Fig.4.4.3. 
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4.4.3. ZERO-CURVATURE REPRESENTATION OF THE TPSIT EQUATIONS 


Of course, one may obtain the zero-curvature representation of the TPSIT equations by 
means of the empirical McLaughlin-Corones method [116]. But in order to show the 
capability of the Wahlquist-Estabrook method [108,109,117-119] we shall try to find 
the form of the zero-curvature representation of the equations (4.4.10) following 
Wahlquist and Estabrook. 

Let us consider the pair of linear equations of the IST method, 


dy/0T-Uw=0, dw/0C-Vy =0, (4.4.22) 
The condition of integrability for (4.4.22) gives 
aU /0C - OV /éT +0, 71=0. (4.4.23) 
We shall take the matrices U and Р in the form 


V=X,+r,X,+rX_+7,X,, U=Y,+5,¥,+5_¥_ +5,Y,, (4.4.24) 


where the X’s and Y’s are constant matrices. 
Substituting (4.4.24) into (4.4.23) and equating the coefficients of dependent vari- 
ables one can obtain the commutation relations for the X’s and Y 75, 


A 


Хо, 1 =[Ж,%,1=[%, Я 1=[% ,%1=[Х, ,%1=[%. ,%,]=0, 
[Х,,У _1=КХ, +У,)/2, [X,,¥,]=-i0Y, -№Х., 
Х_ ,У1=0, [Х_,У.1=-КХ, +Y,)/2, [ХХ 150, (4.4.25) 
X_Y,]=i0Y_ +b_X_, [X,,¥,]=ib_Y, +iX, 
1=0, [X,,¥_]=-ib_Y_-iX_, [X,,¥,]=0. 


It is seen that with the assumptions 


A ^ A 


X,=Y=0, X.=0.L., У, =В.1., X;=0;1,, Y;=f,l, 


and requiring 


ia ,B_ =—-(a;,+B;)/2, ia .B,;=—-(b_a, +08.)/2, 
ia_B, =-(a,+f8;)/2, ia_B; =—(b_a_+0B_)/2, (4.4.26) 
jap, =-(a, +5_B,)/2, ia,B_ =-(a_+0B_)/2, 

one may obtain from (4.4.25) the structural equations of the $1(2, В) Lie algebra, 
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A 


3]=-21, > (i 1,]=2L 


part 
— 
+ 
—> 
— 
II 
— 
> 
—ч 
— 
+ 
—> 


Choosing В. as a spectral parameter, 1.е. В. = iA, then relations (4.4.26) yield 


В. = +2), B_=-m(f-2), 
ту М о i т | 


+ > -_ > Ol, = 8 
(214+ =) (214+ =) 2 (214+ g) 


where Г? =(m-g’)/4, g=—b,. A two-dimensional representation of sl(2, В) is 
realised by the matrices 


Be ome ee, ‘ 
оо Вох B=l, фу: (4.4.27) 


Thus we can obtain the linear equations of the IST method, 


д д 
я Аи ИГ А) у +Йду,, (4.4.28а) 
ar ar 
and 
д i m mif +r 
i 8 PW а, 
Oo 2 2+2 2r4+ 2 
(4.4.285) 
би, И-П т) 
ba. о о 


Equations (4.4.28) provide a zero-curvature representation of the TPSIT equations 
(4.4.10). 

It is noteworthy that the zero-curvature representation (4.4.28) constructed by Steu- 
del cannot be directly reduced to the one found by Maimistov and Manykin [119]. This 
is the result of the ambiguity of both the introduction of the constraints (4.4.26) and the 
choice of the spectral parameter. Nevertheless, according to a general result all spectral 
problems of dimension 2x2 are gauge equivalent to the Zakharov-Shabat spectral prob- 
lem. With respect to the problem under consideration, this equivalence was demon- 
strated by Kaup [54]. 

To reduce the system of the equations (4.4.28) to the Zakharov-Shabat form let us in- 
troduce new independent variables 


s,cosB, s, =exp(ia)sinB, s_=mexp(—ia)sinB, (4.4.29) 
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where В is a real quantity for m=+1 (RR) and imaginary for т =-1 (TPR). То be 
definite we shall assume that 0<В<л for m=+1 and iB 20 for m=-1. 


Transform the variables w = colon(y, , y,) of the spectral problem (4.4.28a) by the 


following rotation: 


а 6 ae /2) 0 pi 
to eliminate the factor exp(+ia) . Then the system (4.4.28a) takes the form 
о 
бу cosB in | 9 AT if sinB й 
=— oe wit yw! 
ОТ —isinB —cos Е i 0a 
2.0L 
Rotation over the angle В, 
Bots) б а о а 
yields 
, ida 120) В 
aye) “оо. И ог ог 
Zao о 
f+ sor sinB+ 7 57 i +5 эт Cosb 
A third rotation, 
^т_ С - “wu A И ехр(у /2) 0 
у"=О (у)у", 00) -( 0 exp(-id /2) (4.4.32) 
reduces the spectral problem to the Zakharov-Shabat form, 
Ow om a in ‘| a 
= a“ 4.4. 
OT He e one 
where 
q =|(if -(/2)да /9Т)зш В + (i/2)0B/ OT Jexp(iy), (4.4.34) 
r=|(if + (/2)da./ OT )sin В + (i/ 2)0B/ AT |exp(—iy), (4.4.35) 
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if the equality ду / ОТ = (да, / ОТ) cosB holds. Utilising (4.4.29) and (4.4.10) one can 
show that 


Oy/0T =p, /2sinB , р. =r_exp(ia)+ mr, exp(—ia) . 
Note, that 0B /0¢ =-(1/2)р_ and 


да /0C=gr,+(1/2)p,tan'B, др, /06=ip_(@a/AT - gcosf). 


In the RR case and when fis real, then g =—r" 
Another auxiliary linear equation following from (4.4.28b) has the form 


ow m eh vw" 
=. = (718, + Y,8, + 7,8, "= 
where 
fy 2, fy a 
У =-isiny ne р. tan? В +cosp Р- —^Р+ пы 
2 2+8 2(27. + =) 2(27. + в) 
ifp_—-X 
У, =-icosy des р, tan B+ is + сов Р- р, Sif Ayes _ 
2 2+8 2(27. + =) Е! 
| 2, 
| eae ae = ев р. ап” = +isin вР- - 9. P+ 
4sinB 2 2+2 2(2. +8) ’ 


$, are the Pauli matrices. 


We stress that equations (4.4.33) differ from the usual Zakharov-Shabat spectral 
problem by the fact that the variable 7 varies on a finite interval from 0 to Tmax: 


ры = [веда : 
0 


The details of this problem were examined by Kaup [54]. 


4.4.4. А SINGLE-SOLITON SOLUTION OF THE TPSIT EQUATIONS 


In comparison with one-photon and double resonances the TPSIT theory and its polari- 
sation aspects in particular have not been sufficiently elaborated yet. One of the reasons 
for this is the complex form of the transformation (4.4.29), (4.4.33)-(4.4.35) reducing 
the initial spectral problem to Zakharov-Shabat's form. The other reason is associated 
with the bilinearity of the functions desired in (4.4.10) over the field amplitudes (4.4.1). 
So to obtain the pulse shapes (4.4.1) in TPSIT one should in addition solve equations. 
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(4.4.4a,b) or (4.4.5a,b) for the transition 0 -> 0 or analogous equations for the transi- 
tions 1 <> 0 and 1/2 -> 1/2. It is clear from the very form of the spectral problem 
(4.4.28a) that the inverse scattering problem has a solution only when 5. does not van- 
ish when t—+00. Thereby a TPSIT soliton is a USP of one frequency on the background 
of another frequency. There are evidently no restrictions on the mutual orientations of 
the polarisation vectors of the pulses. We will not dwell on the TPSIT polarisation ef- 
fects any longer but just quote the results for the fundamental equations (4.4.10). From 
our point of view these results are quite sufficient for further considerations following 
the philosophy of section 4.2. They were obtained by Steudel [53]. A single-soliton so- 
lution of the equations (4.4.10) is written in the form [53]: 
— ВК (ш = +1) for g’*<l, 


(1+s,)o' =(1+7r,)97 =2sin2W[f (cosh 46 + созв 2/)] ", 
o— Г tanw 
6 


у=2ЕТ +(2/—g)C+ tan" [ии 2 tanh 2 + 5 sign(2if — $g tanh W), 
g- 


a = 2ЕТ + (21-g)C+ ви tanh 2] 


tanh2W =2fo(E?+o0° + f*)'; 
— for g’ >1 (f =-ib , Imo = 0), 


(l+5,)o' =(1+7,)97 =2sin2W[(cosh 4u+cos2W)]', 
tanW 
o+(&+ 6) tan inh) . 
E+o-otanwW 
(2/— g — 20) tanW — 29 
29tanW —26-—g +21 


a =2&T+(21-g)C+ шо [ 


v=25r +21 296+ [ рвы | 


+ 5 sign(2lp — Og tan W), 
tanh 2W = 2o0(o* -&*-0*)', 0<И<л/2; 
— TPR (m =-1, f=-i), 


(s,; lo! =(147,)9' = 2зщ 27 [(созВ 4u + cos2W)]', 
o+(€-6)tanw 
&-o-otanW 


a =—-2ET -(21+ g)C- шо [ вв) ; 
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29+ (20- g—2/) вп" 
g—26+2/-29tanW 


у=-2ЕТ - (21+#)6- al 2 tanh 2 + 


+ 5 вт + Og tan W) = 1, 


tanh2W = 2фо(ф* —E?-0’)', 0<И<л/2; 


Everywhere above the tan~ branch belongs to the interval (-л/2,п/2). The 


quantity 5, is determined by equation (4.4.29) and г, =i(1—r; )"* exp(iv). Besides, & 
and с are the real and imaginary parts of 4, 7 =€+io, from the discrete spectrum. 


The other notations are 


(2§ +g) б 


u=oT - 96, ^ 402 (+ QE)? |. ^ [402 +(g+2é)*] 


It should be emphasised following [54] that IST method leads to generalised Zak- 
harov and Shabat problem (4.4.33). Typical of this problem is that the bound state ei- 
genvalues will not be stationary. These eigenvalues will be at the poles of the scattering 
data p(A) = b(A)/a(A), and since the magnitude of the b(A)/a(A) is С dependent, we 
may expect any pole to move as € varies. It may even be possible for new poles to ap- 
pear and old poles to disappear. 


Remark 

Equations describing propagation of the USP under conditions of exact two-photon 
resonance in the absence of inhomogeneous broadening of the absorbing lines can be 
transcribed in the form which was named “unified”. To do this it is necessary to re- 
denote a complex variable as follows: 


p=R, +ik,, 4’ =S=S,+iS,,|q Р= 5. 
In these variables the system of equations (4.4.12) looks as 


Qp/t=iR,S+2ibRS,, — ОВ, /dt = (i/2)(pS* — p’S), 
5/06 =2ibR,S—pS,, OS, / 06 =(i/2)(pS* - p's). 


It should be noted that pseudo-spin vector (51, S2, 53) has a zero length. In the case of 
non-degenerated two-photon resonance, its length is not a zero. These equations have a 
structure of equations by Kaup and Steudel and this is the reason to consider the IST 
method to be applicable here as it is in the general case. 
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4.5. Relation between SIT-theory and field-theoretical models 


One of the fundamental features of the completely integrable evolution equation (or sys- 
tem of equations) is their nontrivial relationship with each other named the gauge 
equivalence. The origin of this term is connected with the geometric interpretation of 
the linear equations of IST method. Now it is useful to make some remarks to consider 
this interpretation [120,121]. 

The differential operators in the equations (4.2. 13) may be considered as the opera- 
tors of the covariant differentiation, so matrices U and V are understood as the local 
coefficients of connectivity in the trivial fiber bundle А? x С\, where Euclidean space- 
time А? is the basic manifold, and ‘P(t,C) takes the values in a typical fiber С^, 
which is an N-dimension complex plane. Equation (4.2.14) means that this connection 
has a zero curvature. The transformation of the fiber variables, under which the curva- 
ture does not change (in the general case the curvature tensor must transform as the co- 
variant one), was named the gauge transformation. 

If the local transformation in fiber is executed by means of matrix functions g(t, ¢) 


(Ал, 6) > P'(Ast, 6) = в 1(1,G) P (Ast, 0), 
then in order to conserve the equations (4.2.13) in the form 
Ov'/OT-U'P'=0, OP'/0C-VP'=0 (4.5.1) 
the U-V-matrices should be transformed by the formulae 
U'=g'Ug—-g delat, V'=¢ Тв 'dg/0C. (4.5.2) 


The direct calculations show that the zero-curvature condition (4.2.14) transforms into 
the following relation 


0U'/d6=0V'/dr+|P',0']. (4.5.3) 


The system of nonlinear evolution equations, which may be solved by the IST 
method on the base of the linear equations (4.2.13), follows from (4.2.14). Exactly in 
the same way the general case of another integrable system, for which IST method is 
based on the (4.5.1), follows from (4.5.3). The obtained systems of nonlinear equations 
are named gauge equivalent. 

Zakharov and Takhtajan in [120] discovered the gauge equivalence of the Landau- 
Lifshitz equation for nonlinear waves of the macroscopic magnetization in an isotropic 
classical one-dimensional Heisenberg ferromagnetic and nonlinear Schrédinger equa- 
tion. After them the great progress has been achieved in studying the gauge relation 
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among the various nonlinear evolution equations. The detail review of this subject is 
given in [122-124]. It is worth pointing to the references [124,125], where the gauge 
equivalence between the Sin-Gordon equation and the field equation of O(3)-nonlinear 
с -model was discussed. The first appears, apart of other fields of physics, in the theory 
of self-induced transparency by McCall-Hahn in the sharp-line limit, the latter plays the 
main role in the chiral field models. 


Function f(z), determined on R* (where it is often К = 2), with the values be- 


longed to some nonlinear manifold M in the most general case is named the chiral field. 
The principal chiral field is that for which M complies with the Lie group [126,127]. 
The chiral fields are remarkable as their Lagrangian is a free field Lagrangian, 1.е., it 
does not contain potential energy at all. But the domain of the values of the field be- 
longs to some nonlinear manifold. For the principal chiral models this manifold is a Lie 
group, for other models this manifold may be the homogeneous space of a Lie group or 
coset space. This is the reason why the Euler-Lagrange equations, that is the field equa- 
tions, are nonlinear. One says that the nonlinearity is induced by the geometry. 


4.5.1. SIT UNDER ONE-PHOTON RESONANCE CONDITION 

Let us consider the SIT-equations, which has a zero-curvature representation in the 
form of equations (4.5.20), or (4.5.25), or (4.5.28), under the condition of homogeneous 
broadening of the resonant absorption line and exact resonance. In all these cases the U- 
V-pair may be presented in the unification form 


Ол, = + E(t,6), РОО =A РОО. 


The zero-curvature condition (1.е., SIT-equations) in these designations have the univer- 
sal form 


o£/a¢=|P, 3], aPsor =[E, P]. 


The expressions for matrices J,E,P can be easily found by the comparison with 
(4.5.20), (4.5.25) and (4.5.28). Let g(t,€) be determined by a solution of equations 


dg lor=(F+ECO)g, 08/06 = Pde. 
that is g(t,¢) complies with Y(A =1;1,¢). From (4.5.2) we obtain that 
U'=(A-Ng lig, ГЕО - Пе Ре. (4.5.4) 
Introducing of the new quantities 


(7,0 =-2¢ Fg, 1(7,0 =-2¢ Pe, (4.5.5) 
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from (4.5.3) we obtain the system of equations 
al, /oG=ol,/ett+[l,,1,], 91/06 =(/2)4, 1], 9/0 =-а/ 2, 1]. 
Whence the equations of chiral field models are 


al, Ol _y 
06 ot aa 


a =U, Al. (4.5.6) 


If /, and /, are the elements of Lie algebra of Lie groups G, defined by U-V-pair, 
then equations (4.5.6) are the equations of the principal chiral field (PCF). For instance, 
G = SU(2) for the SIT theory by McCall-Hahn, for the SIT theories in the vector case G 
= GL(3,C), for the SIT at transition 7, =1/2— j, =1/2 [30] G= SU(2) x SU(2). 

If one considers /, and [ as the left currents h(t,¢) of the PCF, 1.е., Oh/Ot=1,h, 
oh/0¢ =1,h, then the system (4.5.6) results in the standard PCF equation 


oO Oh y 9 Oh y =0, 
06 \ Ot Ot\ 06 


Thus, it has been shown the gauge equivalence of the generalized models of SIT to the 
PCF models. 
It is necessary to note that h(t,C¢) is a function determined on the two-dimensional 


Minkowski space-time К"! with values in С. That provides obstacles in the definition 
of the topological charges, self-duality equation and other conceptions inherent to the 
PCF models in Euclidean space. 

The solution of the PCF models can be expressed in terms of the solutions of the 
spectral problem of IST method, 1.е., the Jost matrix function: ¥(A;T, C) 


A(t, 6) =Ф 7". =5т,0)4().=-Бт,0). 


Оп the another hand, the solutions of the given model of PCF generate new solutions of 
SIT (or GSIT) equations, describing the propagation of the USP in a resonant medium. 
This is the consequence of the reversibility of the gauge transformations. 


4.5.2. SITUNDER TWO-PHOTON RESONANCE CONDITION 


In order to find another example of the hidden relations between different physical mod- 
els let us consider the theories of the USP propagation in the medium under a two- 
photon resonance condition. The zero-curvature representation of reduced Maxwell- 
Bloch equations in the case of such resonance was founded in [53,54,119]. Here we re- 
produce the U-V-pair from [53]: 
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D0) -( — ids, (A+ a | 


—mA—-if)s_ 115} 


поль зави» 2") 
2 a6. би ОА 0 


where Г? =(m—b*)/2, m=+1 is chosen for stimulated Raman scattering and т=-1 


holds for two-photon absorption. The quantities s,, s, =s, tis, are expressed in terms 
of the envelopes of electrical fields of the two-frequency USP and the quantities r,, 


Г, =r, tir, are connected with the matrix elements of density matrix of the two-level 


atoms ensemble (see Section 4.4.1). The zero-curvature condition brings about the sys- 
tem of equations offered by Steudel [53] and Kaup to describe the phenomenon of the 
two-photon SIT 

05, /0G =imr,s,—ib_r,s,, 05/06 = (i/2)(r's, =f cra 


+ 


(4.5.7) 


* 


Or, /ОТ = -ib_r,s,+ir,s,, Or,/0T = (i/2)(s*r, -~s,r') 


Choose the solution of equations (4.2.13) at A =1 аз g(t,C). According to the rela- 
tion (4.5.2), a new U-V-pair may be written in the following form 


O'=(A-Ng'Sg, V'=(A-1I)(Q2QA-b_)'g Re, 


where matrixes 5 and А are introduced as 


в_[т ln 9), 1 0 —m(b_ —2if )R, 
“(eb NO: Se (= а 0 


If one defines left currents /, and /, as 1,(T7,¢)=-(2-b_)g ‘Seg, 1(Т,б)=е Reg, 
then we get the transformed U-V-pair О’ and 7’ inthe following form 


O'=(1-A)\(2-b_) 117,60), V'=--A)(20-b_) "1, (7,6) 


Introducing new spectral parameter и = (2A —b_)(2—b_)"', we obtain 
0'=(/2-в) (Т.О, У’=а/2)а-н (О. 
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By comparing these expressions with (4.5.4) and (4.5.5), we may conclude that Steudel- 
Kaup equations (4.5.7) are gauge equivalent to the equations of the PCF model with G 
= SU(2). 

It is interesting that both McCall-Hahn equations in the sharp-line limit and exact 
resonance (that is Sin-Gordon equation) and Steudel-Kaup equations can be mapped 
into the same PCF model. This is the essence of the geometric interpretation of the solu- 
tion of the Steudel-Kaup equations given by Kaup [54]. Thereby, we obtain the gauge 
equivalence of the SIT models based on completely integrable equations and integrable 
PCF models. Another example was presented in [59]. There it has been found that the 
simplest scalar SIT model is equivalent to the theory of a charged vector field interact- 
ing with the Abelian gauge field. In [128] the system of two-photon resonance SIT 
equations was transformed into two connected Klein-Gordon equations. Recently the 
authors of [129,130] have investigated the GSIT equations and found the hidden non- 
Abelian group structure of the these equations in the case of multi-level resonant me- 
dium. They have discovered that a non-degenerate two-level system of self-induced 
transparency is associated with symmetric space G/H=SU(2)/U(1) while three- 
level V- or A -systems are associated with G/ H = SU(3)/U(2). The same symmetric 
space is associated with the degenerate two-level system of SIT in the case of transi- 
tions Л =1- j, =0 and j, =0-> j, =1. When one considers the transition Л = 1/2 
— j,=1/2, the GSIT equations are associated with G/ H =(SU(3)/U(2))’. There 
are many complex aspects related to the degeneration of the energy levels in a three- 
level system of SIT. For instance, the transitions between states 7, = 7. =0, 7, =1 (or 
Ja =Je =1, Jj, =9) are associated with the symmetric space G/H= 
SU(4)/S(U(2) x U(2)) (accordingly G/ H = SU(5)/U(A4).). If to consider 00.) and 
V(r) as the matrix functions of complex variable 1 , then one may notice that nature of 
the singularities of these functions do not change under gauge transformations. This fact 


could be used to classify the gauge equivalent integrable models from the general point 
of view. 


4.6. Conclusion 


In this chapter we have considered the SIT models, which are based on the completely 
integrable equations. It allows us to use the powerful method of the inverse scattering 
transform for obtaining the soliton solutions of these equations. However, we have left 
aside some questions related to such models. 

The McCall-Hahn theory of SIT phenomena can be represented in the Hamiltonian 
formulation [131]. Furthermore, by using the zero-curvature representation of the SIT 
equations one can show that the Hamiltonian formulation allows the ultralocal Poisson 
brackets and r-matrix [121]. The theory of SIT without SVEPA (see equation (4.1.5)) 
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permits the Hamiltonian formulation but the Poisson brackets are not ultralocal, which 
means they contain not only the 5-function, but its derivative as well. Thus we can 
conclude that there is the fundamental distinction between these two theories of the ul- 
trashort pulse propagation in a resonant two-level medium. However, it has been shown 
[132] that fundamental Poisson brackets for a transfer matrix can be written in a com- 
pact form in accordance with the requirement of the generalised Hamiltonian formula- 
tion [121] by using two r-matrices. It opens a new way to the development of the quan- 
tum theory of SIT. 

There is a hypothesis that completely integrable systems of non-linear evolution 
equations possess the Painleve property. It means that appropriate transformation of 
variables converts the non-linear partial equations to ordinary ones without movable 
critical points in the solutions [101,133-135]. It has been showed [136,137] that SIT 
equations (4.1.7) stand the Painleve test. This property has also been found for the sys- 
tem of equations describing USP propagation in the cubic non-linear medium contain- 
ing the two-level resonant impurities [138-140]. As for the variety of the generalised 
SIT equations accounting for two-photon resonance the Painleve property test has not 
been carried out yet. 

In section 4.1 and 4.2 we discussed the regular soliton solutions which follow from 
the relevant systems of the equations. However, there is another technique for solving 
these equations. Some new solutions have been found in [34,35] under consideration 
polarised USP propagating in medium with the degeneration of the energy levels (sec- 
tion 4.2.2). These solutions were obtained via a generalised formulation of the dressing 
operator approach of the Riemann-Hilbert problem with the second order poles. It is 
important to point out that the shape of the USP envelopes are no longer of the simple 
sech-type, but they tend to zero with increasing the time. By using the д -formalism for 
rational reflection coefficient of the spectral problem (3.2.1) in [141] solutions of the 
SIT equations which belong to class of the discontinuous soliton-like solutions of these 
equations have been obtained. 

Analysis of the non-soliton part of the general solution of the SIT equations is the 
important problem when the amplification of the optical pulse in the laser amplifier is 
considered. It has been found that the output pulse is always of a quasi self-similar na- 
ture, and the parameters of the optical pulse in the amplifier are determined exclusively 
by the front of the initial pulse [142,143]. The more detailed description of the evolution 
of the amplified pulse was represented in [144]. An approximate solution of the bound- 
ary problem for the SIT equations which describes the superfluorescence has been ob- 
tained in [143] as well. 

We have considered the SIT theories based on equations in (1+1)-dimensional 
space-time. The simplest way to increase the space dimension is expressed in the substi- 
tution 


9/02 > 0/02 + 0,0? | dx? +2,0* / ду? 
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in the equations for the electric field of the USP. It results in a non-integrable system of 
equations. The analysis of the USP envelope evolution can be done in the frame of the 
approximate methods or numerical simulation. 


We finish this section by noting that the theory of the self-induced transparency is 


the most fruitful region of non-linear optics where the non-linear wave dynamics is 
represented in full measure. 
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CHAPTER 5 


COHERENT PULSE PROPAGATION 


Propagation of an ultrashort optical pulse is often associated with the self-induced 
transparency phenomenon. But not always the optical pulse propagation can be 
described in the frames of the models based on the systems of completely integrable 
equations. By assuming, however, that the duration of an optical pulse is less than the 
characteristic relaxation times, we should admit the synchronous interaction of the 
resonance atoms with the electromagnetic field. Then they say that the system possesses 
a phase memory. A number of effects were considered in Chapter 2, where the 
evolution of an ultrashort pulse in the course of its propagation through the medium was 
not taken into account. These are the coherent transient processes. The phenomena arise 
when an ultrashort pulse spreads in a system with the phase memory are called the 
transient processes. The self-induced transparency, examined in the previous chapter, is 
a typical representative of the coherent transient processes. In the current chapter we 
shall consider several examples of the similar phenomena, which theory is based on the 
sets of non-completely integrable equations. Strictly speaking, there are no true solitons 
in such systems, but steady pulses have soliton-like properties. 

Section 5.1 is devoted to the theory of the propagation of an ultrashort pulse in a 
medium with the non-resonance non-linearity. Here the optical pulse propagates 
without noticeable distortions as it takes place in SIT phenomenon [1-7]. Recently this 
phenomenon has been observed and investigated in [8]. 

The allowance of interaction between resonance atoms in addition to their resonance 
interaction with the electromagnetic field can be considered as another generalisation of 
SIT theory. A SIT in the system of excitons is a typical example of such an approach [9- 
27]. The simplest model [19] including the interaction between atoms is observed in 
section 5.2. 

The propagation of extremely short optical pulses has been exciting an interest since 
McCall and Hahn’s theory was created. In this theory the model of the two-level atoms 
is not the most successful model, but the first interesting results were obtained by a 
simple generalisation of the SIT equations [28-35]. In section 5.3 we consider the 
theoretical models and their solutions, which were used to analyse this problem. It will 
be demonstrated that both resonance and non-resonance models of a non-linear medium 
can describe the propagation of a stationary ultrashort pulse often called as the pulses in 
one period of the optical wave oscillation. Precisely speaking, such pulses, named video 
pulses , are not quasi-harmonic waves. They represent a separate (solitary) splash of the 
electromagnetic field. A similar object in non-linear optics is an optical shock wave, 
whose brief description completes this chapter. 
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5.1. SIT in a Kerr-type non-linear mediums 


The progress has been achieved recently in the production of the extremely short optical 
pulses, which durations are about several femtoseconds [36-40]. Such ultrashort pulse is 
usually characterised by a high electric field strength, so that the non-linear optical 
effects take place. One of them is solitons generation and propagation. There are 
intensive investigations of the non-linear pulse propagation in the optical fibres [41]. 
However, practically all materials used for fibre fabrication contain impurities that 
contribute to the absorption spectrum of the fibres. The losses due to the resonant 
absorption decrease if the frequency of the carrier wave is located within the window of 
transparency of glass fibre. Another means to decrease losses is to make pulse duration 
shorter than the characteristic relaxation times of the resonant states or in other words to 
make optical pulses ultrashort. In this case the well known self-induced transparency 
phenomenon can be expected to arise. 

It is known that the Nonlinear Schrédinger equation which is used to describe 
optical solitons in non-linear monomode optical fibre is completely integrable [42-46]. 
The reduced Maxwell-Bloch equations or their generalisations considered hereafter as 
RMB-equations are completely integrable too. The IST method for both the NLS and 
the RMB-equations enabling to solve some non-linear evolution equations is based on 
the same spectral problem. The model of the USP propagation in a Kerr-type non-linear 
medium doped by resonant impurity atoms incorporates both of these systems. But there 
are no reasons for the resulting system of equations to possess a complete integrability. 
The search for zero curvature representation of this system of equations allows to give a 
certain answer here. 


5.1.1. THE CASE OF A SCALAR SOLITONS 
The evolution of the USP propagating in a non-linear monomode optical fibre in z- 


direction is described by the equations which generalise the Maxwell-Bloch equations 
[2]. We could name them the Nonlinear Schrédinger and Bloch equations. 


2 
и" а+а(р)=0, (5.1.1a) 
wiy)=u(y)/uy,, (5.1.1b) 
AR, /dc = (if (2(q"p-ap’) , (5.1.1c) 


where q is the normalised slowly varying complex envelope of the USP defined by the 
following expression 


E(t,x, у,2) = Aq(t,z) P(x, y) exp {-i@,t + iB,z}, 
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“ents 1$ a mode function that determines the transverse distribution of the electric 
field over the fibre cross-section. The interaction of the radiation with the resonant 
impurities is characterised by the dimensionless constant f =dA,t,,/2h, where d is 


an effective matrix element of the dipole transition between the resonant states: 
d = |4) ) |4) dp/]|¥@)P a5. 


Here б=2/Ёь, t=(t-Z/v, Ves are normalised independent variables of co-ordinate 


and time, accordingly, ¢,9 is a pulse duration at 2 = 0 and у, is the USP propagation 


Е 
group velocity. The term in (5.1.1а) with the second derivative with respect to т 
describes the USP dispersion broadening (5 = —1 for the normal dispersion and s = +1 
for the anomalous dispersion). The coefficient a is expressed in terms of the dispersion 
length Г, and the resonant absorption lengthL, [47] as a=L,,L,' f', where 


Ly = 48,08? (©) / 0%? |)", Г, =chn,,(2n0,n,d7t,.) 
The effective refractive index n,, is defined as B(@)=(@/c)n,, The third term in 


(5.1.1a) is responsible for the self-action effect. Coefficient is equal to the ratio of the 
dispersion length L,, to the Kerr length Ly 


= 
Lz = с?Во (ло? A? IX кет ) | 


Here Во is the propagation constant depending on the frequency of the carrier wave 
Фо and Xx 47 is the effective non-linear susceptibility responsible for the Kerr effect 


(These definitions will be discussed in more detail in the next chapter, in section 6.1.1). 
The angle brackets in (5.1.1а) denote summation over all normalised frequency 
detuning 5=Aot,, from the centre of the inhomogeneously broadened line, Aw is the 


difference between the pulse carrier frequency and the atomic transition. 
In contrast to a uniform infinite medium case, where Kerr susceptibility y, is 


constant, the effective non-linear susceptibility хх.’ depends on the mode of the wave 


propagating in fibre. This value can be written as 
Lier = | Xx P| VG) Гав!) ap, 


where р = {x,y}. 
The dependence оп the transverse co-ordinates р is extracted from the variables 


258 CHAPTER 5 


describing the resonant atoms (i.e. impurities) and from the envelope а of the USP, 
Ry = p(z.t)¥(p), Ry — Ry = К, (2,1) (р). 


Here R,, (i, 7 = 1,2) are the slowly varying density-matrix elements of the two-level 


atoms representing the models of resonant impurities. 

To define the condition for the existence of non-broadening optical pulse we must 
find at what ratio of the parameters in (5.1.1) this system permits zero curvature 
representation. 

Let matrices of the U-V-pair be chosen in the form 


И = * . 9 V= . 
02а ir C =A 


Constants ат, a2 and A, В, С (which are the functions of а, р, R;, 04 / Ot) should be so 
chosen that the condition of zero curvature 


would coincide with (5.1.1). This expression can be rewritten in the expanded form 


OA + 

By Ie -@24 B, (5.1.2a) 
CBs», 04 
в eae aa (5.1.2b) 
OC са О ОЕ "A (5.1.2c) 
Ot 2 96 24 ’ ot. 


Let B and C have the form of the linear combination 


B = (bp) +b)q +504 / Ot, 

: : : (6.13) 
C=(ep tong +c,0q /Ot, 

where the unknown coefficients b; and с, () = 1,2,3) depend only on i. By 


substituting (5.1.3) into (5.1.26) and (5.1.2c), equating coefficients of p,p , 0q/ dt, 
да" / 0%, 6°q/0t*, O°q'/dv’ and taking the systems of equations (5.1.1) into 
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account we can obtain that 


В =a,a(8+2A), b,=2Asa,, b, =isa,, 


c,=a,a(8+2A), с, =2Asa,, с. =—isa,, 


and 
ай В (5.1.4) 
2 6+2X 
Thereby 
bape ea (5.1.4b) 
Ot 6+2X 
С=а, 12754" — it 5.1.4¢ 
af iy al ae) 


Compatibility of (5.1.4) and (5.1.2a) imposes the constraints on the parameters of the 
problem, 1.е., the following conditions must be satisfied: 


= = 
—p=20,0,s, f° =-@ 9, . 


Непсе 
w=2s f? (5.1.5a) 


Since fis a positive value, equation (5.1.5a) leads to a relation for the signs of the Kerr 
susceptibility and the constant of the second order group velocities dispersion: 
signu=s. In terms of dimensioned variables, condition (5.1.5a) takes the form 


beh Seer 
ho, ) 
4n| —° = 
cd IX Keg | 


where the parameter of group velocities dispersion D is introduced. 
The only condition for parameters a, and a, 15 the requirement that the spectral 


problem of the IST method be anti-Hermitian one. Hence it follows that a, = a, = if 


0°B*(@) 


Ow? 


ho 


Cc 


Di, (5.1.5b) 


If there are no resonant impurities in a fibre then the existence of soliton would be 
guaranteed by the following conditions a, =a, =i, и=25. ш this case the system of 
equations (5.1.1) reduces to the NLS. 

The presence of resonant impurities radically changes the situation: 27-pulse of 
self-induced transparency should simultaneously be also a soliton of the NLS equation, 
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i.e. the amplitude and duration of the 27 -pulse should precisely be of such values that 
the corresponding self-action (due to the high-frequency Kerr effect) would lead to 
complete compensation of the dispersion broadening of the USP. 

Let us assume that a dipole moment d and Kerr susceptibility хх ofa fibre do not 


depend on transverse co-ordinates, then 
-2 ~ —2 
Хка [9 =З ХК 19’, 


where the geometric factor 3=%3,5, / 35 is explicitly separated. Under condition 


(5.1.5) the difference between the cases of unbounded inhomogeneous medium and 
fibre is clearly seen. Here 


3, = [|4 Фар, = 1-4), 


The appearance of а geometric factor is typical for the problems of integrated and 
fibre optics. It is useful to estimate the influence of the geometric factor on the solitons 
existence condition (5.1.1). For a fundamental mode the Gaussian function of |p| serves 


as good approximation of (р) with the half-maximum width equal to the effective 


thickness of the fibre light-guided core. For the fibre with the parabolic profile of the 
distribution of the refractive index it is at any rate the exact result. For this particular 
case the geometric factor is 3=8/9. Of course for each specific fibre and mode the 
value of the geometric factor will differ but it is unlikely to deviate greatly from unity. 

Thereby, the existence of the optical solitons in a fibre doped with resonant 
impurities is restricted. It is more reasonable to consider these impurities as a 
perturbation factor for the optical soliton in picosecond range of duration (soliton of 
NLS). Therefore we can consider the influence of the resonant centres by means of the 
perturbation theory. In another limiting case the non-resonant effects of group velocities 
dispersion and Kerr-type non-linearity could play the role of perturbations for solitons 
of self-induced transparency phenomena ( 27 -pulses). 


5.1.2. THE CASE OF VECTOR SOLITONS 


Now let us consider ultrashort pulses propagation in a Kerr-type dispersive medium 
when the transition between energy levels of the impurity atoms are degenerated over 
the orientations of the total angular momentum 7, and j,. The same system of 


equations appears when fibre contains three-level impurities atoms, so that formally we 
could speak about optical vector solitons in a general case. 
Let the electric field strength write as 


ECG, у,2) = Аа, (2) (р) ехр{— 2! + 2}. 
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The equations for the normalised envelope 4,(1,2) and the variables of the atomic 


resonant system can be written in a unified form as it was done above 


2 


0g; O49, к 
парит). 
(a) 
но = Даму - in| (5.1.6) 
м“ ам 
=. = -if |q3P а P™ > - = ape on” _ а.Р®] 
J 


where j and / mark the spherical components of the vectors, and P, = > BP? . The 


variables into the Bloch equations in the system (5.1.6) have been determined by the 
formulae from Chapter 4 (section 4.2.2). Parameter f=dAjt,./h characterises the 


interaction of the USP with resonant atoms. The rest of parameters remained as before. 
To find zero curvature representation, matrices U(A) and V(A) can be taken in the 
form 


a - в. т А В 
ть ai) OUR Als 


and then the matrix elements of matrix Г.) should be resolved in the form of the 
linear combinations of variables characterising impurities and the USP electric field 


B= >) (b, (AP) +5, (AG +40) OG / Ot, 


С=У (с, (A) PO") +0, (AG* + с. (A) OG" / Ot 


Substitution of these expressions in the two last equations of system (4.2.15) and 
equating the coefficients at Po, Po 04 / Ot, ag" /дт, 9? / at", Og / дт? 
provide 


B= -ay, 8, ((P)) +2hy,sq+iy,s0qg/ét, 


= -ay, > B,((P")) + 2ry,8G" —iy,s0q" /dt, 
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where it is accounted that (P) = Ds В, (Po) and <<...>>=<...(21 + 8)'>. 


Using these expressions together with the two first equations from the system 
(4.2.15), one can find A and D by integrating these equations: 


A= A,—inyn(a! fYYB(N))— A254 -4), 


D=Dy-iny.(al AY B.((M)) +5" B49), 


where А, and matrix Бо are the integrating constants. In order to define А, and Do, 


у! and y, it is necessary to substitute В, С, Aand D into the two last equations from 


(4.2.15) and to find out the conditions how to convert these equations into identity. This 
procedure brings in the following expressions 


Al =-(8/3)isx”, D, =(4/3) 521 
and 
f? =r, и=-2у.. 


Having chosen у, =y, =~—if , we receive the condition of complete integrability of the 
system of equation (5.1.6) и=25/”. It should be noted that this result has already been 


obtained (refer to (5.1.5)) in the analysis of the scalar solitons, with the same 
interpretation. 


5.1.3. VECTOR SOLITON SOLUTION 
In order to find soliton solutions of equations (5.1.6) by the IST method with the U-)V- 
pair found above, we can make use of the fact that herein the well known Manakov 


spectral problem [48] takes place. 
The solutions of equations (5.1.6) can be written as 


Гал =UKS" (40, fay, =” (ат), (5.1.7) 


where KP (x,y) is the matrix elements of the three-component vector К“ (x,y) 


satisfying the equation: 


KG) = Fart y)+ [ би, уаи. (5.1.8) 
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This equation comes from the Gelfand-Levitan-Marchenko equations allowing to solve 
the inverse problem for Manakov spectral problem. Here 


R(x,u,y)= | YF (w+ w)F,, (+ у)» 


x S=2,3 
and 


4 "РТ, (5) 
Е, (x)= ae : exp(iA. +50 Sq т 


exp(igx)ds. 


The scattering data C\’, Т, (&) and T/, = (АТ, /dd)(A ,) depend оп ¢ by the formulae 
[42-46,48]: 


CPE) = С (O) exp RA, )Cf 
T,,(&,6) =Т, (6,0) exp{R(E)C}, 


where 


R(A) = aisn? + {Pit Bs | 
2 +5 


and 4; are the points of discrete spectrum of the Manakov spectral problem, 
T,(4,)=0, Ima; >0,7=1,..., М. 

It is useful to consider the case of the discrete spectrum consisting of only one point 
A; =A, (and moreover 1, =in) and 7,,(§) =0. This situation is well known [44,45] to 
correspond to a single-soliton solution of the completely integrable equations. The 
equation for K“(x,y) is reduced to the system of linear equation which solution 
provides the result 


f -GC,t) = 217 sech(2nt — Ве. С — 2nt, )explig], (5.1.9) 


where то =ш| С(0)|/2м, 7 =C(0)/|C(0)|, vector C(0) = {СФ (0), СФ (0)} is formed 
from the initial conditions by solving spectral problem (1.11.a), R, =R(A,), and (Ct) 
=Im,¢ + arg[C(0)]. This is the polarised soliton, which propagates in a Kerr-type 
medium with the resonant degenerated energy levels impurities. These results are valid 
for transitions 7, =O0—>/7,=1 В, =1,В. =0), л=1—> 7, =0 (В, =0,В, =1), 
J, =1> j. =1 (В, =В. =1/2). The case of resonant impurities complying to the 
model of three-level atoms of A - and V-configurations of levels belongs to the class of 


integrable systems too. These situations should be referred to as “simulton in the non- 
linear fibre”. 
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The collision (i.e. the interaction) of the polarised solitons in such medium results in 


the changing of their polarisation vectors (or partial amplitudes of the simultons) 1“ 


and 12). If we recall that the transformation law for 7‘ and 7 was defined solely by 
the form of U-matrices in a spectral problem (4.2.13a) or (4.2.13c), then the 
corresponding expressions must coincide with (4.2.47), (4.2.48) and (4.2.49). In the 
work [49] this statement was checked out by the analysis of double-soliton solution 
obtained from the solution system (5.1.6) provided the discrete spectrum was formed by 
two points 2, =n; only and there was no continuum spectrum at all. 


5.2. Self-induced transparency in the media with spatial dispersion 


The spatial dispersion appears with allowance for intermolecular interaction. It leads to 
an additional influence upon the process of USP propagation due to phase modulation. 
We can observe these effects in the frames of the simplest models. We follow here the 
work [19] where the model of the cubic molecular crystal with one two-level molecule 
per elementary cell was considered. In Heitler-London approximation the Hamiltonian 
of such systems of molecules interacting with electromagnetic wave has the form: 

Я ==У` Р-Р, + A(m—n) PP, + Ay, 


m,n 


Е +O) (+) и 
И ~ 2 У {2 Е (п) + РЕ (n)}, 


where & is an excitation energy of a molecule in the crystal, A(m-—n) characterises the 
resonance interaction between nodes m and n of crystalline lattice, Б, is an annihilation 


operator of excitation on mth node, © is a constant of dipole interaction of the 
electromagnetic field with the two-level molecules. The electric field strength is 
presented as the sum of positive and negative frequency parts 


E=E+E, 


Furthermore, the terms responsible for harmonic generations and shifts of levels are 
omitted in Hamiltonian of the interactions of field with molecules. Such approach 
named “Rotating Wave Approximation” is often in use. Operators of creation and 
annihilation of molecular excitations satisfy the Pauli commutative relations. 


In work [19] the classical equations for this models for polarisations P,(t) =< P, > 
and differences of the population of excited and ground states n,(t) =< P,P, > were 


obtained. Here, as usual, the expectation value of the quantum mechanical operator O 
is denoted as <О>. In one dimensional case and in continuum approximation these 
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equations can be written as: 


2 2 
nor hen o-P 


cP +A,P=enE” , 5.2.2a 
Ot 2m 02? a | | 
2 * 
ip on, BO | ps OP _ ОР |_8 (eP—E£OP’) | (5.2.25) 
Ot 4т 02 Oz 02 2 
2 г (-) 270 4 2 
a Е : д Z Вы д —— , (5.2.2c) 
92 со 9% Cc ot 


Here the lattice variables have been changed in the following manner P, (t) > Р(2,1) 
and п, (t) > n(z,t). The angle brackets in (5.2.2c) denote summation over all excitation 
energies of the molecules. While deriving the equations (5.2.2), the Fourier component 
of the resonant intermolecular interaction A(k ) was expanded in a power series of wave 
vector k limited only by the second order: 


h? 
A(k) =A, = 


where m is an efficient exciton mass. Similar equations were used in [20,23]. 
The next simplification is connected with the transition to slowly varying envelopes 
of optical pulse and polarisation: 


E (z,t)=&(z,t) exp[-iw,t + ik,z} 
P(2,.1)=f(Z,1) exp|- i@ t + 12] 


For the complex envelope of USP, the polarisation and the population differences 
equations (5.2.2) lead to following: 


0$ ‘к OP Е 
я = (= — Й®, + уп)? +——n— +916, (5.2.3a) 
Zs 


ih 


: 2 ‚ OP ©" : 4 
poe 0 (>?) es ао - 8 (5 -9°8), (5.2.35) 
Ot 2m Oz 4m Oz OZ Oz 2 
5 5 о 
COs MOEN а. (5.2.3c) 
Oz с Ot с 


where у =(A, +k, / 2т) and k, =@, /с. 
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If the interaction between molecules were absent, we would obtain a usual system of 
two-level molecules interacting with the electromagnetic field as it was considered in 
the theory of SIP by McCall-Hahn. The energy spectrum of this system is presented by 
a single highly degenerated energy level (multiplicity of degeneration is equal to the 
number of molecules in this system). Intermolecular interaction removes 15 
degeneration and the energy level broadens into a band of allowed energies with a width 
of the order of A,. Naturally, the next step to simplify the problem can be a transition 


to heavy exciton approximation. If to discard all terms proportional to т" in the 
system of equation (5.2.3), a new system of equations follows: 


OP 


ih Е = (= — Й®, +yn)P + gnG , (5.2.4а) 
в 5" - 9's), (5.2.4b) 
at 2 
5 5..9 
и. Ее. (5.2.46) 
Oz c Ot [6 


The set of equations of the same form was considered in works [20, 24-26]. 
Now we begin considering the solitary waves, and the boundary condition as 
|t|> 2 


P>0, non, =-l, 


will be accepted. It means that in absence of the field the molecular system is in the 
ground state. It is convenient to transfer to real and non-dimensional variables. Let 


&=Й®,, tT=0,t, F=0,2/Cc, 


_ 85 
q(t, §) = и 


а 


then the system of equations (5.2.4) reads 


12 вина: (5.2.5a) 
УИ 

on 1 р 2 

а. 5.2.55 

OT >. - а) ( ) 


04 , 64 =ia<P>, (5.2.5c) 
0& Ot 
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where parameters characterising the intensity of the USP interaction with resonant 
molecules, the intermolecular interaction and the frequency detuning are introduced 

a=2ng?n,w,/ho?, B=(A, +k? /2m)/ho, ~(A,/s), S=(e—-he,)/e. 
Parameter © can be expressed in terms of the characteristic transition time f,: 
Г =2nn,g°o,h | =2nn,g°eh~ 


so &=(0,/0,)(t.@,)~- 
It is noteworthy that parameter B which characterises intermolecular interaction is 


equal to the ratio of the exciton band width to photon energy or transition energy. So, it 
is natural to consider this ratio as a small value. 

In order to obtain equations (5.2.5) in real variables, the real envelope and the phase 
of USP and the real components of the Bloch vector associated with the two-level 
system should be defined. Let 


gq =aexp(ib), P=(v+iu)exp(id). 


In terms of these variables the real form of equations (5.2.5) can be written as: 


д д 
О [5+ вии, арии, Mss (5.2.6a) 
Ot Ot 


OT Ot Ot 
Oa | Oa =“a<u>, a OP Jee =a<v>. (5.2.6b) 
0 0 Ot 0G 


Assume that there is no inhomogeneous broadening, and all dependent variables are 
the functions of only one variable n=, (t —2/ и), 1.е., the characteristic for the wave 


propagating in one direction. The equations describing stationary propagation of an 
optical pulse follow from (5.2.6) and have the form 


dv/dyn=(5+db/dn+Bn\u , (5.2.7a) 
du /dn=—-(5 + db/dyn+Bn)—an , (5.2.7b) 
dn/dyn=au , (5.2.7c) 
(l—c/V )da/ dyn = -ам, (5.2.74) 


a(l—c/V db/dn=av. (5.2.7e) 
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Keeping in mind the boundary conditions, from (5.2.7c) and (5.2.7d) it follows that 


lfe 2 
n(n) =", 5-0} (n) , (5.2.8) 


and besides this, as with two-level models, the length of the Bloch vector conserves in 
the absence of relaxation: 


u(ntv (tn (=n =1. (5.2.9) 
So far as the absorbing medium is considered, from (5.2.8) the inequality 
(c/V -1)>0 
comes out. It means that the velocity of propagation of the steady-state pulse is less than 


velocity of light in a medium. (In the inverted medium everything would be vice versa). 
It is convenient to re-write the expression (5.2.8) by introducing the parameter 


> 4aV 
ay = 7 
c-V 
so that 
2 
n(n) = 1+2“ 0. (5.2.10) 
Ay 


Equations (5.2.7d) and (5.2.7e) result in 


ees da dp _ «(> 
а 1] dy Ala) 


Substitution of these expressions into (5.2.7a) gives rise to the equation 


d(av) 4 da 28 заа 
= —4(6+Pp)a— - a’ —}. 
dyna, | Ра dn a, . и 


Hence the integral of the system (5.2.7) follows 


ov 2 [бери Ви = const. 
a ао 


0 
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Under the assumption that the field and polarisation vanish simultaneously one can find 


that this constant is zero. Now the expression for the instant frequency of carrying wave 
of the USP (or phase modulation) can be written 


ae a р “| (5.2.11) 


where the re-normalised detuning from resonance is introduced by 


In order to get an equation for the real envelope of USP, we can make use of the integral 
of motion (5.2.9) and the expressions for Bloch vector components in terms of re- 
normalised real envelope of USP w = (a/a,) . It provides the following equation 


{ 2) = wa — A’) +(2BA—e5)w? — В? | | 
dy 


If one turns now to a variable f = w~, a new equation will be obtained: 
q 


1/2 


о — 0°) f? (а — 28a) У-В?] (5.2.12) 


The behaviour of the solution of this equation depends on the sign of the factor at 
the senior degree of polynomial under the radical, namely (a; — A”). Under exact (re- 


normalised) resonance A = 0, so it naturally to begin the analysis of the solution of the 
equation (5.2.12) with small A, by supposing that 


(a, -A’)=07 >0. (5.2.13) 
In this case the change of variables 


f =fo+f, coshe, 
where 


fy = 9° (а, -284)/2,  f, = (fo +80)", 
reduces equation (5.2.12) to 


dol dn=-0". 
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Thereby, we can write expression for the real USP envelope 


2 
Ay 


fy + f, cosh[(y =o )/ 8)” 


a’(C)= (5.2.14) 


where integrating constant п, can be chosen arbitrarily so far as it defines a position of 


a maximum of USP, and the initial equations themselves possess translation symmetry, 
i.e. they are invariant with respect to Galilean transformations. 

Solution of equation system (5.2.7) (or (5.2.6)) founded here, describes a steady- 
state pulse propagation in the non-linear medium with the spatial dispersion and in this 
sense it generalises 2m-pulse by McCall-Hahn. But, strictly speaking, this is not a 
soliton solution because we know nothing of the complete integrability of the equations 
(5.2.6). Some numerical studies [27] exhibited the unstable behaviour of these pulses in 
their mutual collisions. 

Velocity of the steady-state USP propagation can be found from the expression for 


the parameter (a; — A’): 


1 | мы | A /@ Nt (Ао .) 
ete (5.2.15) 


= + 
Gh TEAO™ |) ce 1+ (Ао)? 1,7 


Here the steady-state pulse duration {, and frequency detuning До are introduced 
t, =9/@,, До = (&Е+А, -Й®,) /Й. 


The increasing of normalised detuning leads to equality (a; —A’) =0. In this 
marginal case the solution of equation (5.2.12) exists only Ма, < 2B, and it has the 


form 


29а (ва, _ a?) 


ener 28? -(4-m)? 


(5.2.16) 


Velocity of the propagation for such “rational” steady-state USP is given by the 


formula: 
| 4a 1 4(@,/@,) 
=—|1+ к 1 
Г с 1+А с 1+ (Ао) 


The further increase of this detuning, when the parameter (a; — A’) stays negative, 
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makes the existence of solitary wave impossible, but stationary periodic waves may 
exist. 


5.3. Propagation of ultrashort pulses in a non-linear medium 


The recent progress in the field of generation of femtosecond pulses [36-40] has made it 
necessary to revise theoretical models of their propagation in a non-linear dispersive 
medium. Indeed, the derivation of the evolutionary equations for electromagnetic 
radiation is often based on the approximation of slowly varying complex envelopes of 
the optical pulses. In this case Maxwell equations or d’Alembert wave equations are 
reduced to the equation for envelope. Such approximation is adequate when the pulse 
duration appreciably exceeds the optical period T,,, =27/@ , where @ 1s the carrier 


wave frequency. The situation may change in the femtosecond range and the reduced 
equations may become invalid. It is interesting to find a method to describe an 
ultrashort pulse (USP) evolution without the use of slowly varying envelope 
approximation. The simplest way to do this is to combine the wave equation for 
electromagnetic field with the equations specifying the changes in the state of the 
medium. This can be done provided the proper model of the medium is chosen. The 
typical model is an ensemble of N-level atoms. If the pulse duration is much shorter 
than all relaxation times in the atomic system, the USP propagation is accompanied 
only by the induced absorption and reemission processes. At N = 2 this process 
develops in the self-induced transparency effect considered above. 

Following [50, 51], we can arrange the hierarchy of the different degrees of 
approximation in the theory of coherent interaction and propagation of optical pulses in 
resonance media. 

(e) Resonance condition. The USP spectral width is much smaller than the 
resonance frequency. The wave equation in this case is complemented by the Bloch 
equations [51-56]. The system of Maxwell-Bloch equations has a steady-state solution 
rather than soliton solutions. These solutions were obtained in Chapter 4, section 4.1.1 
and 4.1.2. The instability of these solitary steady-state waves under collision was 
demonstrated by numerical simulation. 

(ee) Unidirectional propagation condition. When the concentration of the 
resonance atoms is sufficiently low, we can neglect the interaction between the counter- 
propagating waves [50, 51]. Under this approximation the Maxwell-Bloch equations 
transform into reduced Maxwell-Bloch (RMB) equations. The procedure of such 
reduction is demonstrated in section 4.1.1. In the scalar case these equations have 
soliton solutions [50, 57]. 

(eee) Slowly varying envelope approximation. This means that the complex 
envelope of the USP obeys the inequalities 
0& 


<< @, |], 5. <<k,|&|, 
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where @, is a carrier wave frequency and k, is a wave number corresponding @,. The 
RMB equations then transform into the system of McCall-Hahn equations (i.e. SIT- 
equations). 

It is noteworthy that Bloch equations are referred to as an example of material 
equations. We can use any model equations for medium description. There is, for 
instance, the non-linear oscillator model, the plasma of electrons in metals, conductive 
electrons in semiconductors, excitons in molecular systems and so on. 

In the case of resonant medium we have the resonance transition frequency @, asa 
scale parameter for time. When pulse duration t, obeys the inequality ¢,@, >>1, the 


slowly varying envelope approximation is adequate to describe the pulse propagation. 
On the contrary, if ¢,@,<<1 we can use at least the unidirectional propagation 
approximation. The ratio ¢ =@ p/@,, where в is the Rabi frequency, provides a new 
small parameter. So, we can attempt to solve Bloch equations in a certain order of &, 
then find the polarisation in the same order of =, and thus obtain an approximate 
equations of the USP electric field strength without the assumption of slowly varying 
envelope. The condition ¢ =1 means that the amplitude of the electric field strength 
approximately equals he strength of atomic field. Thus parameter ¢=@,/@, defines 
the meaning of the term “strong field”. 

Below we will consider some cases of USP interaction with resonant medium when 
the slowly varying envelope approximation is not assumed. 


5.3.1. SIT WITHOUT THE SLOWLY VARYING ENVELOPES APPROXIMATION 


The system of equations, describing the propagation of a scalar ultrashort pulse without 
the approximation of slowly varying envelopes, was obtained in section 4.1. as the 
RMB-equations (4.1.5). In terms of new normalised variables 


т=1-2/с, C=(4nn,d*/ch)z, qz=(2d/n)E, 
the RMB-equations can be rewritten in the form 


0q/06=-(0r,/0t), 


(5.3.1) 
Or, /OtT=-@,1',, Or, /OT=0,1,+97;, Or, /OT=—-Qr, . 


The direct verification shows that the U-V-matrices in zero-curvature representation 
of the equations (5.3.1) have the form [57,58]: 


U(r) =|. a ig(t,G)!2 P= eae. a 
iq(t,C)/2 in C(A;1,6) —A(A31,6) 
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where 
INO 1;(T, C50, ) 


AAS.) =| 


> 


№0 10 
Я п. И | (1,C;0,) + 52, 7 (бе, : 


-Л®. 


C570) = (In G0) — Oe ne, Go,)$). 
AM — ©. 20 


If we assume, that before the arrival of an ultrashort pulse all two-level atoms are in 
the ground state and after the passing of the USP all atoms recover in the initial states, 
then boundary conditions are 


lim A.G0,)=-L lim Ra(4G0,)=0. 


The RMB-equations with these boundary conditions can be solved by the IST method 
in a regular way. 

According to the results of section 3.3 the N-soliton solution of the RMB-equations 
can be written as 


2 
q(t,6)° = 4 шве +AA), (5.3.2) 
т 
where matrix Я is defined by its matrix elements as 


но = CoC ny? explic(, -К,) 


nm hid -^. 
апа 
21). ® 
C =С (0 a . 
„О =С,( рен = | 


Now, we shall transform this solution following [57]. Matrix J is determined as 


is . n its ca 
wy = iexp[i(A,, +A, )tT- a, Om 
А +X, 
—iexp[i(a, +A,,)t+a, ta, + 2(В, +8B,,)] 
ra tong | 


(5.3.3a) 


F-A)am = (5.3.3b) 
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Where parameters a, and В„ are established by expressions 


[]@, +^,) 


iC, (t) = exp[-20.,(1)], Tiana 7 eee) 
о tian 


j#n 


We have taken into account that q(x) is a real quantity. It implies that /,„ and С, are 
either purely imaginary or they are the part of anti-Hermitian pairs 


Further, H-J=J-H" so that equations (5.3.3) yield 


A A 


(JAN 4 Fam = ехр(В, + Bin) Mam 


where 
_ cosh(9,, + 9.,,) 
nm ОКА + hm) 


and 


| 4% Е 
ee [Е ев 5+.) Е. =4ih,. 
Ей +o 


п а 


By taking into account all expressions above we finally obtain an elegant formula 
а? я 
4(т,0)° =4 р ш4екм). (5.3.4) 
т 


So far as /, „ are composed of purely imaginary numbers L and anti-Hermitian pairs 
[2 (so that N = Г + 2[> ), the solution of RMB-equations consists of Z; single solitons 
and L> breathers (or bions - soliton-antisoliton bounded state). Breather is a solitary 
wave with internal oscillations. It has the same collision stability as ordinary solitons in 
both the bion-bion and the bion-soliton collisions. It is worth to note that the Sine- 
Gordon equations has the same breather solution, which is studied quite well. 

The single soliton solution of the RMB-equations follows from (5.3.4) 


E(1,6) =E, sch] E,(t-z/V, ] (5.3.5) 
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where the pulse group velocity Г, can be written as 


where a'=4nn,d*/hw,. This is the RMB version of the soliton solution of the 


complete Maxwell-Bloch equations (4.1.1) [29-32, 59]. This sort of USP has no carrier 
wave and represents a unipolar spike of electromagnetic radiation. Sometimes these 
pulses are named the video pulses. 

Among two-soliton solutions of the RMB-equations there is one which looks like 
following 


и E, sech9, +E, sech9, roe 


E(t,z)= 
(42) Ga {1-B,,[tanh 9, tanh 9, — sech9, sech9, ]}’ 


where 


В =2E,E,(E; + E;)' and 9 Вы pear ieee 
12." 112 1 2 nn 2 с E> + 46? 7 


This solution describes the collision of two video pulses in the same fashion as it 
was done for two soliton solution of SIT equations by McCall-Hahn. However, the two- 
soliton solution of the RMB-equations can be used to obtain the generation of McCall- 
Hahn 27 -pulses. By setting 4, and’, ог Е, and Е, to be a pair of anti-Hermitian 
complex quantities (1.e.,£, =-Е 5 ) we obtain the breather, i.e., a real solution in the 


form of localised pulse with internal oscillations. This is an exact analogue of the 
McCall-Hahn Ох -pulse. 


Let E, =-Е> = Е, +20 and 5, =-8, =5'+i5". Then expression (5.3.6) yields 
the exact solution of (5.3.1) 


059, -—у мотив (53.7) 


Е, (1,2) =2E, sech3 
ь (4,2) ` ми 


where y= FE, /2Q, 


1 2 4a'o, {£5 +4(@2 +0?)} 
es Gg tS oe т. 
2 с Ед +8Е д (©. +0”) +16(®., +Q°) 
4o'o, {4(6? — 0?) E2} ) 
+0”. 


2 
9,=9) Е г 0 
: |= Е? +8Е2 (02 +02) +16(m? +02)? 
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As in the theory of Om-pulse by McCall-Hahn, solution (5.3.7) of the RMB field 
equation has a zero pulse area. Let us choose the magnitudes of parameters Ey and © 


such that Е, <<. Expanding (5.3.7) to the zero order of у , we have 

E,, (1,2) = 2E) sech 9p cos9,. 
Thus we got the result that the 27 -pulse of McCall-Hahn is the limiting case of the Oz - 
pulse of the RMB equations. By expanding the expression (5.3.7) in a power series of 
у , we can obtain the corrections to the McCall-Hahn steady-state pulse (27 -pulse). In 
the first order of y expression (5.3.7) can be written as 


E,,(t,z) =2Еу sech9 р cos{3, + o(t,z)}, (5.3.8) 


where ф(1,2) = у tanh9,. Formula (5.3.8) represents a 27 -pulse which is “chirped”. 
Defining the chirping as До, = 0b / Ot , we find the chirp frequency ratio as 


AQ on 


2 2 
= h” 3p: 
р y~ sec R 


a 


5.3.2. ULTRASHORT PULSE OF POLARIZED RADIATION IN RESONANT 
MEDIUM 


We now consider the ultrashort electromagnetic pulse propagation in a resonant 
medium which contains two-level atoms with quantum transitions between the energy 
levels degenerated with respect to the projections of an angular momenta j, and /, 


[60,61]. Our concern is the transition 7, =1— j, = 0. The following notations: 


Pi2 =< a,-I|pja,+1>, P13 =<a,—l|p|b>, 

P23 =<а,+ ПРЬ>, Pi =< a,—I|p|a,—1>, 

P22 =<а, + 1Ра,+1>, P33 =<b|p|b>, 
P= pie Leah 


are introduced for the elements of the density matrix р, describing the transitions 
between quantum states 


ата, ТЕНЬ |b>=|j, =0,m=0> 


The generalised system of Maxwell-Bloch equations can be written in the form: 
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PE 1 OE 4m, 0? 


922 aa wae di3P31 +Ч Раз), (5.3.9а) 
CE” 10E 4ли, д? 
922 в an = 2 ar? Ay3P 39 + d3Po3)5 (5.3.9b) 
= OPis (+1) (-0 
ih at =-hO Pi, +9 (Ра -Ри)Е“”-9рьЁ“”, (5.3.10а) 
т Ор»; ae Я =. CD _g (+1) 
1 apa N® „роз + do; (P33 -Р»)Е вр“, (5.3.106) 
in. 2ЧврьЕ -ЧзрзЕ (5.3.10c) 
82 р») = 2(4 yPs1 —Fa Py JE +(а р», —dy Py JE (5.3.10d) 
at Ри ~ P33) = BP 31 31P 13 23P 32 32P 23 , J. 
Pua — раз) = (4 зр-, —Fa,P 13 EO +2(4 р», — dy Py JE (5.3.10е) 
at Por — P33) = Ч зРа1 31P 13 23P 32 32P 23 . 2.106 


Where Е‘ is а spherical /-component of the electromagnetic wave electric field 
strength vector, / = +1, d,, — are reduced matrix elements of the dipole operator for 


Jq =\1— jp =0 transition. Hereafter 413 =d>3= ds, в и In equations (5.3.9) пд is 
the density of resonant atoms, the corner brackets mean a summation over all atoms 
with the transition frequency @, . 


Let us consider the sharp-line limit for the resonant medium. It is convenient to 
transfer to the real variables and the normalised strength of the electric field by the 
formulae: 


ра =И+й., PP» =S,+18,, Pp =P, +P, 


P33 Ри =%>. P33 ~ P22 =p, (5.3.11) 
АЕ dE“ 
ho =a ho = 


The generalised system of Maxwell-Bloch equations can be rewritten in new notations 


as the following 
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Agr ed — 42Р2 > ee —Ч11+9>Р! » Ager +245 , 


OSs, 05) On 


2 
Bq ea Ра 5 Е STGP s = 20st +4935. 6.32) 


и a ee 
ar 9182 — 427> >» г Ч 1511742 >» 


[<a ай в. [Ss a eS (5.3.13) 
6E* ^ Ot? OT OE Or О“ a 


where t=0,t, €=@,zc',and a=8nn,|d|’ /hw,. These equations describe the 
propagation of an ultrashort pulse of polarised light in resonant medium. It is unlikely to 
find an exact solution of this system by analytical methods, but in any case we can try to 
find the stationary solution following the conventional approach used in investigations 
of non-linear waves. 

Assume that the desired solution of the equations (5.3.12) and (5.3.13) is 
represented by the functions depending on one variable n=, (t+x/V). Then all the 


equations of (5.3.12) and (5.3.13) can be transformed to obtain the following 


2 2 2 2 2 2 
<—-1 sa eg <—-1 а =o 1, ol) 
V dy dy у dy dy 
and 
dr 
—l=-r, Ops (5.3.15a) 
dn 
dr, 
—=л-ат, +4›Р, (5.3.155) 
dn 
ры +а,Р>, (5.3.156) 
dy 
ds , 
—— = 8, -q Nn, +QP1> (5.3.15d) 
dn 
d d 
A = 4, - Gyr), Oe Чи, (5.3.15е) 
dn dy 
dn, dn 


—— = 4q,7r,+2q,5,, —*=2q,r, +445, . (5.3.154) 
dn dy 
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By integrating equations (5.3.14) with the corresponding boundary conditions and 
utilising equations (5.3.15a) and (5.3.15c), one can find 


dq, /ап=-4о ( + Por). dq, ай =-4о (55 + Pq) . (5.3.16) 


After the second integrating we have 
2 2 
Ч1 =90й ,› 492 = 9051, (5.3.17) 


where g, =a V?(c* -У”)'. On substitution (5.3.17) into the equation Юг р> one can 


see p2 be constant value. This constant is equal to zero due to the boundary conditions. 
Therefore, instead of equations (5.3.16), we have 


dq,/dn=-q5r,, dq,/dn=—q55y. (5.3.18) 


If we substitute (5.3.18) into the equations for population differences (5.3.15f), the 
resulted equations are the complete derivatives and can be integrated: 


п; +45 (242 +43)=m0, п +40°(a7 +293) = Mp. (5.3.19) 


Here по and n,,. are the integrals of motion for equations (5.3.14) and (5.3.15). 
Equation for p; with the account of (5.3.18) takes the form 


а ws d d 
dp, [+ в | 


dn = dr > dr 


hence, due to the boundary condition it follows that 


Py =95 914. . (5.3.20) 


The formulae (5.3.17) - (5.3.20) express all variables of the medium in terms of the field 
variables g, and q,. Substitution of these expressions into (5.3.15b) and (5.3.15d) 


results in equations for the normalised electrical field strength of USP: 


2 


d“q 1 
= + (4? +42), == (Чет - Day; (5.3.21а) 

dy 2 

d°q 1 
+9) +93)42 == (46M — Dar 5 (5.3.21b) 

dy 2 
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where у = . 21. Let us introduce the parameters 


= [alm +ny)-2| ‚ И [и -п„)]. 


If one assume that all atoms of a resonant medium are not excited in the absence of 
USP, 1.е., Ио =) =1, then p is zero. This is the case of an unpolarised resonant 


medium. If the resonant atoms are specially prepared, for example, by irradiating with a 
weak signal of circular polarised resonant radiation (there is no limitation on the 
duration of a signal), the resonant medium will be polarised before the USP arrival. In 
this case n,) # и» and и =0. 

Let us consider the case when the populations of the excited levels are not equal 
По # Ny. Denote 


2 


1 1 
а =5 (ть -1) ps =5 (вт -1 


and suppose that [62, 63] g,=g/f, q,=h/f ,where 


2 


In terms of Hirota’s D-operators [64] 


da, db 
pa-b)={ 9-0) 


the equations (5.3.21) can be transformed into bilinear form 
D(g-fy=argf, D(h-fy=azhf, D’(f-f)=ge? +. (5.3.22) 


Several useful relationships are known for D-operators [64, 65] 


m 


Nes a 


dy 


d*Inf | eee, 
dy 2? 
D"(exp[k,y] : exp[k,y]) = (К, —k,)" exp[(k, + k,)y] 


Let functions g, h, f be represented by an expansion 
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oS ee eo. NSE Pe hs ее Fe fF, (5.3.23) 


Substitution of the above expressions into equations (5.3.22) and grouping the terms 
with the equal power of € provides 


D*(g,-l)=arg, Б-р =azh, (5.3.24a) 

2D? (fp -N=gr +12, (5.3.24b) 

D*(g; ‘De ay 8; + ar gif -D’(g, 12), 

D? (в; -1) =azh3 ча р - Б-р), 

2D’ (f, -1) =2(g¢,2; +4,h,)-D’ fo fr), (5.3.24d) 
D*(g5+f,)+D'(g,- fi) =a (efi + 85/2): 


(5.3.24c) 


; р : (5.3.24е) 
р -Л,)+Б(® .Л,)= а? (в, . +hyf;) , 

Df, f= ei +h? (5.3.249 

Р? (в; Л) =a 83h; > О? (hy: Г.) =azhsf, (5.3.24g) 

"(Л =0 (5.3.24h) 


It follows from (5.3.24a) that the solution of these equations are in the form of 
exponential functions, and, in the special case we know the constant of integration, we 
can write down 


g, =2V2a,exp(0,), A, =2V2a, exp(®,) , (5.3.25) 


where 0,, =а,.(у-у,>). Substitution of this expression into (5.3.246) results in the 


equation for f,, which solution has the form 
Ff, =exp(20,) + exp(20, ). (5.3.26) 


The further substitution of (5.3.25) and (5.3.26) into (5.3.24c) with the use of the 
properties of a D-operators leads to the following equations: 


а? 
a Ge: +8 /2a,a,(a, —a,)exp(0, +0,), 


d 
dhs. -% 
dy? = ash; — ана. (а, -а,)ехр(@, +95). 


282 CHAPTER 5 


The solutions of these equations can be found by a standard procedure. The particular 
solutions are 


ва “xn, +205), Ay ава. “1 о, +20,). 


By utilising these expressions and also equations (5.3.25) and (5.3.26), we can now 
find from (5.3.24d) the equation to determine /4 


ah 
dy? 


=4(a, —a,)° exp(20, + 20,), 


whence one can obtain 


2 
ti = [== ехр(20, + 20,) . 


a, +a, 


All other equations (5.3.24e)-(5.3.24h) are satisfied identically. Thereby, we obtain the 
particular solutions of the system of equations (5.3.22) 


g = 22a, exp(O,){1 + exp[20, +4,,]}, (5.3.27a) 
h = 22a, exp(0,){1— exp[20; +a,2]}, (5.3.27b) 
f =1+exp(260,) + ехр(26, ) + exp(20, +20, +a)5), (5.3.27c) 
where 
_ a, 7 42 
ехр(а1> ) = аи +а, 


The solutions of (5.3.14) and (5.3.15) can be written as 


2/2 exp(0,){1 + exp[20, + a)5 ]} 
1+ exp(20,) + ехр(26, ) + exp(20, +20, +а,>) ” 


41() = (5.3.28а) 


2V2 exp(0,){I —exp[20, + 4,5 ]} 
1+ exp(20,) + exp(20,) + exp(20, +20, +a,,)’ 


42 (5) = (5.3.285) 


If we assign Ио = Ио, 1-е. the resonant medium is unpolarised, then the expressions 


(5.3.25) give g=h= 2V2a, ехр(0,) and f =1+2exp(20,). In such a way we obtain 
the solution of (5.3.14) and (5.3.15) in this specific case 
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q,(¥) = 4, (>) = а, sech{a,(y — y,)} 


Returning to the initial physical variables, we can express the strength of the 
electrical field of the USP in the form 


dE 
Ех) EO (t,x) =e E, sen] (i +x/V ty ) | (5.3.29) 


where ce“) are the components of a unit vector of electromagnetic fields. This is a 
simple generalisation of the results obtained by Bullough and Ahmad [59, 66] to the 
case of vector (polarised) USP and specific model of a resonant medium. As in Ref. 
[59], the pulse duration ¢, is expressed in terms of the pulse peak amplitude 


t, = (АЕ о)‘. The propagation velocity of the USP appears from the definition of the 


parameters go and ©: 


(5.3.30) 


ль th 1+ ли, [а [ ho, 
ВЕ (п)? +2(dE,)* | 

Besides the solitary wave solutions, equations (5.3.14) and (5.3.15) have the 
solutions in the form of cnoidal wave [67] 


2 2, 


9.0) =49(9) =, =] AT (y-y0), ‚| (5.3.31) 


where a} =2a,+Q° +Q, a; = 2a, +0° —Q and &*=9 (1 +a3)". 


The above analysis of the possibility of propagation of a steady-state USP of an 
electromagnetic field in a resonant medium under conditions of level degeneration 
shows that the nature of such stationary USP depends on the state of the medium. The 
scalar solution [59] can be trivially generalised to cover a vector video pulse case under 
condition Ио = И, = 1. So we obtain a circular polarised pulse [68] with a duration of a 
half of a reciprocal atomic transition frequency. The propagation velocity of this pulse 
does not depend on the conditions of its polarisation and the value of this velocity is in 
agreement with what was found in [59]. 


The new solution of the generalised complete Maxwell-Bloch equations arises when 
initially the resonance medium has an asymmetrical distribution of level populations of 
the excited states that have different projections of the angular momentum Ио И». 


One of the spherical components of the electric field strength vector behaves as in the 
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scalar case, 1.e., it is a unipolar spike of the electrical field. Another component is a 
variable-sign solitary wave. All stationary solutions like these form a three-parametric 
family, where each member is defined by the propagation speed У and пу, п» 
determining the polarisation state of the pulse. In Fig.5.3.1 the spherical components of 
electric field strength vector of a pulse for two different pairs of parameters и’ and и», 
are depicted as the functions of the retarded time. When gj), ог 4M) approaches to 
unity on the right, the oscillating component of the pulse disappears. Thus, the video 
pulse becomes a circular polarised as a whole. 


Fig.5.3.1 Spherical components of the video pulse at 
2 2 2 2 
(а) GoM, = 4, ЧоП›=7 > and (b) Чоп =9, Чоп» = 8 


By a similar way we can study the propagation of the extremely short pulses in the 
medium characterised by transitions 7, =O— j, =1 and j, =1—> 1, =1. 
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The condition of applicability of the two-level atom model should be considered in 
detail. Starting from the expressions (5.3.29), we can find the width Aw of a USP 


spectrum. If its duration is т, = 2h(dE о)‘, then the Fourier image of that pulse is 


+00 
E(@)= ПЕФ (t,x)|exp(iwt)dt = ов seoh{ То :,| : 


—0 


Hence До is defined by the relationship 
4 
дот, =—In(2 + V3) = 1,677. (5.3.32) 


The maximum of E(@) is located at m = 0, but with increase in w, the amplitudes 
of the Fourier components, which form this wave package, decrease exponentially. If 
the wave is quasimonochromatic, it has a carrier-wave frequency which is comparable 
with (or equal to) the frequency of the atomic (or molecular) transition. That permits to 
select the resonant transition and ignore all the others. In our case the half-width Aw of 
the video pulse spectrum is the only quantity that can be used to establish a criterion for 
choosing just one particular transition. Such criterion is the condition that the spectral 
half-width Ах of an ultrashort pulse is less than or of the order of the frequency of 
transition between the ground state and the nearest excited state, whereas the other 
energy levels are further away than several iAw from the ground state. 

The applicability of the two-level models is restricted by neglecting the cascade 
transitions. Such situation is studied, for instance, in [69]. 

Another restriction on a video pulse duration is related to the photo-ionisation 
limitation onto the USP electric field amplitude Ey) <E ~ 10” V/cm. As far as 


duration т, is related with the Eo, this inequality causes the restriction t, 27,4, 


atom 


where t,, = 2/(dE atom) > Tat = 70 fs for d = 1 debye. Hence the photo-ionisation limit 
о 


Consequently, the steady-state video pulses can propagate in resonant medium in which 
the energy difference between the ground state and the nearest excited state is more than 


LOAA® phot 


amplitude of stationary pulse can exceed an atomic field strength. In this case the 
perturbation theory is no longer valid for the description of the interaction of atoms with 
electromagnetic field. For instance, it is suggested in [70] that an atomic system should 
be considered classically if the electric field strength of a pulse is comparable with the 
atomic electric field strength. 


of the spectrum width of a video pulse is Aw < Aw where Ло 


phot > 


~10°'?.J. When the video pulse duration becomes shorter than t,, the 
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5.3.3. ULTRA-SHORT PULSE PROPAGATION UNDER QUASI-RESONANCE 
CONDITION 


Let the USP amplitude be of such magnitude that the Rabi frequency we is small 
compared with the minimum of atomic transition frequency. That means €=@,/@, 15 
a small parameter. Then we can attempt to solve the Bloch equations approximately. Let 
(4.1.5b) be the model equations for a resonant two-level medium. 


OP, OP. OP. 
=-0 PB, —=0,P +ШР, — =-uEP,, 5.3.33 
Ot a~2 at a~l ЦЕ. 3 Ot ЦЕ 2 ( ) 
where и=24й`', and п, ›з are replaced by P,,,. 
In terms of new notations 
BaP HP: CH] BH. 
q=r=iE/max|EF|, 
equations (5.3.33) give rise to 
ОВ . oC, 
а а Е ; (5.3.34а) 
ОР 
Е = В"- Са, (5.3.346) 


where T=@ pt, and ©} = 4 тах| Е |/Й is the Rabi frequency at Е = тах! Е |. Formally 
from (5.3.34b) we have that 


T 
В =o+ |(В"- сдат, 


where o = —1 for the absorbing medium. If we introduce two-component vectors 
Х =colon(B,C), w=colon(q,r), 
then equations (5.3.34a) can be written as a single vector equation 


(@,pR —- iw, X= 20 pow, (5.3.35) 
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where the matrix operator R is defined by 


is 1 0) 6 q| г - q| qd 
R= =S=2 ; 
0 -VYerT |," -rfq 
This operator is referred to in the theory of solitons as the recursion operator [45]. 


The integral operator ul v entering into definition of R is given by 


T 
(uf vy f(T)=u(T) [vin f@dt, Vv Го. 


Using the resolvent operator G= (1+ie R)! the solution of (5.3.35) can be written 
as 
1 =2ioeGy . (5.3.36) 


Regarding €=@,/@, as asmall parameter, the resolvent operator can be expanded as 
a power Series in € 


G=(l+ieR) | =1-&В-=2В?+.... (5.3.37) 
Employing the relationships 


2 


д 
о —* — 2q(7q) 
ЗИ _| эт 52[9\_|2т 
r) or } r) | @r ‘ 
ers ape 7 ora) 
we obtain at the second order of 5 
д д? 
B= ре —15 — ee are + рыба) ; 
OR, «OG , 
С = с 7+1 тв ar? + 2er(rq) |. 


Now, taking into account that Р =(B+C)/2 and g=r, we derive the expression for 
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polarisation of the single atoms 


0°а 
Р =2iso| а-5* + 26g? |. 
1 | т Ч 


2 


The polarisation of the ensemble of two-level atoms in terms of initial variables is 


2do 2do\@’E /Ad’o 
ho ho, ot o> ы eae 


Thus we have an expression for polarisation in the Maxwell equations and we can 
consider some following degrees (or levels) of approximation in the theory of non- 
linear wave propagation. 

Let us consider unidirectional waves described by the equations (4.1.5a), 1.е. 


OE 10E _ {== oP, 


02 cat [6 ot 


Substitution of the expression for polarisation (5.3.38) into this equation yields 


3 
ona! OE pe ge a 


dz V at и д 


24nn,o|d|* 4nn,o|d|” 
Bg hi DNS wae | 
ch’ , cho, 
The re-normalised velocity of the USP propagation V is defined by 
1_1 | 4nn,ol|d| 
Г с ho , | 


In terms of new variables t=|b|z, С=Е-2/И, и(т,б)=(а/6Ь)"? E(z,t) the 
equation (5.3.39) takes the form of the modified Korteweg-de Vries equation (mKdV) 


=0, (5.3.39) 


where 
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As it is known [71] this equation is a completely integrable, and its solutions can be 
found by the IST method [43-45]. The one-soliton solution is 


из (1,6) = uy sech( wat — oy +85); (5.3.40) 


where parameters и’ and 5, are determined from the initial conditions by using the 
IST method. This ultrashort pulse can be interpreted as a video pulse, 1.е., a half-period 
pulse. 

The result of a greater interest is a breather solution of mKdV [71] 


| (5.3.41) 


Ди, \v, cosh$, sin, —u, sinh 3, cos 3 
u,(t,6) = 0 1 2 0 1 2, 


Vo cosh’ 9, +(u,/v,)cos* 3, 
where 
9, =2м6 + Bu, Bv6 — и) +8, 


3, =2v_9 + Bo (vo — 3ug)t +85. 


Parameters uy ,Vo,0, and 5, are derived from the initial condition. If inequality 
Uy << уу holds for this initial condition, then 


ив(т,С) = —4u, sech9, sind, . (5.3.42) 
Thus, the expression (5.3.42) describes the USP (Fig.5.3.2) with a sech-envelope and 


the high-frequency filling, 1.е., carrier wave. The breather description of the 
femtosecond optical 


Fig. 5.3.2. 


High frequency breather 


pulses is likely to be more adequate than the soliton described by the NLS or by its 
modifications. 
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It should be noted that among the solutions of equation (5.3.39) there are those 
describing the “dark” solitons have been studied recently in non-linear fibre optics [72, 
73]. Among those solutions, there are rational soliton solutions [74, 75], such as, for 
example, 


Чи 
1+ 4u5 (С - биз т)? | 


и(т,С) = Uo (5.3.43) 


Equation (5.3.39) provides the description of ultra-short optical pulse propagation in 
a dispersive non-linear medium without the approximation of slowly varying envelopes 
and phases under condition of unidirectional wave propagation. The same result was 
obtained in a different way in [76]. This proves the validity of the method proposed 
here. 

We now consider the more correct theory of USP propagation. We shall assume that 
the condition of unidirectional propagation is violated. Then we must start from the 
wave equation (4.1.1) 


| (5.3.44) 


02? с?’ Ot’ с? Ot? 


On (hier, - [^^ 0’Р 
Specifying the polarisation by equations (5.3.38), we assume that no restrictions are 
imposed on the direction of the USP propagation. Hence, one can substitute (5.3.38) 
into (5.3.44), and thus obtain the non-linear wave equation 


CE 10E д’ OE 
ee [ae + +} (5.3.45) 


where 


16nn,o|d |“ fet 8nn,o|d | 


243.3 ? 1 
cho, 


а = 


The re-normalised velocity of the USP propagation V is given by the following 
expression 


bee ie 8nn,o|d |’ 
ho | 


а 


Let us introduce the following new variables t=(|b, |7“) "2, C=((b, |”) ИЕ, 


u(t,C¢)=(\a, |V*)'? E(z,t). Then the non-linear wave equations (5.3.45.) can be 
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written as 


Ou 0” 5, Oru 
и! ИНОЙ | (5.3.46) 
OT 06 06 


where о =sgn(a,)=sgn(b,) is a sign of the populations difference of the resonant 


states. 

This non-linear wave equation describes the propagation of ultra-short pulses in the 
dispersive non-linear medium. The description is free from limitations of slowly 
varying approximation. At the same time, other approximations are used, and the most 
important of them being the formal solution of the Bloch equations. 

It is worth to note that the non-linear wave equation (5.3.46) resembles the 
Boussinesq equation 


very much. This equation is completely integrable and it has soliton solutions. 
Unfortunately, this cannot be said about the non-linear wave equation (5.3.46). 
However, we are able to find a steady-state solution of this equation. Let и be 
dependent оп a single variable y=C€+at and 


u=0u/Ot=0u/0G=0'u/Ov =0'u/ dC? =...=0 


as t— +00. These conditions can be considered as zero boundary conditions for a 
solitary steady-state wave. From (5.3.46) it follows 


4?и/ ау” =o(a’ —lu-u’. 


After multiplying both sides of this equation by (du/dy) and subsequent integrating, 
we have 
(du/ dy)” = р’и’ —2u*. (5.3.47) 


This equation admits a real solution, provided р? =o(a” —1)>0. By integrating 
(5.3.47) under zero boundary conditions, we obtain 


uy) = (5.3.48a) 


Pp 
V2 cosh[ p(y — у) 
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where yo is the integrating constant, which can be set equal to zero. Turning to the 
initial variables, we obtain 


u(y) = Ug sech| РС +т./1+ 2ви2 } (5.3.48b) 


Different signs in this expression correspond to the opposite propagation directions 
of the solitary steady-state wave. It is noteworthy that for an absorbing medium (1.е., 


с=-1) the maximum of the amplitude is limited: мо < 0,5. 
Let us now consider other boundary conditions as т —> +0 


u=u,, Ou/Ot=du/0C=07u/ Ot =07u/0C? =...=0 
that corresponds to the nonvanishing solitary steady-state wave as t—>+00. After 


double sequential integration of (5.3.46) with taking nonvanishing boundary conditions 
into account we obtain the equation 


(du / dy) = u?(p? - (3/2)и?)-- 2и (р? —u;)ut р*и? - (1/2)м*. 
If we denote w(y) = u(y) / и, and к? =p’ / Uo , then we can rewrite this equation as 
(dw/ dy) = - и)? [2(к? -1)—-(+w)’]. (5.3.49) 
Thereby, we obtain a simple equation 
(dr/ dy) = (©? —4)(7? -r2) (5.3.50) 


for а new variable r(y)=2(©? —4)+1/w(y), where 7 =0?(0?-4)” and 
©? =2(k*-1). As the left-hand side of (5.3.49) is positive, the inequality 
©? > max(1 + w)? holds. We assume that w=1 at y— +0, therefore, ©? > 4 and the 
integration of (5.3.50) yields 


_ u(y) ©? - 


4 
= | + —_\-__., 
uy 2 -—Ocosh[yv@” — 4] 


(5.3.51) 


This solution of the non-linear wave equation (5.3.46) describes a stationary dark wave 
propagation either in forward or backward direction with the amplitude иу(2+9). 


When the parameter ©” approaches 4, then one can find either from (5.3.51) or from 
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direct solution of (5.3.49) the algebraic solution 
4и 


1 
u(y) = и! — 5 
1+4 ++ Зои? )? 


similar to (3.7.14). The solution (5.3.51) can be formally extrapolated over the 


(5.3.52) 


parameter ©? into the region 0<@? <4, but the result obtained in this way does not 
satisfy the boundary conditions. This is a periodic solution describing the quasi- 
harmonic wave 


u,(4-®”’) 


Seams 2—9 соз[у\/4— 02] | 


Besides this wave, other periodic solutions of (5.3.46) can be found in terms of 
elliptic Jacobian functions. 


5.3.4. ULTRA-SHORT PULSE PROPAGATION IN NON-RESONANCE MEDIUM 


In this paragraph we consider the USP propagation under the unidirectional propagation 
approximation. Let the medium be a non-linear and non-resonant one. A similar 
approach was demonstrated in [77] for the self-induced transparency in ionic crystals in 
the frames of the Duffing’s type model. The reduced Maxwell equation is 


(5.3.53) 


02 ct Ot ` 


OE 10E _ [ae ) OP, 
c 


Scalar Duffing model 
We complete this wave equation by the non-linear oscillator equation for the medium 
д?Р 2 В. 
—=_+%®.Р, +В.Р, =—_ РЕ. 5.3.54 
де? ата В. а та ( ) 


а 


It is assumed that all oscillators have a universal vibration frequency @, and no 
relaxation is involved. In terms of the dimensionless variables 


C=z/ct,, t= (t-x/c)t;’, 
E=E,q(C,1), P=2nn,d,E,'P,, Q=2nn,d,E,'OP, / dt 
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the system of equations (5.3.53) and (5.3.54) can be written as 


an д 
; S M (5.3.55) 
бу: 0+ 250 =а 4, 
т 


where a, = (2^е’п„4 1, /т), У, =@,t,, В, =(B,/2)(E,t, /2nn,d,)’. For 4, Р and 


О depending on a composite variable y=1t—C€/V (where V is а propagation velocity 
of stationary pulse) equations (5.3.55) can be converted into the form 


а 
an 9’ an ©, 
0 (5.3.56) 
one O+2b,0=4,9. 
The first pair of these equations gives 
q(yn) =VP(n). (5.3.57) 
The relation between Q(n) and P(n) follows from (5.3.56) 
Q=(0,V —v2)P? —b,P*. (5.3.58) 


In the case when a,V < v2 the Q= P=0 is a unique solution of equation (5.3.58) so 
far as P and О are real. Hence, the non-trivial solution of (5.3.56) takes place only at 
a,V > у?. That means that the propagation velocity of a stationary pulse V is always 
greater than the critical velocity V., for which we have 


2 и 2 2 
Г. <у, / а, =20,/0; 


where @, = (4ne7n, im)” is plasma oscillation frequency. 


It should be emphasised that in the (x, 6) variables the stationary pulse propagates 
with the velocity V,, which is associated with the V by the relationship 


ne oe 
eo ey? 
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and satisfies the inequality 


CoV 2 


5 De 
(00) 


P 


2 
207, 
2 

“+o 


The stationary pulse shape is determined from (5.3.56) and (5.3.58) 
qn) =V (a, V —vi)/b, бесп] [м7 -У: |. (5.3.59) 


This solution described the shortest optical pulse permitted by the model. It has no 
carrier wave and may be referred to as the video pulse considered in [78]. In a general 
case optical pulse evolution was investigated numerically in [79]. 


Vector Duffing model 

Let us consider the USP propagation in a non-linear medium, which is again presented 
by an ensemble of the molecules. However, now let us suppose that the inner degrees of 
freedom are described by the potential : 


1 | 1 1 
U(x, y) = вх +5 9: ФК + ка" +у°). (5.3.60) 


If the coupling parameter к, = 0, then this potential describes the scalar Duffing model 
of anharmonic oscillator, which can oscillate independently in two orthogonal 
directions. Expression (5.3.60) is the simplest generalisation of this model. Polarisation 
of the molecule is defined by the expression р = exe, + eye,, and the total polarisation 
is the product of the molecules density 1, and the polarisation of one molecule. 

The propagation of the USP will be considered in the unidirectional wave 
approximation, so the wave equations for electric field corresponding to the different 
polarisation components of the USP can be written as follows 


OE, Е LOE, _ 2nn,e ox ОЕ, i" 10Е, _ 2nn,e ду 


Oz c Ot с Ot’ Oz с Ot c Ot 


(5.3.61) 


The equations of motion for anharmonic oscillator follow from the classical Newton 
equations 


2 
Oe txt Kyxy? +K x = E(z,2) , (5.3.62a) 
Ot m 
д°у 2 2 3_@ 
By ne oe +к. У о (5.3.625) 
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Now let us introduce the new independent variables 6 = z/ct,,t=(t—z/c)/t, and 
4, =(2men,)x, 4 =(2men,)y, р, =0q,;/0t, Thus, the two-component (vector) 
Duffing model is described by the following system of equations: 


OE, 04, 


=-р,, a. F129, 5.3.63a,b 
ee ee eo ( ) 
д 
ее = aE, —У14, — 654142 — 54) , (5.3.63с) 
д 
pa = aE, —У24> —6,424: — 5.4: . (5.3634) 


Here a=2nn,e°t, /m, by 4 = K,4(2nen yt), Vi2 =O 2%. 

It is possible to find a steady state solution of this system of equations. Let us 
suppose the fields depend only on n=t-—C/V. Integrating equations (5.3.63a,b) and 
taking account of the boundary conditions, which correspond to the vanishing electric 
field of the USP and polarisation of molecules at infinity, we find that Е, =Vq,. 


Substitution of this result into (5.3.63c,d) leads to the following equations 


а? 

ae + (b,q; +5545 )4, =(aV у: )4, (5.364а) 
4°4, 2 2 2 

an + (6,4, +5493 dy =(aV —у5)4. (5.3.64b) 


These equations appear in many works, so we can easily find their solutions. Let 
suppose that the eigen-frequencies ©, and w, are equal. The partial solution of system 
(5.3.64) in this case is 


2(aV —v’) 


ae sech| (aV -у?) (1 т), 


4. (п) = а». (и) =. 


where 1, is the integration constant. This solution similar to that above describes the 


linear polarised video pulse propagating without distortion in the considered non-linear 
medium. 


The more interesting solution exists if the frequencies @, and @, are different, but 
factors of anharmonicity coincide b, = b,. In this case the system of equations (5.3.64) 
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complies with that considered in section 4.3.2, and we can simply use the solutions 
derived there: 


2 2b;' Hy exp(0, ){I + exp|20, + Uy || 
1+ ехр(26, ) + ехр(260,) + exp(20, +20, + 1,5)” 


4. (п) = 


(5.3.65) 
2 2D; LH exp(0, ){l + exp|20, +Н 2 ] 
1+ exp(20,) + exp(20,) + exp(20, +20, +и,)” 


42 (п) = 


where 


HM, 
ехр(и») =———. 
UM, +H, 


In these expressions the following parameters ies =(aV -v;,) and 
9, =в,,(и-1,>) are used, where n,, are the integration constants. Solutions 


(5.3.65) describe the steady-state propagation of the USP where one of these component 
corresponds to a unipolar spike of the electric field, sub-cycle pulse. The other 
component is a bipolar impulse or mono-cycle pulse. 


5.3.5. OPTICAL SHOCK-WAVES 


Let the wave package be located in the frequency band, where the group-velocity 
dispersion is absent. The electric displacement vector D(t,z) at each point of space and 


at each moment of time is defined by the magnitude of the electric field strength E(t,z) 
at the same moment of time and in the same spatial point. It appears that in this case we 
can solve Maxwell equations exactly. The corresponding solution in general describes 
the non-linear evolution of the plane electromagnetic wave [80]. 

Let the wave propagate in the isotropic dielectric medium along z-axis, electrical 
field be directed along y-axis and magnetic field is directed along x-axis. The Maxwell 
equations take the form 


OH _10D OF _ ТОН 
Oz сб’ Oz c Ot 


(5.3.66) 


We assume that the dielectric permeability can be written as 


dD 
Ha, 
(Е) Е 


298 CHAPTER 5 


and the electric displacement vector is proportional to the electric field at E(t,z) > 0. 


In this limit the dielectric permeability tends to the constant value, which is equal to a 
linear dielectric permeability. If the magnetic field strength can be expressed in terms of 
electric field strength, then Maxwell equations may be rewritten in the form 


= OE | dH 0Е Тан дЕ OE 
+ =0 +— = 


=0, =0, (5.3.67) 
с Ot dE Oz cdE ot 02 


This is the homogeneous system of linear equations with respect to partial derivatives of 
the electric field strength. The non-trivial solutions exist only when its determinant is 
equal to zero. As a result we have an equation 


dH \’ 
&(Е) -(==) -0, 


Н(Е)=+|. &(е) de. 


That means that the solution of our problem is possible only under condition s(£)>0. 


Substitution of this expression into one of the equations (5.3.67) brings about to the 
homogeneous quasi-linear partial differential equation 


OE _ (8(Е) OE _ | 


+ 5.3.68 
Oz c Ot ( ) 


Hence, we obtain 


_@E/ét), (82) _, с 
(0Е/02), 01),  .je(E) 


Integrating of this equation results in 


ОЕ 


'&(Е) 


where G(£) is ап arbitrary function, which can be determined by the initial conditions. 


If we denote the reciprocal value of this function as G', then the solution of the 
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equation (5.3.68) can be written as 


в=в[ - 7 (5.3.69) 
&(E) 


Sign in the argument of G' defines a direction of the wave propagation. This 
expression is implicitly determines a desired solution of (5.3.69). Notice that in the 
weak field limit, when e(£) = €,, we obtain the plane linear wave. 


In the course of wave propagation its initial profile distorts, because its different 
points move with different velocities. When =(Е) decreases with the growing of the 


electric field strength, the points of the profile where Е is stronger, move faster than 
those with weaker EF. So there is a moment when the profile of the wave turns over. At 
this moment an electromagnetic shock wave arises. 


5.4. Conclusion 


Here we have considered some models of the non-linear medium in which the USP 
propagates. In all cases the slowly varying pulse envelope approximation has not been 
applied. But when the resonant (two or three level) systems were considered, some 
restrictions on the pulse duration have occurred. The criterion of admissibility for an 
employing of the resonance approximation for description of the medium is the 
condition that spectral half-width of the video pulse До is less than or of the order of 
the frequency of a transition from the ground state to the nearest (on the energy scale) 
excited state, whereas the other excited states are farther away than HAw@ from the 
ground state. The spectrums of the similar structure can be found among the spectra of 
atom of alkaline and ions of rare earth metals. 

Duffing model and its vector generalisation are free from the restrictions of the 
resonance approximation. This advantage was noted earlier [70] when the 
electromagnetic “bubbles” and shock waves were analysed. It is noteworthy that there 
are other models of a non-linear medium, for instance: the free electrons model, 
anharmonic oscillators, multi-frequencies oscillator models, exciton matter models, 
models of the “photonic band gap” medium [81]. It would be interesting to generalise 
these models in the case of polarised electromagnetic radiation. 
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CHAPTER 6 


OPTICAL SOLITONS IN FIBERS 


It is well known that the rate of the information transfer by means of fibre optical com- 
munication systems (FOCS) with the mode pulse-code modulation is limited mainly by 
the effect of dispersion of group velocities. The influence of this effect can be sup- 
pressed efficiently and ideally can be completely excluded if one uses sufficiently pow- 
erful pulses of light. Because of the non-linear effect of self-influence such pulses in the 
certain conditions are transformed in solitons and their propagation in FOCS does not 
accompany by dispersive broadening. Today the researches in the FOCS field focus on 
the development of extremely high bit-rates, of the order of 100 Gbit/s. 

It is important to emphasise that soliton does not exist in real communication sys- 
tems in the true sense of the word. The influence of group velocities dispersion of the 
high orders, optical loss and some other effects break a dynamic balance between the 
non-linear compression of pulse and its dispersion broadening. As a result of these ef- 
fects the optical pulse suffers an envelope distortion and damping. But the distance, 
passed by the soliton in a fibre considerably exceeds one, which weak pulse should be 
passed in the linear regime of propagation. The experiments made with powerful optical 
pulses confirm this. We can consider the soliton as a good approach for the real non- 
linear pulses in a fibre under certain conditions. 

The suggestion to use optical solitons for the information transfer along the fibre 
was made in the works [1,2] and it was demonstrated [3-9]. Later on the equation de- 
scribing the optical pulse propagation in a fibre with account of only the second-order 
group-velocities dispersion was received in works [10-13] and was investigated in 
[14,15]. In the soliton theory it was known as the Nonlinear Schrédinger (NLS) equa- 
tion. Besides the classical works on complete integrability of the NLS [14-16], the Refs. 
[17-41] should be mentioned. In these works the modulation instability was investigated 
[17-27], the Painleve property of the NLS was established [29-32], and the exact peri- 
odic solutions of NLS were found [33-38]. The expression for multi-soliton solutions of 
the NLS has been obtained in [39,40]. The new type of the solutions named multiple- 
pole solutions have been found in [41]. These solutions correspond to the multiple 
points of a discrete spectrum of the Zakharov-Shabat problem in IST method. It is diffi- 
cult to realise these solutions in practice because any small stir of the initial conditions 
will remove degeneration in the multiple points of a discrete spectrum. It means that 
only the exclusive initial optical pulses can be transformed into multiple-pole optical 
solitons. 

The problem of solitons formation from the initial pulses carrying phase and/or am- 
plitude modulation [42-61], or from the stochastic pulses can be considered in the 
framework of the NLS equation model. It is known [62] that the soliton has not any 
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phase/amplitude modulation. Thus, we can expect that the initially modulated pulses 
(with regular or stochastic modulation) transform either into a non-modulated soliton, or 
disappear as any weak signal due to dispersion broadening. This phenomenon was re- 
ferred to as the non-linear filtration of the optical pulse [44,47,49,51,52,61]. Due to 
complete integrability of the NLS equation we can use the IST method to determine the 
threshold amplitude of the modulation. The excess of this threshold makes soliton for- 
mation impossible. The non-linear filtration of the optical pulse takes place in an oppo- 
site case. 

If the pulse duration is shorter than one picosecond, the higher-order dispersion of 
the group velocities and the dispersion of the non-linear susceptibility becomes impor- 
tant [63-107]. A theory, describing the propagation of such short pulses, is based on the 
generalisation of the non-linear Schrédinger equation [79-83]. In [63-78] the third-order 
group-velocities dispersion was involved into consideration. Among the analytic solu- 
tions there are only steady-state ones [78,94], and there are not any which describe the 
evolution of the initial pulse. Reduction of the pulse duration results in the necessity to 
take into account the fourth-order dispersion of the group-velocities [100-104] and even 
the higher orders [105-107]. 

The research of the pulses propagation in a spatially non-uniform non-linear me- 
dium has been provided formerly for the waves in the plasma [108]. However, such 
problem arises in non-linear fibre optics when the properties of a fibre vary along its 
axis [10,13,109-121]. This problem becomes especially urgent at present, when the long 
distance pulses propagation in the fibre is investigated in the framework of Dispersion- 
Managed Soliton Transmission Systems technology [122-133]. So in [122,127] the fi- 
bres with variable dispersion were proposed to reduce the effect of the frequency jitter. 
This effect is due to the soliton collisions and the amplification of the spontaneous 
emission by the fibre amplifiers [134-136]. 

It is known that the optical fibre guides the several modes of electromagnetic radia- 
tion [137-140]. So the evolution of the pulse is governed by the evolution of the partial 
amplitudes of the excited modes [140]. Even in a one-mode fibre the optical wave can 
propagate in two opposite directions. Thus, there are two components of the running 
wave. During the manufacture the optical fibre is drawn from molten glass preform. It 
results in the mechanical stresses, which are frozen at cooling of the glass. For this rea- 
son all optical fibres as a rule have a birefringence [141]. Two circular polarised com- 
ponents of the electromagnetic radiation propagate with different phase velocities. In 
the case of a non-linear dielectric medium these velocities depend on the intensity of an 
electromagnetic field. The optical pulse evolution in such birefringent fibres was inves- 
tigated in [142-158]. These researches are based on the equations belonging to class of 
the vector NLS equations [145,146,159,160]. Soliton propagation in multi-mode (or 
multi-core) optical fibres is described in terms of the multi-component NLS equation 
[161-164]. The investigation of the optic pulses propagating in two opposite directions 
[165,166], a pulse propagation in the non-linear two-mode fibres [168-173], and the 
pulse propagation in a two-channel (twin-core) fibre [174-183] result in the necessity to 
discuss the two-component NLS equation. This equation belongs to the same class of 
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equations, i.e. vector NLS equations. There is the generalisation of the theory of non- 
linear waves in twin-core fibres in the case of multi-channel fibres [183-195], which are 
named as non-linear optical waveguide array (NOWA). 

In some special case the vector NLS equation is completely integrable [159]. In the 
general case we must use various approximate approach to the analysis of the optic 
waves evolution. When the equation of interest is not integrable due to a small term, 
one can develop a perturbation theory in which soliton is used as a zero-approximation. 
The most systematic perturbation theory is based on the IST method [196-202]. In a 
particular case, this approach leads to a very effective and popular adiabatic perturba- 
tion theory. This method and its development have been reviewed in detail in [202]. 
Another effective method to investigate the non-linear waves is the variational approach 
[203-216], which does not exploit the complete integrability of the equation of interest. 
This method was successfully used for various generalisations of the NLS equation. It is 
worth to note that, if one chooses a soliton solution as a trial function, then the system 
of equations of adiabatic perturbation theory follows from the corresponding Euler- 
Lagrange equation [203,204]. It is quite natural to suggest that the choice of a more 
general trial function can lead to the more accurate description of the non-linear waves. 
The restriction of the space of trial functions, where the approximate solution is found, 
is the drawback of this method. It should be mentioned the works [210,217], where va- 
lidity of this method has been investigated. 

In this chapter we shall consider some results concerning the theory of optical pulses 
propagation in non-linear fibres. Standard non-linear Schrédinger equation will be con- 
sidered in section 6.1, where the steady-state solution of this equation will be found. We 
shall demonstrate that this equation can be solved by the IST method. The phenomenon 
of non-linear filtration of the optical soliton will be exhibited as one of the applications 
of this method. In section 6.2 we shall consider the theory of the optical pulses propaga- 
tion in non-linear fibres when the effects of the high-order dispersion become impor- 
tant. Section 6.3. is devoted to the two-component optical solitons theory. The perturba- 
tion theory for optical soliton and the variation method will be presented in section 6.4. 
Some examples of application of these approximate methods are given there. 


6.1. Picosecond solitons in the single-mode optical fibres 


Let us consider the optical pulses propagation in fibre. We assume that the refraction 
index changes only in the transverse direction. In the longitudinal direction the medium 
is uniform. Such situation is a good prototype of the optical fibre used in FOCS. 

It is known that a solution of Maxwell equations, describing the guided (directed) 


waves, is a linear superposition of the waveguide modes $, (р), where р = (х, у) isa 


radius-vector in the transverse section of the waveguide: 


E(P, z;@,) = >A, ФФ, в, ) EXpLiB,, (@p )Z} (6.1.1) 
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The mode functions $, (р) are eigenfunctions of the boundary problem, which appears 
under the determination of eigenmodes of the cylindrical dielectric fibre [137-139]. The 
numbers В„ are the eigenvalues of this boundary problem and they are named the 
propagation constants. Both the propagation constants В„ and the mode functions 
$, (р) depend parametrically on the carrier wave frequency @,. This dependency will 
indicated when it is needed. 

In the uniform isotropic medium the mode functions may be harmonic functions 
exp(+ik r). The spatial non-uniformity provided by the waveguide makes these func- 
tions unsuitable as an orthonormal basis. The Fourier expansion in terms of harmonic 
functions must be changed for the generalised Fourier expansion in terms of the or- 
thogonal waveguide mode functions. Thus the spatial non-uniformity turns out to be 
taken into account immediately. The possibility to use these eigenfunctions as a basis in 
the Fourier expansion is based on the orthogonality of the functions © (р) that is ex- 


pressed by the following formula: 


[¥, OY, @dp = 5 . (6.1.2) 


In (6.1.2) УХ is a surface normally crossing the waveguide. The norms of the mode 
functions chosen here are convenient for the further calculations. Therewith, another 
normalisation can be exploited too. For instance, the norm of the mode function is equal 
to the power flow related with this mode. 

Let only one pulse propagate in the ideal linear fibre. We assume that the condition 
of the slowly varying pulse envelopes holds. The expression (6.1.1) is correct for the 
monochromatic radiation, and it can be used to obtain the necessary approximate ex- 
pression. To find the Fourier components of the slowly varying pulse envelope S(@), it 


is simply necessary to shift the frequency ®) > @'=@) +0: 
&(F3@) = о А, (2, ©) ¥,, (6, @') expliB,, (@))z]. 


Here the propagation constant В» is taken at the frequency , because the total de- 
pendency on @' has been taken into account in A,,. By repeating the procedure of deri- 


vation of equations for the slowly varying pulse envelope (section 1.3.1.) and taking 
into account characteristics of the mode functions we can get the system of equations 
for A, 


aA, 
02? 


ОА 
+216, As ap? ХА Ay expli2’Bn Во). 


where 
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AB; = 8; (@')—B; (Фо), Ак? =K*(@')- KG (©, 
and 
At, = [| р (B)AKY,, (В). 


As far as © << @,, the quantity AB; can been expressed as the Taylor series about the 
carrier frequency: 


AB; = Yay (@y)o™ , 
м 


where 


Ч а (6.1.3) 


@=00 


Oy (Mo) = ae N 


For the ideal linear waveguide (or fibre) Ак” =0. 
Now, the evolution of mode envelopes is governed by the following equations 


2 N 
A _ ОА _ д 
+ +28, A аи, A; =0. 


The physical meaning of the @; .(@ ,) can be easily found from their definitions. For 


instance, 


dB; 
da 


011 (Oo) = 


= 28, woh’ a 


O=00 ©=®0 


For the uniform medium the group velocity of light pulse is у, = dw / аК. In the case of 


the optical fibre it is Уз = (dB / dw)! [138-140]. Thereby, 


аи (о) = 281 (@9)Vgi (@) . 


Further, we can find that the parameters ©; y(@,)) are related with the group velocity 
Vogl by considering definition of these parameters, 1.е., (6.1.3). For instance, at N=2 we 


get 


о dv, 
0112 (@o) =Vgi 1-8, dis . 
®=00 
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Consequently, for N > 1 parameter ©; (Фо) describes the group-velocities dispersion 
in a fibre. With taking into account 0; y(@,) with М > 2 we can discuss the high-order 
group-velocities dispersion effects. As usual, a;,<<@,, and all the terms with М> 2 


are rejected in the sum over N. 
The evolution of mode envelope A= A, in fibre is described by the equation 


OA OR... OA 0?А 
ge te ee ae 


OG 6.1.4 
Ay (6.1.4) 


OZ 


were only second-order group-velocities dispersion was taken into account. If function 
A(z, t) is slowly varying with the increase of z, so aA / 02 <<ВА|, then the second- 
order derivative with respect to z in equation (6.1.4) can be omitted, and we get 


OA 
29 4 +i ыы eis 
Pag ae et) 


Going over to the new variables 2 = LC, t=t,t+z/V in this equation we obtain 


2 
oe Bulg ==, (6.1.6) 
96 be fOr 


where У =2В / 1. It is easy to verify that = v,,. Here $; = sgn(a., ), tp is a pulse du- 
ration at the input of fibre. Г, = 28, |a;'| will be named the dispersion length. The 


arbitrary parameter L should be considered as spatial length, where an essential chang- 
ing of a pulse in fibre occurs. 
If the group-velocities dispersion may be neglected, i.e., the fibre length is much less 


than L,,, then all mode envelopes are expressed through initial values Ay? (t) atz=0 
in a simple way: 


A(z,t)= A) (t-z/v,). 


Hence the optical pulse is represented by the superposition of pulses of the modes and 
each Ith mode propagates with its individual group velocity v,,. If it is a single-mode 


fibre, then an optical pulse propagates without broadening. For multiple-mode fibre this 
pulse suffers distortion, which is due to the group velocity differences: 


S(F5t) = YA (t= 2/1 Vy, ny (Psp) EXPLIB,, (2p )Z] 


m 
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Thereby in a linear single-mode fibre without dispersion group-velocities for each 
mode, the optical pulse does not distort in the course of its propagation. However, this 
pulse does distort in multiple-mode fibre. This mechanism of the optical pulse distortion 
was named the inter-mode dispersion of group velocities. 

Let now dispersion length be finite. The natural scale of the spatial variable z is L,,. 


Thus we can assign L = L,,, and the equation (6.1.6) can be rewritten as 


.OA 7A 
i—+s,—>= 
96 OT 


This is the well-known the Schrédinger equation in quantum mechanics for the wave 
functions of the free moving particle. It is known that with an increase in the distance z 


the initial distribution A (z=0,t) (profile of the incident optical pulse) broadens and 


its amplitude decreases. 

Hence, in an ideal linear fibre the optical pulse inevitably spreads as a result of 
group-velocities dispersion. This is due to dispersive characteristics of material of fibre 
and the inter-mode dispersion of group velocities. 


6.1.1. NON-LINEAR SCHRODINGER EQUATION 


We now consider the pulse propagation in a non-linear fibre. To take the non-linear op- 
tical processes into account, we can proceed as follows. Let us divide the vector of po- 
larisation P(E) into linear and non-linear parts: 


P(E) =4ny,E+P™(E) . 


Wave equation for slowly varying envelopes A,, keeps its form, but now the coefficient 
Ax’ should be changed Ak? = 4n(o'/ с)? м (г, ©’), where хи, =P™ /E in the case of 
scalar waves. For the vector waves we can use the definition P;” = (хи) „Ех. Hereaf- 


ter, for the sake of simplicity we shall consider only the scalar case. If the dispersion of 
the non-linear polarizability is neglected, 1.е., yy, (г, ©’) = Хи (Г, о), then the system 


of equations for slowly varying mode envelopes should be taken in the form 


0° A, 
02? 


М 
° ОА i, 
N 


=~) Him (@o) Am expliz(B, =P | 


(6.1.7) 
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WheEFE [jp (Op) = Him (psf A }) = 4109 10)? | Фиш „ар. 
Here dependency of non-linear connection coefficients of ИВ and mth modes on their 
envelopes is indicated. 
In a resonance approximation the connected modes equations (6.1.7) can be simpli- 
fied 
0? А, 
д2? 


дА д)" 
+ 2iB; a + Lae (oo)(t2) A; +H) (@o)A, = 0 . 
N 


When we are restricted only by the effect of the second-order group-velocity dispersion, 
then the corresponding equations (comparing with (6.1.4)) result in 
2 


ТА ОА 4 io — oO 
Oz" Oz Or ^” 


Feta AO. (6.1.8а) 


Ot? 


where the interior mode index was omitted. Under condition of slowly varying of the 
envelope the term with a second spatial derivation in (6.1.8a) can be rejected. In terms 
of dimensionless independent variables С, т: z=LO,t=t,1+z/V_ equation (6.1.8а) 
can be written in the form of (6.1.6). It is natural to choose L as a dispersion length and 
to define Ly, =2В и |, s, = зеп(и) . Now, the evolution of the waveguide mode enve- 
lopes in a non-linear fibre can be described by the non-linear system of equations: 


0A 8A, L, | 
i + $1 + $ A, =0, 
Ot L 


NL 


In this non-linear equation the Ly, depends on the envelopes of the all waveguide 


modes of the fibre. Hereafter we shall consider cubic non-linear susceptibility (refer to 
section 1.3.2 and the equation (1.3.10.)). The evolution of the waveguide mode enve- 
lopes in this case can be governed by the equation 


2 
я SS Sate [AP A=0, (6.1.9a) 


where the third-order non-linear susceptibility y defines the Kerr coupling constant 


нк = (4m) с?) [х° фу Pdxdy(| ¥2@dxdy) 
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It is convenient to introduce the normalised pulse envelope q(t,¢) = A(t, z)/A,, so the 
equation (6.1.9a) becomes 


2 
ня 2s syulgl? 90. (6.1.9b) 


where и=нк Ао is a normalised Kerr coupling constant. Both equation (6.1.9a) and the 


equation (6.1.9b) are named the Nonlinear Schrédinger equation. 

When the optical pulse duration is sufficiently short, being comparable with the re- 
sponse time of systems defined by the optical characteristics of fibre material, it is nec- 
essary to take a dispersion of non-linear susceptibility into account simultaneously with 
the third- (or above-) order group-velocity dispersion. As a rule, it is essential to pulses 
of a femtosecond duration range. Let us represent a non-linear polarizability as a sum 
Х ль (Г, 69’) = Хм (Г, 6%) +X ni (F,@,)@, where 7, (F,@,) is a derivative of a non-linear 
polarizability with respect to frequency, being taken at the carrier wave frequency. So 
far the effects of higher-order group-velocity dispersion have not been taken into ac- 
count, when the propagation of the femtosecond pulses into a non-linear fibre is consid- 
ered. Now, it is necessary to reproduce all preceding manipulations, so that the resulting 
equation can be obtained as follows 


O°A ОА 4 ia OD es 0°А ia 0`А 
Az? д2 ‘et "а > at? 


+ 
' (6.1.8b) 


+ Woy: A, Asi Wont )A)=0, 


where factor 11'(@,;{A, }) is determined by the expression 
иво; А, = 410 / ©)? [Фи GO) Pap 


It should be remarked that there are also the alternative approaches to the reductions 
of the Maxwell equations to the non-linear evolution equations for the optical pulses in 
fibre [84-86]. 


6.1.2. STEADY-STATE SOLUTIONS OF THE NONLINEAR SCHRODINGER 
EQUATION 


It is useful to find stationary solutions of the Nonlinear Schrédinger (NLS) equation 
(6.1.9), which previously were the only exact solutions of this equation. A stationary 
solution or steady-state solution is that which does not change the form under the trans- 
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lation along the characteristics, being dependent on the spatial and time variable z and t 
as a function of only one variable и = 6 -— Эт =(L, + З/У (ЗУ, 


Let NLS equation be presented in a standard form (5, =1 and s, =s, s* =1) 


‚04 _0°а ; 
i—+s——+ =0, 6.1.10) 
a0 oe ull q ( 


We shall find the solution of the equation (6.1.10) in the following form 
q(C,T) = exp(iKG —iQt)u(t+ 9C) . 


Substituting this expression in (6.1.10) and separating the resulting equation into the 
real and imaginary parts, we get two equations in real-valued variables: 


du 


> 


280-9) =o, (sK +Q?)u+usu? =0. 
т 


The former equation is satisfied if we choose the parameter © to be equal to $9/2. In 
the latter equation it is convenient to design p=(sK +0”) and to multiply both sides 
by the derivative du/ dy. Integration of the resulting expression with respect to n 
gives rise to the equation 


(du/ dn)? = pu’ -ки* +С, 


where к=5и/2 and С is an integrating constant, which is defined from the boundary 
conditions. These conditions are defined by the behaviour of the solution as 7 — +oo. 
There are essentially two different kinds of such conditions. 


Solitary wave with zero asymptotic values 
This solution is associated with the following boundary condition 


lim u(y) =0, lim du/dn=0. 
Inox Inox 


Taking into account these conditions it is possible to define that integrating constant as 
equal to zero. Thereby, it is necessary to find the solution of the equation 


(du/ dn)? = ри’ —«u"*. (6.1.11) 
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It is possible to notice that negative values of parameter p are not acceptable because 
they give rise to solutions, which do not agree with the boundary conditions. According 
to these boundary conditions the solution and its derivative approach to zero simultane- 
ously. Consequently, we need to take only positive value of p, but the sign of к is not 
fixed. 


Let « >0. It is seen from (6.1.11) that the possible values of the functions и are lim- 


1/2 


ited by the value (р/к) `^. If we define a new variable 


1/2 


пер, “Sap: 


that corresponds to the positive к, then the envelope of solitary wave is defined by the 
equation 


dy La 
dé =+y1l— у? ь 
The solution of this equation is а hyperbolic secant. The real envelope is given Бу 


u(G—9t) =. p/«sech|, p(6-91-C,)], (6.1.12а) 


where С, is а new integrating constant that determines the initial position of a solitary 


wave. This constant is often supposed to be zero. 

The case of к < 0 can be considered in the same way. From equation (6.1.11) it is 
seen that the admissible values of the functions u are unlimited. By using the same nor- 
malisation it is possible to get the equation for y: 


dy 2 
=ty,jl+y°. 
dé Yvyity 
The solution of this equation is 
u(G— 91) = /р/к созесв| /р(б- 97 -C,)]. (6.1.12b) 


This function has a singularity at C= 9t+€,. Therefor, from the physical point of view 


this solution is unacceptable as in the vicinity of this point approximation under consid- 
eration, being the basis of theories of non-linear optical waves in a Kerr medium, is in- 
valid. In this situation the high order of non-linear susceptibility should be taken into 
account. 
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Thus, the steady-state solution of NLS with zero asymptotic values describing soli- 
tary optical wave in a Kerr medium can exist only under condition sp >0. It is impor- 


tant to emphasise that only under this condition NLS has also soliton solutions. 


Solutions with nonzero asymptotes. Cnoidal wave and dark solitary waves 
These solutions are consistent with the boundary conditions 


lim u(n)=u,, lim du/dn=0. 
мо Inox 


That allows to define an integrating constant C. Then we can rewrite the equation for 
the real-valued envelope of the non-linear wave as 


(du/dn)* = p(u* — ug) -к(и“ up) . 
The right-hand side of this equation may be transformed as the product of multiplicands 
(аи! dn)? = (u* -иг)(киг — p) +«u? |, 


It can be seen now that the solution of this equation is expressed through the elliptic 
functions. Depending on the sign of the nonlinearity parameter к, the value and sign of 
p the resulting expressions will be different. 

Let us consider the case of к < 0 and denote р=-р. Then the equation for the 


real-valued envelope of a non-linear wave can be rewritten as 
(dy/ dn)? = а-у?-к?у?|, (6.1.13) 


where y=u/u, and К? = ки (р-кио)". 
In the region of values of the parameters p> 2|x|u;, a module of the elliptic inte- 


gral, which results from the solution of (6.1.13), is less than unit, i.e., К <1. The solution 
of equation (6.1.13)can be written through the Jacoby elliptic function: 


y(n) = за [Си о) , К]. (6.1.14а) 


where По 1$ an integrating constant. 

In the region of the values of parameters 2|кио > р>|к|ио the module of elliptic 
integral is greater than unity. If we define у = ky, then equation (6.1.13) will take the 
form 


(dy /dkn)? = -y*)[l-k?y?]. 
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This equation has the same form as the equation (6.1.13), but with the modified argu- 
ment and module. Thus, the solution of the initial equation may be written as 


ym =k" зап мо), k'] (6.1.14b) 


When p=2|x|u; the module of elliptic integral is equal to unity and the solution of 
equation (6.1.13) is 


y(m) = ‘ап (1 -— По). (6.1.14c) 


This solution of (6.1.13) corresponds to dark solitary wave, which complies with dark 
soliton of NLS equation. 


In the region of values of parameters 0 < р <|кио equation (6.1.13) takes the form 
(dy/dn)? = (1—y?)l+k?y?], 
where 1<К? <oo and К” =к[ио ([к|ш — p) '. The integral was appeared here may be 


interpreted as an elliptic integral of the first kind with imaginary module. Hence we can 
write a solution of this equation as 


УСМ) = [И — По) ‚1 к]. 


Now, by using the transformation rules of Jacobian elliptic functions [243] this expres- 
sion can be written through the elliptic function with real modules and arguments: 


зак? как?) 


yy = 
Vi+k? 


(6.1.14d) 


where 
igy= sn(z, k) 
Я = ие, К) 


is the elliptic function incorporated by J. Glaisher [243]. 


6.1.3. SIMILARITY SOLUTIONS OF THE NONLINEAR SCHRODINGER 
EQUATION 


Besides steady-state solutions of NLS equation in the form of solitary and cnoidal 
waves, there are other solutions, which are non-stationary ones. The solutions, which 
can be expressed through Painleve transcendents are the particular case of those. 


316 CHAPTER 6 


Let NLS equation be written as 


‚04а _0°а : 
++ =0. 6.1.15 
a0 Se ига ( ) 


Let the solution of this equation be in the following form [30-32] 
q(6,t) = ехр[Каб + bt +cCt+rC* + gC*)Ju(t+ fO + ИС”). (6.1.16) 


Substituting (6.1.16) into (6.1.15) and separating resulting equation into real and imagi- 
nary parts we obtain the two equations 


[(f + 2hC) + 2s(b+ et = 0, 
dy 


2 


“+ (а+ст+ 26 + 396? +55? + 


aos 


+ 2sbc6 + sc’C*)u+pu’ =0. 


Here we introduce a new variable п=т+ fC + НС”. The first equation above will be 
satisfied if we choose the following relation between parameters 


b=-sf/2, c=-sh. (6.1.17) 


The second equation is a non-uniform ordinary differential equation containing the vari- 
able ¢ to the second power. Consequently, it is possible to choose the rest of parame- 


ters so as the power of non-uniformity will be reduced. That means that the multiplier in 
the second term becomes the linear function of the independent variable 1. To do this 


we require 2(r + sbc) =cf , 3g + sc” =hc. These relations with regard to (6.1.17) allow 
us to define the relationship between the remainder of the parameters r=-—sfh, 
gs =—2sh* /3 whereupon the equation for the real-valued functions u(n) takes the 
form 


2 
st — [la sf? /4)~ shh + pu =0 . (6.1.18) 
т 


If we now denote w= Au and &=(п-а)/р, where 


ei) > (ile) eG) 


> 
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then the equation (6.1.18) can be transformed to the equation having the standard form 
of the Painleve equation of second kind (or Р-П) [32, 244]: 


а?» 
me Ewt2w. (6.1.19) 


Solution of this equation can not be expressed through any elementary functions. It is a 
special function, which has been named the Painleve transcendent of second kind. 

If only the limited solutions of the NLS equation are of interest, then it is possible to 
omit the second term in the right-hand side of the equation (6.1.19) at |&|>> 1 that leads 
thereby to the Airy equation. Consequently, under great values of arguments the limited 
solution of (6.1.19) behaves like the Airy function Ai(€é), which has the following as- 


ymptotic behavior 


a aang exp(-2 22" ‚ §&—>+0 
Sele sin (ЕР? +), Ee 


Equation (6.1.19) is the equation of second order and it has the second linear independ- 
ent solution, which in the linear limit behaves as another Airy function labelled Bi(é). 


Ai(S) = 


This function is a singular one, consequently it is unsatisfactory for our purpose from 
the physical point of view. 


6.1.4. SOLITONS OF THE NONLINEAR SCHRODINGER EQUATION 


We now turn to the Nonlinear Schrédinger equation in the following form 


; 94 + 110” ба, 
aoe 0. 6.1.20 
tact Dae +197 q= ( ) 


The U-V-pair for (6.1.20) can be found according to the procedure described in 
Chapter 4. However, another algorithm will be described here. If the spectral problem is 
chosen in the form (3.2.1), then the zero-curvature representation can be reduced to the 
system of equations (4.1.45 ). 

We assume that the functions A(A),B(A) and C(A) are some polynomials of de- 


gree N: 
А().)= У а, (6,5), В=УЬ, (9, CA)=>20,(6,0A". (6.1.21) 
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Substituting (6.1.21) into (4.1.45) and equating the coefficients of various powers of 
X in resulting equations, we obtain 


да 


—=ас, —rb,, п=0,1,2,..., М; (6.1.22а) 
Ot 
ОБ : 
a + 2qa, +26. =0, n=1,2,...,N; (6.1.225) 
T 
дс | 
a —2ra, —2ic, ,=9, n=1,2,...,.N; (6.1.22c) 
а 
by =0, Cy =0; (6.1.22d) 
ОБ д 
CEOS + 2qa,; OE Gs. —2ra,. (6.1.22e) 
06 ot 06 «Ot 


It is useful to consider the simplest example when N=1. The system of equations 
(6.1.22) in this case takes the form 


да 


— =qCy — ГБ ; (6.1.23a) 
OT 
ee ae (6.1.23b) 
OT 
aan + 24а, + 2ib, =0 , (6.1.23с) 
Ot 
OS ie 2 (6.1.23а) 
Ot 
b,=0, c,=0; (6.1.23e) 
b 
ие. a (6.1.23f) 
06 At 6G at 


From (6.1.234) and (6.1.23b) it follows that a, =а, (6). Then we can find from the 
equations (6.1.23c) and (6.1.23d) that 


by (Gt) =1а, (6)9(6,®), с (6, ®) = ia, O)rG,7). (6.1.24) 


Hereinafter, the dependence of the functions a, ,b,,c, upon variables т and 6 will 


be omitted sometimes. Substitution of the equations (6.1.24) into (6.1.23a) allows to 
define function a,(¢,T) 


dy =a, (©. (6.1.25) 
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If the expressions (6.1.24) and (6.1.25) substitute into equation (6.1.23a), then the 
evolution equations for q and r can be obtained. These equations are solved by the IST 


method with the spectral problem (3.2.1), where matrix U is chosen in the form of 
(4.1.44a) and the matrix У has been found above. These equations are 
94_. 94 Or 


‚ Or 
ia, —+2a)q, —=ia, — —2a,r. 
0G Ot aC at 


The system of these linear equations has a senior degree of derivation with respect 
to co-ordinate x which is equal to one. Note that the coefficient A(A) = a,(¢) +a, (6) 


is a polynomial of degree one, whereas the coefficients B(A) and C(A) are polynomi- 
als of degree zero with respect to A 


BA) =1, (6096,9, CA) = ia, (C)r(C, 7). 


Thus, the degree of polynomials B(A) and C(A) is one unit less than degree of A(A). 


This is a consequence of a choice of the concrete form of matrix U in equation (3.2.1) 
resulting in the condition (6.1.22d). 

This example shows that if a non-linear evolution equation has senior degree of spa- 
tial derivation equal to №, then we can find A(A) as the N-degree polynomial with re- 
spect to 4, whereas BOA) and CA) are the polynomials of degree (N-1). In the case of 
the NLS equation the senior spatial derivative degree is two. Consequently, we can 
choose 


A(A) =a, (6,1) +4,(6,DA+a,(C, 1) | 
BA) =5,(€,.0+5,(€,0A, СО) = (6, -+с, (6, ТА, 


and find the NLS equation among the resulting systems of the evolution equations. 
System (6.1.22) in this case will take the form 


ae (6.1.26а) 

Ot 
ae ae (6.1.26b) 

OT 
о (6.1.266) 

Ot 
24а, +2ib,=0, —2ra,—2ic, =0, (6.1.26а) 


д 
бы, бабе i. (6.1.26е) 
Ot Ot 
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Equations for q and r comply with (6.1.22e). From (6.1.26a) it follows that 
a, =a,(C). The equation (6.1.26d) yields 


b,(C,t) =ia,(C)q(C, 0), ¢,(C,t) =ia, (C)r(C,t) (6.1.27) 


Formulas (6.1.27) and (6.1.26b) result in the condition a, =а, (6). With taking this con- 
dition into account the equation (6.1.26e) allows to define Бу and су, 1.е., 


Substitution of these expressions into (6.1.26c) results in 


а, (<, = а," + 0(6), 


where o(C) is ап integrating constant. 


The non-linear evolution equations, which can been solved by the IST method with 
the considered U-V -pair, follow from (6.1.22e): 


Ч 1 Ч,; oq 
=а, 97а -—а, — + ia, —+2aq , 6.1.28а 
м eee | 
1 т or 
— =-a,rqr + =a, —~+ia, —-2ar . 6.1.28b 
at 2ГЧ 22 Bp 1a ( ) 


Thus, the matrix V has the following matrix elements: 
1 
A(A) = (С) + ть + а, (©). +а,(0^, 
: 1 oq. 
B() = ia, (99 - та, 1+, (Cah, 
2 OT 
: 1 OP 
C(A) = ia, (G)r +—a,(G)— +ia,(G)ra . 
2 Ov 
If we put a =a, =0, a, =i in the equations (6.1.28) and, besides 
Pa-9 5. g=u of @=TU 5 (6.1.29) 


then the equations (6.1.28) convert into the NLS equation in the form of (6.1.20). 
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It should be noted that the reduction (6.1.29) transforms the system (6.1.28) to the 
one non-linear equation, namely NLS one with the time varying coefficients. The soli- 
ton solutions of such an equation exhibit nontrivial behaviour. For instance, they can be 
accelerated or slowed down, they can have the complex phase modulation and etc. 
However, we shall assume that this coefficients are constants. 

Now we can represent a system of linear equations of IST method in the explicit 
form 


д д * 

у +qy,, “2 =inw,-q'y, , (6.1.30) 
OT Ot 

OW, 2 _1 : 1 21) 

——— SS Xr == — x = > 

2 | 519 Wi № 


(6.1.31) 


Evolution of matrix elements of the transfer matrix is defined by the expression: 


T,, (AC) = T,, (A;0) exp{2iC*t}, 
T), (256) = T>, (0:0) exp{—2iC*t}, (6.1.32) 
T,, (A356) =Т, 0.0),  T,,(A36) = T,, (750), 


provided that u(€,t) >0 аз |tl> ©. 
Let us consider the particular case of initial condition for the NLS equation, which 
allows to find the exact solutions of the spectral problems of the IST method. It is 
r(€,t) =—-q*(C,t) and q(¢ =0,t) =iAsech(t). 


In this case, as it was found in section 3.4 


Td /2-iA)Pd/2-id) 


a(A) =T,, (A) = | ; › 
Td/2-iA - А)Га/2-Й.+А) 
isin(mA) 
=T, =—__., 
By Tn) cosh(1A) 


From these expressions it follows that the purely soliton solution appears under condi- 
tion A=N. As this takes place, the continuum spectrum of the Zakharov-Shabat in- 
verse spectral problem is absent. 

Here several examples of soliton solutions of the NLS equation are represented, 
which can be obtained by solving the Gelfand-Levitan-Marchenko equations for small 
values of “soliton numbers” М [39]. 
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1. Let М = 1. The single-soliton solution has the form 
ds,(¢,t) =isech(t)exp{—i¢/2 . 
2. Let М = 2. The two-soliton solution is a more complex one 


cos(3t) + 2cosh(t) exp(—4iC) 
cosh(4t) + 4cosh(2t) + 3с03(46) ` 


Ч52 (6, т) = 41 exp(-iC/ 2) 


The space-time evolution of this two-soliton optical pulse shown in Fig. 6.1.1, is char- 
acterised by the periodic variation of the amplitude and width. 


Fig. 6.1.1 


| 


и 
jay 


The two-soliton solution of the NLS 
equation, describing the pulse propa- 
gation in non-linear fibre, N=2. 


3. Let N = 3. A three-soliton solution is given by the more cumbersome expression: 


M(,7) 
6,5)’ 


4сз (С, т) = З!ехр(-6/2) 
where 
M(C,t)=2cosh(8t) + 32 cosh(2t) + 
+ exp(—4iC) {36 cosh(4t) + 16 cosh(6t)} + 
+ exp(—12i¢){20 cosh(4t) + 80cosh(2t)}+ 
+ 5exp(8iC) + 45 exp(—8iC) + 20 exp(—16i€), 
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D(C, t) = cosh(9t) + 9 cosh(7T) + 64 cosh(3t) + 
+ 36cosh(t) + 36cosh(5t) с0$(46) + 
+ 20cosh(3t) со$(126) + 90 cosh(t) со$(86). 


Fig. 6.1.2 


The three-soliton solution of the 
NLS equation, describing the 
pulse propagation in non-linear 
fibre, N=3. 


In the paper by Buryak, and Akhmediev [245], the two-soliton solution of the NLS 
equation, has been presented. It is 


ч.0 =202 ет il(n? — 1261, 


) 
where 


M(G,t) =(nj —3){n, cosh(n,6) + и, cosh(n,6)} , 


D(G.t) =(n, =)" cosh[(n, +n, )6] + 
+(n, +N,)° cosh[(n, —,)6] + 
+4 м, cos[(n; —15)t]. 


Both three-soliton optical pulse [39] and the two-soliton pulse by Buryak and Akhme- 
diev are represented in Fig.6.1.2 and 6.1.3. These pictures show the general behaviour 
of the multi-soliton solutions of the NLS equation, 1.е., the periodical variations of the 
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pulse amplitude and width (or a pulse duration, what is more adequate to the situation 
under consideration here). 


Fig. 6.1.3 


The two-soliton solution of the 
NLS equation which has been 
obtained in [245] 


LT ||] 
ИН 
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It is important to emphasise that multi-soliton solutions of the NLS equations con- 
sidered above relate to the pure imaginary eigenvalues of the Zakharov-Shabat spectral 
problem in the IST method. Only special initial optical pulses can result in such eigen- 
values. For instance, those are the pulses with time-symmetric envelopes. The more 
complicated form of the pulse envelope can result in complex eigenvalues. That means 
that the N-soliton solution of the NLS equation can be split into N single solitons, which 
propagate with different velocities. As the time passes we can see the array of the single 
pulses propagating independently from each other. 


6.1.5. NONLINEAR FILTRATION OF OPTICAL PULSES 


It is known that solitons cannot be modulated: any modulation, including phase modula- 
tion (PM) disappears as a soliton optical pulse travels in a non-linear medium. Duration, 
velocity, or amplitude of the pulse can change, but it retains its standard form of a hy- 
perbolic secant, which is a typical for a soliton. However, there is one further possibility 
of evolution of an initial pulse characterised by phase modulation: a soliton may not be 
formed from such a pulse, although the energy needed for this purpose is sufficient. 
Here we shall consider the role of phase modulation in the formation of soliton. 

The propagation of the optical pulse with carrier frequency @ , duration Е, and an 


electric field strength envelope G(t,z) in a single-mode non-linear fibre without losses 
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and high-order group-velocities dispersions are described by the Nonlinear Schrédinger 
equation (see section 6.1.1). We shall consider the standard form of this equation: 


‚ба 10°q , 
+ =0. 6.1.33 
30° 2 at lal 9 ( ) 


Furthermore, here we shall discuss only the region of anomalous dispersion. 

The significant properties of the NLS equation are its complete integrability [14-16] 
and the ability to solve the Cauchy problem for equation (6.1.33) by the IST method. In 
the frame of this method the problem of existence of solitons, their amplitudes, propaga- 
tion velocities, and phase shift can be solved in principle by using only the initial condi- 
tions, 1.е., from the given function qg(t) =q(¢ =0,t). For this purpose we must соп- 


sider an auxiliary linear system of equations 


OV, 


OM aos = iW. — qo(t)W,, (6.1.34) 


=i, + qo (DY; 
OT 


and find the scattering data for equation (6.1.34). 
It is possible to solve this spectral problem for the given potential q,(t) only as an 
exception. In general, one could start from a certain potential qj(t) for which the solu- 


tion of (6.1.34) is known and develop the perturbation theory on assumption that the 
difference of potentials Aqy(t)=q)(t)— q(t) is small. The eigenvalues Л,’ corre- 


sponding to qg(t) are shifted in complex plane by the action of this perturbation on 111- 
tial potential [16,45]. These shifts are small for sufficiently weak perturbation Аа (т). 


Therefore, we can expect that PM of a pulse, which evolves to soliton (or solitons) in 
the absence of modulation, causes the change of parameters of a resultant soliton if the 
phase modulation depth is not too great. However, if PM is sufficiently deep, it may be 
an obstacle to the formation of soliton [44-57]. 


Illustrative example 


Now we shall consider a simple example, when the exact solution of the spectral prob- 
lem is possible. It allows us to show the influence of the PM on soliton parameters. Let 


do (tT) =igy sech(2nt) exp{i(t)} . 


If p(t) =0, then for 9, 2 n such a pulse evolves into a soliton. If o(t) is chosen in the 
form 


b(t) =(f /2n)Infcosh(2n2)], 


then the solution of equations (6.1.34) can be found analytically. 


326 CHAPTER 6 


After changing the variables x = 2nt, y, =u, exp(id/2) лу, =u, exp(—id/ 2), sys- 
tem (6.1.34) is presented in the following form 


= — Е + tanh(x) |, + iAsech(x)u, , (6.1.35a) 


Oe 

Ox 

- = Е + wtanh(x)u, + iAsech(x)u,, (6.1.35b) 
Хх 


where и = f /4n,6=A/2n, А=а,/2щ. Following Ref. [16], we can eliminate 
u2(x) from (6.1.35) and thus obtain the equation for u;(x). The substitution 


s=[1-tanh(x)], u, =s(1—s)'w(s) 


into the resultant equation yields the hypergeometric equation 
a и а О 
а и а $|——-абм=0, 
ds? ds 


where c=2k+1/2, a+b=2(k +1). The requirement ab= const fixes the exponents 
К and I: 


k, = {14[1-24 26+], | == {1+ [1+2i(6- u)}. (6.1.36) 


The boundary conditions for the Jost functions determine whether values К, and lL, 
from expressions (6.1.36) should be taken to find the function и1($). For k=k_ and 
l=1_ 


ee . pace 
c=Z+ilE+p), а, = + (А? 2), b= ipF(a?—p?)!? . 
If we express и1(х) in terms of the hypergeometric functions and define u2(x) in terms of 
и (х) from the system (6.1.35), we will finally be able to obtain scattering data for spec- 


tral problem related to the system (6.1.34). In our analysis we need only a diagonal ele- 
ment of transfer matrix T,,(&)=a(&) (3.4.16). This element is expressed by the formula 


енг) 
[+ Ja “rt (А? =) | 


а(5) = 
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Zeroes of a(&) lying in the upper half-plane of the complex variable & (it is just they 


define the solitons amplitudes) coincide with the poles of A-function under condition 
Im&>0: 


Е, = Ав? -п-1/2). 


The index of €,, is an integer number ranging from zero to some maximum value М de- 
fined by the condition Imé, >0. If there is no phase modulation, then €,(u=0) = 
i(A—n-—1/2), that corresponds to the known result [16, 62]. Therefore, the eigenval- 
ues of the initial spectral problem А. „ are purely imaginary: 


ae = Ja _ f?)/4-2nn+1/2)]. 


Let the amplitude of the initial pulse be 4, = 2nN . If o(t) =0, then the N-soliton pulse 
forms from such initial pulse. If o(t) * 0, then 


a м. (Г, /2№)? -и+1/2)]. 


where Е, = (21) ' is the duration of a single-soliton pulse. 
For f = 0 there is a range of values of ImA,, =A’, such that Ag > А! >...> Ам: 
With the increase of f the series of these numbers shifts along imaginary axis А. and for 


(п) 
Cc 


the certain values of [с ’ the eigenvalue A’ becomes zero. Therefore, as long as PM 


depth obeys the condition f < i ) = t, (4N —1)'”,, the initial pulse transforms into 
N-soliton pulse. If i <f< foo = t, (12N —9)'? | the pulse of the same energy 
converts into (N-1)-soliton, whereas for [СМР < f < [9 = t,'(ON - 25)", we 
obtain (N-2)-soliton pulse, and so on. If the depth of PM obeys the inequality [> | = 
t, (4N * — 1)? а soliton is not formed, though the energy of the initial pulse is high 


enough. (In the considered scenario this energy is constant and it equals the energy of 
N-soliton pulse.) 

Since all eigenvalues are purely imaginary, a multi-soliton pulse does not split into 
series of single-solitons. This picture of N-soliton pulse destruction by PM will be 
called scenario A. 


In general, we can find the critical phase modulation depths pee (n= N-1, 
и 1 Q): 
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© =2t5'\(qotp)” = (п-1/2)?, 


where N is the integral part of (qt, — 1/2). 


Dissociation of a soliton pulse under the influence of PM 

Numerical simulation of the evolution of pulses carrying initial PM [49] confirmed sce- 
nario A, but at the same time it indicated that it was not the only one possible. The 
choice of another form of initial envelope and other types of PM demonstrated the ex- 
amples where the initial pulse disintegrated in another way. If the modulation depth ex- 
ceeds a certain threshold value, which was determined by the form of q(t), the initial 
pulse splits into two parts each of which moves at its own velocity. The resulting pulses 
could develop into solitons if the depth of PM did not reach the second (higher) thresh- 
old value. Otherwise, the resulting pulses disappeared due to dispersion broadening. In 
terms of the spectral problem of the IST method that means that the pair of eigenvalues 
X, and Л, (that corresponds to a double-soliton) leaves the imaginary axis and ас- 
quires real parts of opposite signs but with the same modulus, whereas imaginary parts 
remain the same. The picture of distortion of the multi-soliton pulses under the influ- 
ence of PM, where the resultant solitons move with different velocities, will be called 
scenario B. 

We can estimate the threshold value of the depth of PM fo? , the excess of which 
leads to the splitting of two-soliton solution of the NLS equation, by using the approxi- 
mate method of the integrals of motion (ID, for short). This method has been used to 
estimate the amplitudes of soliton solutions of the Korteweg-de Vries equations and the 
reduced Maxwell-Bloch equation. In [248] this method was used to evaluate the ampli- 
tudes and velocities of the NLS solitons, but on the condition that the initial pulses have 
no phase modulation. 

It is known that the NLS equation has an infinite sequence of integrals of motion 
{I,, } И its solutions vanish (or it tends to the same asymptotic values) as т —> + . The 


2 
sat oe 


fete Ва ye woe г 
Ета ть + За? q* — - 39? а—— ат. 
lal= | | 9+3 a” >, Sal ао Jat 


first four IDs are 


° 1" „ба да |194 
119] = J la? dt, =>] | 2g Na. I;[q]= Г“ 


—с 


The single-soliton solution of the NLS equation is characterised by the parameters A,V, 
0, and 0,: 


qs (6, т) = iAsech[A(t - VC + 0, JexpyiVt — (У? — A2)¢/2+0,}}. (6.1.37) 
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The ID method is based оп two assumptions. If the initial condition qo(t) splits in 
the process of evolution into N solitons with different parameters (A; ‚У; ‚0, } ‚0, j ), 


where j = 1,2,..., №, then in the limit C—> there is no overlap between neighbouring 
solitons. The overlap integrals of two solitons decrease exponentially with the increas- 
ing of € or z. Therefore, 


e the first assumption is that the total number of solitons is known, 
e the second assumption is that all solitons are separate and the contribution 
of the non-soliton part of the solution of the NLS equation can be ignored. 


Under this approximation any ID Г, for the given initial condition q,(t) can be written 
as 


N Г. 
1, [901= УТ 1, (6.1.38) 
j=l 


where I shaw )] are calculated for the jth soliton of the (6.1.37) type. The system of 
equations (6.1.38), where п = 1,2,...,2N allows us to find М pairs of A; and V;. The 
constant phase shifts 6,; and @,; are not determined within the frames of the presented 
variant of ID method. 

In [248] the ID method has been used to analyse the evolution of NLS solutions in 
the case of real q(t). If q(t) is complex, no analytic solution of equations (6.1.38) is 


obtained. However, in some cases it is possible to find amplitudes and velocities of soli- 
tons, even though the envelope of the initial optical pulse qy(t) possesses the phase 


modulation. We shall assume that q)(t) 1s complex function and the phase of the input 
pulse (t) = arg q,(t) is a symmetric function. 

Let pulse energy be sufficiently high to form two solitons in the absence of PM. In 
this case we have I, =I, =0, and the system (6.1.38) with М = 2 transforms into four 
equations 


A,+4,=W,, УА+У А, =0, (А?+А>)-З(АУ? + A,V7)=3W, , 
(АЗУ, + АУУ, ) - (АУ? + АУ?) =0, 


where we introduce the following notations: I, = 2W, and I, =2W,. Depending оп the 
relationship between W, and W;, the ID method predicts different evolution of initial 
pulse. Let us define 


и М? 
ye sae a's 


= : 6.1.39 
Tae (6.1.39) 
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Then, if A >0, then the two solitons have equal velocities, but different amplitudes: У, 
= У, =0, Aj, =(W,/2)+¥VA.If A <0, then the amplitudes are the same but velocities 


are different: А, = А, =W,/2, М, =-\, = J—A. Therefore, we can expect dissocia- 
tion (or decay) of double-soliton pulse into two single-solitons if the increase in the PM 
depth brings the change of the sign of A in (6.1.39) and makes it negative. 

Let us now turn to the special case, when 


Чо (т) = 19% sech(t) exp{io(t)}. 


For such input pulse we have 


1 
М=9%, М = 54 (246 -1)- 902191, 


where 


ИФ = | (db/ dt)? sech?(t)dt. 


The parameter A considered as the function of Z has the form 


_ 3—8 /2-2)?° 1 
7 3 2 


A(Z) = A(0) ; й (6.1.40) 
If Фе absence of PM we have A(Q) > 0, then under the phase modulation A(Z) de- 
creases and for a certain value of Z[(t) ] we can obtain A(Z) < 0. In formula (6.1.40) 
parameter ау should be chosen in such a way that for 6(t) = 0 the double-soliton pulse 
is formed from initial condition 4о(т), 1.e., it should be 3/2 < qy< 5/2. The critical 
value of parameter Сс is defined by the formula 


Ze 3-3) | (6.1.41) 
3 2 


The “linear chirp” ф(<) = f t* is the example of the PM often discussed in litera- 


ture. In this case Z[ o(t) ] = (2/ 3)(f 2)?. Formula (6.1.41) provides the critical value 
of PM depth [с 


| 2 \ 
= 3» (6.1.42) 
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If qo = 2, then from (6.1.42) fo = /3 / =~ 0551. The numerical simulation of the evo- 
lution of such pulse [49] gave 0.4< [‹ < 0.7. When the phase modulation is described 
by the function 


o(t) = f secht, 


the numerical simulation [49] yields the following estimate 1< [‹ <3 .The ID method 


considered above in this case gives fo = V75 = 2.74. In Fig.6.1.4 the evolution of the 
pulse with the PM of the considered type for two different values of depth modulation is 
presented. Fig.6.1.4a illustrates the stability of the two-soliton pulse if the magnitude of 
the PM depth is less than the critical value. Moreover, if the magnitude of the PM depth 
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Fig.6.1.4 Evolution of two-soliton pulse with chirp in initial condition 


f >3 1.е., itis greater than |. , the initial two-soliton pulse splits into two single 
pulses moving with different velocities (see Fig.6.1.4b). 


6.1.6. CUBIC-QUINTIC NONLINEAR SCHRODINGER EQUATION 


Now we consider the propagation of the optical pulse in the medium, which is charac- 
terised by the higher order nonlinearity than Kerr-type one. The simplest of these media 
is the quintic non-linear medium. It is a very convenient model for the study of the two- 
and three-dimensional solitary waves, when the cubic nonlinearity is self-focusing, 
while the quintic nonlinearity is self-defocusing, precluding the wave collapse. How- 
ever, in this section we restrict our attention to one-dimensional case. 
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Let us take a look at the wave equation for slowly varying envelope of the optical 
pulse (6.1.8a). By omitting the space derivative of second order we can write 


А . OA aA 


— sp tt ag THs {А DA=0. (6.1.43) 


The non-linear polarisation can be represented as 
PM ay B= (KO [SP +x [Sl]. 


Substitution of this expression into the definition of the non-linear term in (6.1.43) 
yields 


Anw* (y (3) 


неа) => а [АР +4 Alt), 


where the following effective susceptibilities were introduced 


iF = [PREG y)dxdy( W(x, y)dxdy) 
he = pau: WO ydxdy({ ¥? (x, y)dxdy) 


Thus the wave equation (6.1.43) takes the form 


2 

4 

28S + ia, = ees по? (2 
2 


АР +49 |A|*JA=0. (6.1.44 
a Ot ge tee (9 [AP +09 LAL’) (6.1.44) 


In terms of dimensionless independent variables 6, т: z=L,¢, t=t,t+Z/v,, this 


equation can be written as 


.д д? 
а 5 Ба + [ар ats 14? 9=0. (6.1.45) 
where 
2nw- СА. 210? SAP 
и= ря Ly, Ps = one Гр. 
СВ c’B 


Equation (6.1.45) was named the cubic-quintic nonlinear Schrédinger equation . 
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It is useful to find any solution of the non-linear evolution equation under considera- 
tion. Every so often such problem can be solved only at the cost of a some simplifica- 
tions. So, let us assume that 


(С, t) =u(G, t) explid(G, t)] . 
The two new equations in terms of the real-valued variables are derived from (6.1.45) 


2 
du_ 4, Gbdu_ 0%, 


5 $ =0, 6.1.46 
96 ‘00 ° Ar? | 
д?и Оф Ob oo 3 5 
$ + =0. 6.1.47 
[2 Be J "Ot Be Se: ( ) 


Let 06/0tT=Q and 0b/0C=K be some constant parameters. Then the equation 
(6.1.46) is reduced to 


ео =0. 
06 OT 


From this equation it follows that u(€,t)=u(m), where n=(t+2s,QC). Taking this 
result into account the equation (6.1.47) converts to 


а?и / 41” — p°u-s,uu* — $ ии” =0, (6.1.48) 


where parameter p* =Q* —5,К is introduced for the sake of simplicity. The first inte- 


gral of this equation can be obtained by the regular method. With taking into account 
the vanishing of the u and its derivative at infinity, we obtain 


1 1 
(du/ dn)? — pu’ зори" ~ зан" =: 


The substitution u=w"’” converts this equation to 


2 
aw =4р*м” wenn Sake (6.1.49) 
dy 3 


This equation can be represented in the following form 


(dw/ dn)? =4p?|(w+ ay? -a°], 
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where a=s,u/4p*, o=16s,u,p°/3u”, and A* =а’(1-с). It should be pointed that 
the sign of the parameter с is defined by the sign of non-linear susceptibility y and 
by the sign of dispersion coefficient $, =sgn(a,), since 


_ 2p’c’B Е. | 


= (3)2 
300, Lp Хе 


Let us consider the case of a negative parameter $, и. , corresponding, for example, 


to anomalous dispersion region and self-focusing quintic nonlinearity. The solution of 
equation (6.1.49) is 


w(n) a] {1+ |< | со 2 рип, 5, |, 


with 1) as an integrating constant. The solution of the initial equations (6.1.48) can be 


written as 
1 


и | 
|а| {1+ [в | соз[2 р(я = п, $ | 


(6.1.50) 


This solution describes the steady-state solitary wave with the amplitude depending on 
the sign of the dispersion coefficient. The amplitude of the wave in normal dispersion 
region is less than one in the anomalous dispersion region. 

Now let us consider the case of the positive parameter s,p1, that corresponds to the 


normal dispersion region and self-focusing quintic nonlinearity or to the anomalous dis- 
persion and self-defocusing quintic nonlinearity. In these cases we have to make dis- 
tinction between 0<o <1 and o >1. If 0<o<1, then the solution of equation (6.1.49) 


writes as w(n)=a| { ‘1—ocosh[2 p(y -то)] - 55 \ For the anomalous dispersion, 


where $, =—1 we can write the solution of the initial equation as 


1 
|а| {1-о соз2 р(и- п, 1+1}, 


и” (м) = (6.1.51) 


However, when $5 = +1, the function w(n) is not positive at all values of the argu- 
ment. Thus, u*(n) describes the solitary wave with a singular core. If o >1, then the 
solution of the equation (6.1.49) can be written as 


wn) =|a| .o—I1sinh[2p(™m-7,)]—-a. 


The regular (or bounded, non-singular) solution of the equation (6.1.48) does not ex- 
ist in this case. 
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6.2. Femtosecond optical solitons 


When the optical pulse is shorter than one picosecond, the higher-order dispersion of 
the group velocities and the dispersion of the non-linear susceptibility become 
important. A theory describing the propagation of such short pulses is based on the 
equations solved primarily by numerical methods. Analytical solutions are usually 
represented by the steady-state solutions and some approximate expressions. 

If we assume that the slowly-varying envelope approximation is held true, then the 
generation of the basic equations may be divided into two steps. First, we must take into 
account the next contributions of the dispersion of the group velocities. The equation 
(6.1.8a) takes the form 


OA 4 COA . OA. 0“А 
де er О 


216 2 + i, +u({4,})4=0, (6.2.1) 
2 


where the effect of the third- and fourth-order group-velocity dispersions are presented 
by the coefficients a;(@,) and a,(@,). These parameters are defined by the expression 
(6.1.3). Usually only the effect of the third-order group-velocity dispersions is 
considered under femtosecond pulse propagation investigation. 

The second step is more difficult. Here we must determine the parameter u({A,}) in 
equation (6.2.1). In the time domain the non-linear cubic polarisation is expressed in the 
most general way by the convolution integral (see section 1.2.): 


+00 


Pd) =3 [4 [4 [ахба-ви —t,,t-t,)E (В )Е, (6 )Е (В) . 


In optical fibres there are two dominant contributions to this non-linear polarisation, 
namely the electronic Kerr-effect and the Raman effect. The Kerr-effect is due to 
polarisation of the electron cloud around the individual atoms. The response time t, for 
this effect is extremely short, being of the order of femtosecond (t,= 246 fs). The 
Raman contribution to the non-linear polarisation in a silica glass originated from the 
interaction between the electric field of the light wave and optical phonons, which are 
transversally oscillating molecular vibration modes in the medium [218-220]. Assuming 
a linearly polarised electromagnetic field in the x-direction, we can obtain the non-linear 
polarisation as the convolution 


Ри = Е. | а-р,Е ах, (6.2.2) 
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where f(t) is the non-linear response function, which indicates how fast the medium 
responds to an applied external electromagnetic field. It is convenient to consider some 
model of a non-linear medium to find this response function. Furthermore, we assume 
that the resonant vibration frequency of the molecules is much less than the spectral 
width of the ultrashort optical pulse. 


6.2.1. EXTENDED NON-LINEAR SCHRIDINGER EQUATION 


We shall consider the optical pulse propagation in a weakly non-linear medium taking 
into account the group-velocity dispersion of second and third orders. The dispersion of 
non-linear susceptibility will be taken into consideration as well. 


Raman response function 

We shall consider the non-linear response according to Placzek model [218]. The 
molecules in the Raman medium are represented by classical harmonic oscillators. 
Polarisation of this medium can be expressed as 


P=n a(QyE, (6.2.3) 


where и, is the concentration of the molecules, a(Q) is the molecular polarizability, О 


is the vibrational co-ordinate of a molecule, determining the magnitude of deflection 
from equilibrium. In the case of small vibrations the molecular polarizability is 
expressed by the first two terms of Taylor series, 1.е., 


Hence, the non-linear polarisation is Р“ =n ,a,QE. The Hamiltonian describing the 
photon-phonon interaction can be written as 


JC 


“ph—ph 


=—-P™E/2=-n,a0,QE° /2. 


The equation of motion for this oscillator is 


++, Вр (6.2.4) 
т 


where у =2/T, is a vibration line width, ©, is the resonant vibration frequency, and т 


is the molecular mass. One assumes that у << @, << @,. 
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Let us introduce the slowly varying envelopes for an oscillator co-ordinate u(t) and 
an electric field & 


O = u(t) exp(—iw,t) + u"(t) exp(+io,f), 
Е = Sexp(-io,t)+ ©" exp(+ia,f). 


Equation (6.2.4) describes the slow frequency oscillation, which is induced by the 
electric strength in square Е”. This imposed force contains both slow and high 
frequency vibrations. However, only the former of these two motions is important. 
Under slowly varying amplitudes approximation equation (6.2.4) takes the form 


(1 = Die, oy = — 18 о (6.2.5) 


With taking into account inequality @, >> ®, , and the condition that the spectral width 
of the optical pulse Aw, is greater than ву, ‚ we can write the slowly varying envelope 


of polarisation as 
GP =P =n,a,(utu')s. (6.2.6) 
The solution of equation (6.2.5) is given by 


u(t) = — [15 -РР exp{-Ty’}at", 
т(у — 21, ) у 


Ap 


where 
2 2 2 
© . у) 
у” + 4a, у” + Aw; 


R 


In the sharp vibration line limit (у << @, ) we have 


2 
у . у ' TH 
Tl, =-—+io,| —— | =I, +i. 
R 2 (5 R R 


Now, we can find the Raman polarisation envelope. It is 


Pp (1) = 50 | Bal) |SE-2)f ae’, (6.2.7) 
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where the non-linear Raman response function g,(t) is defined as 


g(t) = [22 оао (соки 20, sinTytexpl-Ty0), 


or, with taking into account inequality у <<@,, 


2 
n,a t 1 t 
t) =—47 ex = Op, —exp| —— |. 
82) mo, T, | “| ies = 


Modified NLS equation 
Let us now consider a wave equation for slowly varying envelope of the ultrashort pulse 
from section 6.1.1. 


2ip, 24 ре A Dan (oes 2) A, =- >) 1, (@')A, expliz(B,, -B,)]. 


In this system of equations the term with the second-order spatial deviation is omitted. 
Here the non-linear coupling terms contain the frequency variable, i.e., 


№ (@') = и„(®' = ®, + @; {A, }) = An(o'/e)” | хм „акау . 


Since the relevant frequency domain is defined by the inequality << @,, we can write 


ни, (@)4, = an 03 + io, >. Vx, dxdy A, (6.2.8) 
[т 


The non-linear polarisation was divided into different parts, 1.е., the Kerr and the 
Raman ones. Thus we can represent this polarisation as 


PM =P +P. =YS+YRE, 


where 
XK и 1° (@y,Oy,-Oy, Oy) | 5(0Р ry 


Xn = [Sa S-1)f a. 
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Substitution of these susceptibilities into (6.2.8) with exploiting the resonance 
approximation yields 


ХНА, ехр[12(В„ —B,)] = 


esa 


ie р A, + 2% XK ef >A, Or В (А р 4, 


where we have introduced the effective parameters 


—1 
О Ве 


—1 
Вкл = | Ba(% чо а [4 зака) 


Taking into account the fast Raman response in relation to pulse envelope varying, we 
can reduce the Raman contribution to the non-linear polarisation: 


[ener (AGL P dt! Oty О, <( 4), (6.2.9) 


—с0 


where 


— | 
Oey = [аб у) дак [ ¥7(x, аку)". 


The wave equation for slowly varying envelope of the ultrashort pulse (6.2.1) in this 
limit becomes 


OA On, >. Honk 0°А _ 
10; —, +a 
Ot aay 


= 1 14+ 2 Ref | АР Av 2 (ap Ay А О (4). 
с Keff Oo Xk eff Ot 


It is convenient to introduce the normalised variables 


G=z/Ly, t=(t-z/v,), WG) = Az! A, 
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where у, =2B/|a,| is the group velocity, ¢,, is the initial pulse duration. If a, #0, 
then the length L,, can be defined as 


ОЕ eo 


This is the dispersion length. The third- and fourth-order dispersion lengths are defined 
by similar expressions 


L, = 2Btiy/| a, |, Г. = 2 Ве / | a, | . 


In terms of the normalised variables the equation for the slowly varying envelope of the 
ultrashort pulse takes the form 


59 д? : 0° д“ 
5g 5» aor ists an a. a 


+H (+6) lah a+ix 2p q)-¥ он) =0. 


(6.2.10) 


where 5, =sgn(a,), / = 2,3,4, 13, =Lp/L,,, and 


sy 2х xo Ay 2 T, 
pa pe n= ‚ yap. 
XK eff с "В Wot 40 t 50 


Equation (6.2.10) is a modified Nonlinear Schrudinger equation describing the 
ultrashort pulse propagation in a single-mode fibre It takes account of the high-order 
dispersion effects, the self-steeping or optical shock formation, and the self-induced 
frequency shift. The optical shock formation is represented by term, which is 
proportional to parameter y. The Raman term with parameter y generates the self- 
induced carrier frequency shift. From the definition of the parameters y and y we can 
see that the self-steeping effect is important when the pulse duration appreciably 
exceeds the optical period 7, =22/@,. The self-induced carrier frequency shift 


becomes important when the pulse duration approaches the Raman response time 7,. 


Its magnitude lies in the interval from 6 femtosecond to 3 femtosecond. 
In Ref. [93] some estimates for the parameters of non-linear terms in equation 
(6.2.10) were presented. To show their importance we indicate that 


yn; =3:10°, pyx6-10°, py 14-107, at t,, =500fs. 


OPTICAL SOLITONS IN FIBRES 341 


The ratio p <1, hence in the equation (6.2.10) the Kerr susceptibility can be omitted or 
re-normalised by including parameter p into its magnitude. 


Some variants of modified NLS equation 
Frequently the high-order dispersion of group velocities are neglected. In this case the 
equation (6.2.10) is reduced to 


.O 0? д 
ны! ана (чР а)- 192 (a")|-0. (6.2.11) 


In the case when the pulse duration is longer than one picosecond y=y=0 we 
obtain the NLS equations (6.1.10), which is a good model in this time domain. 
If we assume that y = 0, then the equation (6.2.10) becomes 


04 og 

+ +1¥ — 6.2.12 
5 art nial а ke “(gf 4)=0 ( ) 
where Х=их. Sometimes this non-linear equation is titled “Modified Nonlinear 
Schrydinger equation” (for example, [94]). It should be remarked that this equation can 
be transformed to DNLS equation by the change of the variables. Let 5, =—1, that is, 
we consider the anomalous dispersion region. If one defines 


q(G,8) = (6, t)exp[-iat—ibC],  s=t—(2n/ XC, 


where a =u/¥,b=-(u/X)’, then we get an equation 


~2~ 
4 O49 а 7. OG | Ч) _¢ (6.2.13) 
Ot Os? Os 


Thus, the modified NLS equation is equivalent to the DNLS equation. Equation (6.2.13) 
was used to investigate the pulse distortion, i.e., self-phase modulation and self- 
steepening in non-linear optical fibre [79-83]. 

In number of works [63-78] the effect of third-order group-velocity dispersion was 
considered. These investigations were based on the following equation 


3 


: Og ir 2 
+ =0. 6.2.14 
+ulgl q SM 5 iz —(4| а) ( ) 


гб = 


06 a 
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It was found that the third-order dispersion and optic shock effect lead to forming the 
highly asymmetric power spectra of a propagating pulse. Its band-width increases with 
increasing pulse intensity. In addition, the peak of spectrum shifts towards the short 
wavelength end. 

The third-order dispersion effects are important for fibres, which has a zero- 
dispersion crossing at 1.27 + 1.3 um. However, there are dispersion-flattened fibres with 
an extremum of the second-order dispersion at the operating wavelength facilitating the 
propagation of femtosecond optical pulses, since the effect of the third-order dispersion 
is minimised in this case. A correct description of ultrashort pulses in such fibres must 
include the combined effects of the second-order and fourth-order dispersions in 
combination with the derivative nonlinearity. The first of these models is based on the 
following equation 


pots ad la)’ q—-is 84 _9 (6.2.15) 
at 2 9? Hig! gq «4 Boa > 52, 


which was considered т [102]. The more correct model considered in [103] is based оп 
the generalised equation 


0g 0°а | ‘а 0 
=. Я (чЁа)=0. (6.2.16) 


under condition 5, =s, =-1. 


6.2.2. STEADY-STATE SOLUTION OF DERIVATIVE NONLINEAR 
SCHRIDINGER EQUATION 


Let us consider the Derivative Non-linear Schrudinger equation in a standard form: 


2 2, 
4, 9 dis pp Na 9) _(. (6.2.17) 
06 Ot OT 


This equation describes the ultrashort optical pulse propagation in a non-linear fibre 
provided the boundary condition 4(6,т) > 0 as |t|— о holds. Until the IST-method 
was developed the exact solution of this equations may be found only in some specific 
cases. For example, it is possible to find the stationary solution describing propagation 
of a pulse with an invariant envelope, i.e., the steady-state pulse. This case may be 
considered as didactic example of the solution of non-linear equation. 

We assume the solution q(C¢,t) has the form 


(6, т) = а(у)ехр[]. (6.2.18) 
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Where у=т-96, a(y) and $(б,т) are real functions. After substitution (6.2.18) into 


(6.2.17) the DNLS equation is decomposed into real and imaginary parts, i.e., into the 
pair of non-linear equations 


2 3 
да , 0 dao i 
06. ObCT эт OT 
2 

- Sa oD OD ВЫ (6.2.20) 
OT 0G OoOTOct OT 


=0, (6.2.19) 


We assume that the function Р(у)=0ф/0т depends only on y=t—9C. Taking into 
account 


да 3 аа да _ аа 
96 dy’ Ot dy’ 


we can consider the equation (6.2.19) as one for F(v) 


aie {3 at) gf 282) 22 4 (ry (6.2.21) 
Let К (у) be a solution of the uniform equation 


dF) _ 2 1 аа Е. 
ау а dy 


After integration of this equation we obtain Е,(у) = Са *(у) According to the standard 


method of solution of the ordinary differential equations, we can represent the solution 
of non-uniform equation in the form: 


Е(у) = С()а” (>. (6.2.22) 


Substitution of the expression (6.2.22) into (6.2.21) leads to 
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Integration of this equation gives rise to С(у) and the function F(y) becomes 
F(y)=C,a~(y) + 9/2 -3¥a7/4. 


Using the boundary condition a(y) > 0 аз |t|—> © we get integrating constant Co. So, 
the function F(y) is 


F(y)=9/2-3%a?/4 (6.2.23) 


From this expression it is possible to conclude that 
(6,2) = © - (3%/4)[ a? (y)dy + 91/2. 


This expression yields 


0$ Ob _3 
aC at 4 


x{ ord | 


Аз 4(а”)/ 4 =—9d(a’)/dy , this expression can be rewritten as 


0ф Ob) , 3X96 O( 2), _ 0%, , 3H9 › 
Ета Ja, \ay = ее" (6.2.24) 


Let дф, /06 = @ be constant (It is the correction of instant frequency of a carrier wave.). 
Let us denote р = (3/4)¥9%, so that one has 


06/0G =@+ pa’. 


Now from (6.2.20) it is possible to determine the function a(y). Substitution of the 
expressions (6.2.23) and (6.2.24) into (6.2.20) leads to 


a" —aR(a*)=0, (6.2.25a) 


where 
R(a’) =(®@+ 9° /4) + (73/2)а” — BY? /16)a’*. (6.2.25b) 
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Equation (6.2.25) may be integrated after multiplication of all its terms by da/dy with 
taking into account the boundary condition for а(у) 


(a'y = | R(@*)da’ | 


Now, taking (6.2.255) into account we can find 


“ = Ба? +b,a‘ — ba’, (6.2.26) 
ly 


where b, =(©@+9°/4),b,=¥9/4, and b,= 7/16. Substitution of the expression 
и(у)=а *(у) into equation (6.2.26) yields 


С = -2,/6,|(w +6, /2b,¥ — 0°] (6.2.27) 
y 


where A’ = (4b,b, + b;)/4b; . The integration of this equation gives 


w(y) +b, /2b, = Acosh|2,/B, (y — y,)]. 


Finally, the expression for real-valued pulse envelope can be written as 


2b 
а’(у)= т = 
4{4b,b, +52 cosh|2./b, (y у, -Ь, 
4(6 + 9? /4) 


qV8 + 3? /2 созв 2/65 + 92 /4(y —y,)|- (09/2). 


(6.2.28) 


It is necessary to note that @ is an arbitrary constant. If we choose © = -9? /4, then 
the coefficient b, in (6.2.26) will be equal to zero and instead of (6.2.27) we shall have 


ит 


For и = b,w that leads to some differential equation, which has a solution 


уи- =—b,(y—yo)- 
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So, the expression for a square of the real pulse envelope is 


b, 
b, + (у- у)" 


a’(y)= 


If we use the definitions of the parameters b, and Б, , then this formula takes the form 


49 
1+49°(y—y)° 


Ca'(y)= (6.2.29) 


This is the solution corresponding to the familiar "algebraic soliton". 

Both expression (6.2.28) and the formula (6.2.29) for solutions of the DNLS 
equation can be obtained by using the IST method with the special spectral problem. 
This method was developed in [221-224] to solve the DNLS equation. 


6.2.3. SOLITONS OF THE DERIVATIVE NONLINEAR SCHRODINGER 
EQUATION 


The DNLS equation is the new example of the whole class of the integrable equations. 
These equations are not embedded into AKNS hierarchy, i.e., DNLS equation needs 
different spectral problem of the IST method. The appropriate spectral problem was 
found by D.J. Kaup and A.C. Newell [221]. The development of the IST based on the 
Kaup-Newell spectral problem was made in [222-224]. 


Zero-curvature representation of DNLS equation 
According to [221] let us consider the following system of the linear equations 


ЦЕ (6.2.30а) 


oe = Лу, + r(t)Aw, , (6.2.30.b) 
хе 


and the second system of the linear equations 


oa Aw, + Bw, , (6.2.31a) 
LL ge (6.2.31b) 
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The integrability conditions of these systems result in 


ЕВ. (6.2.32а) 
OT 
OB рава 1.94 , (6.2.32b) 
Ot 06 
иены ae (6.2.32c) 
it 06 


It is convenient to rewrite the DNLS equation as two equations 


2 2 
OM sf a OEE). ig ыы ee OCH, (6.2.33) 
06 at дт 06 0% ot 


where r=eg' ,¢ =+1. Substitution of these equations into the equations (6.2.32b) and 
(6.2.32c) leads to 


2 
OB 9p алый СО, 
Ot Or? OT 


(6.2.34) 


BC раста =v 2% ay aD) 
at or OT 


These equations contain the partial derivatives of 4 , 474, rgr and г with respect to т in 
the right-hand part. Consequently, we can propose the following Ansatz: 


B= bg +b, +b,(qrq), Caer te + es(rgr) 
{7 


where coefficients bo,1,2 and со1.2 are the unknown functions of 1. Substitution of these 
expansions in the equations (6.2.34) and comparison of the factors at equal degrees of ¢ 
‚ ага, rgr and г yields 


b=-2", b =i, В =-ЕХА, 
Cy=-20, Cc, =-ik, с, =-=ХА, 
and the relation 
A=2iM +904). 
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Equation (6.2.32a) is also satisfied. Thus, we get the expressions for matrix elements of 
V-matrix of the IST method. They are 


A=2iM +ieX(rq)r , (6.2.35a) 
ee | as 
B=-2Nqtin ae ЛЕХ (ата) , (6.2.355) 
C= 2187 =i — Ч), (6.2.35c) 
T 


where r=eq ,¢€=+1. The linear problems (6.2.30) and (6.2.31) provide the zero- 
curvature representation of the DNLS equation under conditions of (6.2.35). 


Inverse scattering transformation 
In the usual manner, we introduce the Jost functions by 


@(1,A) > | exp(-i’t), @(1,A) > (") exp(+iA’t), as tT 00 (6.2.36a) 
W(1t,A) > | ехр(+ т), W(t,A) > О exp(-iA’t), as t> +00 — (6.2.365) 


and the transition (or scattering) matrix coefficients by 


D =a(A)V +, 
@ = —a(A)¥ + b(A)Y 
where a(A)a(A) + b(A)b(A) =1. We note that, for r=+q° 


@(A) = meek Ф'(/), W(A)= vs 4" (^) 
о (+1 0 | 
From whence it follows that @(A)=a'(1'), b(A)=Fb' (2). 
It is convenient to designate 
ic = (1/2)[ нае, i= (1/2) [ rqde’ ЦЕН + 


Now we can formulate the theorem of analytical properties of the Jost functions and 
matrix elements of the transition matrix [221, 222]. 
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If for О = qexp(-iw ) 


[(G1+|GP -+1об/ок дат <, 
then Mexp(id’x), $ ехр(-Йх), and а().) are analytic functions of for А, т 
the upper half of c= plane. As |X| со, Img > 0 we have 


(A) exp(id't) > В ехр@ и )+... 


4 (^)ехр(-Й/ т) > | exp(iu*) +... 


a(A) > exp(ip) +... 


The zeros of a(A) in the upper half of the c=A’ plane are the bound state 
eigenvalue. Let us designate these zeros by 4, (j =1,2,...,2N). The matrix element 
a(A) is an even function of 1. Thus, we will adopt the convention that 2,, lies in the 


first quadrant of the 4 plane, and A lies in the third quadrant, where A, ,,,=—A,, 


2j+1 


and j=1, 2,..., №. At the zero of a(A), we have 


271 


OH) =) FA), ФО) =5Р0.,) 


There are the integral representation of the Jost functions (i.e., triangular representation) 


With) = | ехр[(^?т+и*) + | ee _ о exp(ia’s)ds . 


The kernel of the triangular representation K(t,s) satisfies the following relations 


lim K,,(t,s)=0, m=1,2: (6.2.37a) 

K, (t,t) = (-1/2) q(t) exp[2ip* (t)], (6.2.37b) 

[2 _ с (1,5) = g(t) L(t, 5) exp[2in* (т)|, (6.2.37c) 
Ot Os 


Е + р = к (т, 5) exp[—ip* (t)] = (r(x) exp[—ip" (5 (6.2.374) 
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where 
L(t,s) = K,(t,5)—(i/2)r(1)K, (1, 5) ехр[-2 ии (t)] 


Due to the characteristics in (6.2.37c,d), given g(t), there exists a solution of 


(6.2.37c,d) which satisfies (6.2.37a) and (6.2.37b). Thus, the triangular representation of 
the Jost function ‘¥(A;x) is valid. From (6.2.37b) we can obtain the solution of the non- 


linear equation by solving the Gelfand-Levitan equations for y >t 
K3(uy)-i | K\(ts)F(s + y)ds =0, (6.2.38a) 
+К (t,y)+F (t+ у) +] K3(1,5)F'(s + y)ds =0, (6.2.38b) 


for r=+q", where 
_ 1 gb) 
Oe 20 $ a(A) 


exp(iN'z)dz, F'(z)= = 
2 


Fig.6.2.1. 


The contour С in the complex A 
plane. The asterisks indicate 
where the zeros of a(A ) lie. 


The contour С is shown in Fig. 6.2.1 . Define for real с =) we introduce 


_ BG) 


p(s) = calc)’ 


and for the bound states 


С = а 
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where 
md and B, =b,,/i,, =b,,,,/Xr 
k dh АЕ k 2k 2k 2k+1 2k+1° 
Then we can find that 
N 1 +00 
F(z) = С, €xPCiG 2) += | (© кре, (6.2.39) 
т=1 en 


where с, =A, =A; 


2т-1 * 


From (6.2.39) we can see that the scattering data for this 
spectral problem are 


S(6)= {p(E), Е в Ве; {C,,,¢,, },m =1,2,...,N} 


Thus, for given S(C), we can construct function F(z) as in (6.2.39), then one can solve 
the equations (6.2.38) for K,(t, y), and by using (6.2.37b) one can obtain g(C,T) . 


Soliton solutions of the DNLS equation 
To obtain soliton solutions it is necessary to set р(с) =0. Let N =1. It is convenient to 


designate the single eigenvalue of the spectral problem с, = A; by 
PO) ип : 
1. Ge = iA ex [1 =€+in, 


where n=A’siny, 6 =A’ cosy, and y €(0,7). The coefficient С, in expression (6.2.39) 
can be written as 


C, =2nA" exp(2ic, +271). 


Then the solution of the Gelfand-Levitan equation leads to 


exp(20 — 2) 


2iu*(t)] = +4Asi : 
q(t) exp[2ip"(t)] eet 40) + exp) 


(6.2.40) 


where 0=7(t-1,), 0=5t+0,. From the definition of the function p*(t) and 
(6.2.40), we have 


exp(48) + exp(+iy) 
ехр(460) + exp(+iy) | 


ехр( и”) = 
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Thus, the single-soliton solution of the DNLS equation is 


exp(20 — 2io) exp[—2iu* (т)] 


=+4Asi 
q(7) nose ехр(40) + exp(+iy) 


(6.2.41) 


The time dependence of the scattering data follows from the system of linear 
equations (6.2.31) and definitions (6.2.35) 


OB yet. 05» =0, oC, =—4¢° C 
0 06 


> for m=1,2,...,N. 
0G 


If one defines 
Cu = 2n,,A' exp(2io,,, +2NT,,,)5 


then we have 


д 
— =2A' cos2y, a = +4? cosy. 


Despite the solitons discussed above, there are the algebraic or rational solitons. 
These solution arise whenever y > 7. In this limit we get 


tee Bh (Е) 

РО Raa Ei 

and 

+ ААехрС 2i(+A°t + 6,) ехр[- —3iu* (v)/2] 


oe [1+ 16A*(t—t,)?]” 


(6.2.42) 


In the usual manner, we may obtain an infinite number of the conserved quantities, 
1.е., integrals associated with DNLS equation. The first three integrals are 


=- ] ант, 1, = | iG Ole c= f ge) 


—0l 


ar) (т yt 


а jones afr ЕО (08 


— At Tole (t)r ole 


If one defines the conserved densities аГ,[4] so that 


= Jarl tale =0 
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then the integrals can be expressed in terms of these conserved densities. The 
functionals I" [g] can be obtained from the recursion relation 


5 <r, ao) LiLo. #214. Ly=0.1; SC) 2)r@). 1530: 
j=l 


In [225,226] the different kinds of the solutions of the DNLS equation were found. 
These solutions correspond to a non-vanishing boundary condition, | q(t) /— +40 аз 
|| ><. The IST method for the non-vanishing case is more difficult than the 


vanishing case. However one-soliton solution was obtained with the closed form. 
Let DNLS equation have the form as in [225]: 


2 2 
pot Od ОО Я. 
06 Ot OT 


At first we describe the case of m=1. Denote с, =(A,—q,)'”, where A, is the 
single eigenvalue of the spectral problem. If 4, is real as 0< &, <q, (in general case 
i, =£,+in,), the quantity с, becomes pure imaginary, с, =79, where 9° = g5 —€]. In 
this case one can express the soliton solution of the DNLS equations as 


| q(t) P= 92 +49? 2(§, / do) sgn Ке(& С!) (6.2.43) 
cosh(2§,9t — ,) — 2(§, /qy)sgn Ке(& С!) 


where 
exp, = 24% |Re(E,C,) |/(2E,9)’. 


If Re(€,C,) is positive (negative), then the expression (6.2.43) represents the bright 
(dark) modulation, 1.е., the positive or negative solitary wave on pedestal 
If sgn Re(E,C, ) = +1, we can rewrite expression (6.2.43) as 


ee 2 (& / 4) 
ЕС. 


For sufficiently small 9 using the approximation созб2=1+2’/2 and &//q, = 
1—(1/2)(9/q,)° we obtain 


ее 840 
а Е. 6.2.44 
| q(t) | Чо 1 + (24-х a ,)° ( ) 
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This is the algebraic soliton on pedestal. If sgnRe(€,C,)=—1, we can obtain the 
algebraic soliton as a local depression of the pedestal depth. 

Now we describe the case of т=-1. Assuming A, to be pure imaginary, 
О <\ < 4%, the authors of [225] obtain 


2 2(n, / qo) sgn Re(E,C,) (6.2.45) 


| q(t) P= 95 +4p 
у cosh(2n,pt— y,) — 2(n, / 4 )з21 Ве(Е, С, ) 


where p* =q, —n, and expy, = 24, | Re(E,C,)|/(2n,p)’. For sufficiently small р this 


expression results in 


8q, 
‘Soe 6.2.46 
la(t) [= 4% age ( ) 


Here sgn Re(€,C,) = +1. This is the algebraic soliton on pedestal as well. In [225] the 


multi-soliton solution of the DNLS equation was also represented under the non- 
vanishing boundary conditions. 


6.2.4. ZERO OF SECOND-ORDER DISPERSION 


The second-order group-velocity dispersion in optical fibres has two main 
contributions. There are the material and waveguide dispersions. These contributions 
can be modified in the fibre drawing process. For instance, the waveguide dispersion 
can be modified by the relevant changing of the index profile of the fibre. The zero- 
dispersion wavelength can be shifted to higher wavelength domain in the so called 
dispersion-shifted fibres by this way. It is also possible to manufacture fibres in which 
material dispersion nearly compensates waveguide one over the wide spectral region. 
When the second-order group-velocity dispersion is nearly zero, the higher-order 
dispersion and the dispersion of the non-linear susceptibilities become essential. 


Generalised complex mKdV equation 
In order to discuss the pulse propagation under consideration of the zero second-order 
group-velocity dispersion, we can exploit the equation (6.2.14): 


Og 0°4 2 : OG = as 
1— — S, —> + 15 +1 
ac 29-2 ulgl ¢ 313 an Xx 


Cif gay 
<4! q)=0. 


Substitution of the variables, & =т-9.6 and g(C,t) =u(C, €) exp(—ipé/¥ +19,6) 
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2 
| [5-5 [из 
x x x x 


makes it possible to replace equation (6.2.14) with the equation for u(C,&) : 


where 


Oe pO Bs OW gs 0 
Госте Ses tae a р u)=0. (6.2.47) 


In the above equation the second-order group-velocity dispersion is allowed for by a 
new parameter s, = (5, —3s,u/%). If the carrier frequency is selected so as 5, =0, the 
influence of this dispersion can be eliminated. Thus, the propagation of an optical pulse 
with the carrier frequency in the region of zero second-order dispersion of the group 
velocities can be described by the equation 


Ou Cu — 6 
at 5313 Е ЕЦ Ри)=0. (6.2.48) 


This equation can be regarded as a complex generation of the famous modified 
Korteweg- de Vries equation [62]. An analytical solution of the Cauchy problem for 
equation (6.2.48) would make it possible to describe in detail the evolution of the 
optical pulse propagating in the non-linear fibre. However, this solution is unknown, 
and we can consider only some partial solutions. 

Let the envelope of optical pulse be a real-valued function. Then from the equation 
(6.2.48) the modified Korteweg-de Vries (mKdV) equation follows 


3 
Ct aye Depa: РИ (6.2.49) 


ac ae ag 


This equation is an example of completely integrable equations and, hence, it can be 
solved by the IST method. In section 5.33. we have considered the solitons of mKdV 
equation. As it was mentioned this equation has the breather solution that represents the 
connected pair of one-soliton pulses. 


Integrable models 

It is interesting to obtain the evolution equations describing the pulse propagation on 
condition that second-order dispersion is absent, and which can give rise to solitons. For 
this purpose it is convenient to use the IST method. Let us consider the system of equa- 
tions (6.1.22) in assuming that N = 3. By solving the resulting system of equations in 
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accordance with the procedure presented in section 6.1.4, we can obtain the following 
expressions 


: 3 2 
La RA ay pane ie eo ik (6.2.50a) 
и т OT OT 


. 3 2 
Lie ge ele pee ee eae (6.2.50b) 
tT OT OT OT 


Now, the matrix V has the following matrix elements: 


1 i or д 1 
A(A) = aC) + 5 2247 — al a — rat) + 5 (ear + a, }\. + an + ar , 


: i Le: Gs. he. MOG? 1 og SD ae) 
B(\) =ia,g +—a,grgq —-—a, —-——a, —+| ia,g-—a, — |A + ia.gn , 
(A) 19 > 397d 7 2a да? 24 735, 39 


If a, =a, =a=0 and a, =i this equation converts to the NLS equation (6.1.20). The 
evolution equation we are interested in can be obtained by taking that a, =0. For 
a,=a=0 and a,=4i or a,=4 we get the complex versions of the modified 
Korteweg-de Vries equations 


3 
oT OM ei oe =0, (6.2.51a) 
0G \ot OT 
or 
3 
gon. OE gig ned =0, (6.2.51b) 
ОС \0т Ov 


respectively. If we suppose a,=a=0, a, =4i and a, =i, then the Hirota equation 
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[250] follows 


.0q ,.(Oq 2 0G) , 24 ; 
an. +6|аР “9 +2 =i 6.2.52 
aC (2 lq | = 2 ага ( ) 


From this equation follows that the effect of the second-order group velocity dispersion 
can be compensated by the cubic (i.e., Kerr-type) nonlinearity. Whereas the only 
special-purpose non-linear correction of the group velocity suppresses the influence of 
the third-order dispersion. 

The more adequate description of the pulse propagation in the femtosecond region 
was proposed in [84,86,93]. Unfortunately, higher-order NLS equation is not a 
completely integrable one and has not soliton solutions in the strict sense. 


6.2.5 SOLITONS OF THE HIGHER-ORDER NLS EQUATION 


In order to describe the non-linear phenomena associated with femtosecond optical 
solitons in non-linear fibres, the higher-order Nonlinear Schrédinger (HNLS) equation 
has been proposed [84,86] (see also [93]). Let us consider the following generalisation 
of the equation (6.2.14) 


2 
; 94 O°" 


av 


+uslaPS ar Langit 0, (6.2.53) 


0°а 
ar thlae af sin 


The parameter n, corresponds to the third-order group-velocity dispersion, parameters 


ul, and и, represent the two inertial contributions to the non-linear polarisation, 1.е., 


Raman self-scattering and self-steeping formation. If n, = 0, u,= и, = 1, then the 
DNLS comes out from this equation. If n,= 1, и.= +6, и,= 0, then the equation 


(6.2.53) is reduced to the Hirota equations [250]. In general, equation (6.2.53) may not 
be completely integrable, i.e., may not be solved by the IST method. However, in [97] it 
was shown that this equation can be solvable by means of IST under some alternative of 
the parameters. Hereafter, we shall consider HNLS equation following Ref. [97]. 


Reduction to the Sasa-Satsuma equation 
It is convenient to make the following variable transformation 


q(t, 6) = u(t, 6) exp(—iat +166). (6.2.54a) 
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The substitution of this expression into equation (6.2.53) yields 


2 


Pals 2ias, Зла?) + г. р — зутьа? a 


ди Ou 
pi (kb ays) uf utd py lu S ae tbe Ae Baas =0. 


The parameters a and b must be chosen to vanish the terms with 0°u/0t’, |иРи, and 
и. Thus, we obtain that 


a=8,(353)', 4=H/p,, and b=a°(s,—s.na). 


These conditions can be satisfied only if и, = 3s,s,n,. Then В =2s,(27n;) '. The 
next step is the introduction of the new independent variable 


E=1+C/3s,n,. (6.2.54b) 
The resulting equation takes the form 
3 2 
ao -sm, 24 fei i) Е =0. (6.2.55) 
an ae? 0Е at 


If we suppose that 5.1, =—€, и, = 6, and и, =3e, where = = +1, then the HNLS 
equation (6.2.55) reduces to the Sasa-Satsuma equation [97] 


2 
a + 3u Zt =0. (6.2.56) 


Zero-curvature representation of the Sasa-Satsuma equation 
Now let us consider the Manakov spectral problem (4.2.13c). Zero-curvature condition 
results in the equations (4.2.15), 1.е., 


(6.2.57) 


isi 6 5500. 2inC - AR+ D-R=—. 
at 0’ at C 
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We assume that the functions A(A), B(A), C(A) and D(A) are the polynomials of 
degree 3 


Ah) = У`а, (6,0, D(A) =D, (ом, 
BOA) = 16,600", Со) =У а (ом. 


Substituting these expansions into equations (6.2.57) and equating the coefficients of 
the different powers of i in the resulting equations, we obtain the net results 


aC; т) = a;(C) > р, (6,1) = d,(C)1 > 
В, (6,5) =(1/2)p,(Q)O,  %(6,t) =(1/2)p,(Q)R, 
a,(6,t)=a,(6), D,(6,1) =4,(6)1, 
р Е. О ey) 5_1 (0 
(60 =5р:(О0- р, AG) =5Р:(0- SPO 
a,(6,t) =a,(6) + (1/2)p,(GO-R), D,(6,t) = d,() -(1/2)p,(6(O ® В), 


ао (6,7) = а (©) + (1/4)p (S(O - 90/4] 09" 880 | 


Бел =4,(O)1 нь» 6-202), 


he 


p,(6) ae =P 


b= AG (00 p;(C)O(R о) 


1 
Z 
1 
2 


ease ый р»(©) ее > И] 


Here the following designations are used: 


р.(б)=а,(6)-4,(5), р.(б)=а,(6)-4, (0), and p3(C)=a,;(¢)— d(C) 


In terms of these coefficient functions the evolution equations can be represented as 


20 Ma say, 1)0-O-D,(6,1), 


a Ot Di ae 1)0-O-D, (61). 
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By using the explicit expressions for the coefficient functions we can deduce the desired 
system from these equations 


О uo Ce 0-0, 
й (6.2.58) 
а х0-0)°9 ня. 2)0), 
Ой + ро“ + +5655 210:R)R 
й (6.2.59) 
+2955 R36. 5-50-50 | 
4 OT 


where p,(C)=a,(C€)—d,(C). Equations (6.2.58) and (6.2.59) provide the base for the 


description of the non-linear wave propagation in an inhomogeneous media. However, 
we shall consider only the homogeneous medium. 


Let р, =p, =p, =0 and р, =4e, where ¢=+1. For real O the reduction R = 0, 
yields 


о 


00 _ 20 


00 
96 T 


-3(0-6) 2-36. a £56. (6.2.60) 


It is the vector modified Korteweg-de Vries equation. If we designate y=Q, +iQ,, 


then the complex generalisation of the modified Korteweg-de Vries equation can be 
obtained 


3 2 
96 ay 2 Ot Ot 


The reduction А =O" yields the following equation 


0 _ 20 
96 ar? 


00 


-3(О*. a 


20 0. (6.2.62) 
т 


-3(0.0") - 


Let us consider the two additional reductions. The assumption О, = €Q, =u reduces 
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the equation (6.2.62) to 


3 
eae ep see 


Е | 6.2.62 
a бо Ot eee?) 


This equation is equivalent to (6.2.51). If we assume that О, =u and О, = eu’, then the 
equation (6.2.62) can be converted to 


ди _ Oru м ди Я 


—==—-- —-3 6.2.63 
95 ‘ог oe ae eee) 
The other reduction А =—O" yields the equation 
00 _ fe =, д 
80 _ {0 45.6 2 00 2+3". 256] (6.2.64) 
oc Ot 
Setting О, =u and О, = eu", we can convert equation (6.2.64) into 
3 2 
а ИОВ ole (6.2.65) 
oc д Ot д 


Thus, we obtain the zero-curvature representation of the Sasa-Satsuma equation. The U- 
matrix takes the form 


—-iX -и’ -ви 
ОМ = u in 0, (6.2.66) 
cu" 0 in 


and the V-matrix is expressed in terms of the functions A(A), Ba), СО.) and D(A) 


have been found above. By using the properties of the Manakov scattering problem one 
can obtain that 


K3?(x,y)=-eKy"(x,y), and Fi,(x)=—eF3(x). (6.2.67) 
The solution of the evolution equation (6.2.65) is expressed in terms of the К (x, у): 


u(6,t) =-2К® (т, т). (6.2.68) 
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The function K$"(x, у) is the solution of the following equation 


Ky) = Filet у) + [KPC DROGzy)dz, (6.2.69) 
where 


Rox y= YL ALO +2)F, (2+ У). 


a=2,3 x 


This equation follows from the system of Gelfand-Levitan-Marchenko integral 
equations (see section 4.2.5). It should be remarked that the kernel of the integral 
equation (6.2.69) with taking account the formulae (6.2.67) can be written as 


хх’, у) = 2| ВеР, (х'+2)Е,(2+у)42. 


Evolution of the scattering data is defined by the matrix V(X) of the U-V-pair. The 
relevant equation is 


ОТ, _ 


aC ae v4 Vo) qT, > 


where matrix elements of the V(4) should be determined with account for р. =4= and 
Py) =P; =P, =0. The necessary manipulations give rise to (ИС —V.>’) = 48%. Thus, 


one can write the general expression for the kernel of the system of the Gelfand- 
Levitan-Marchenko integral equations as 


N (n) со й 3 
Е, (у)=-1, а explih.,y + 405.6) + | Tr (50) at и че 


Solitons of the Sasa-Satsuma equation 

Soliton solutions of equation (6.2.65) can be obtained by the regular procedure of the 
IST method. If we suppose that the solution of this equation is a real-valued function, 
then the equation (6.2.65) can be reduced to mKdV equation. Hence there are solitons 
and breathers among the solutions of the Sasa-Satsuma equation. We consider here only 
multi-soliton solution which has been proposed in [97]. 
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Let us assume that matrix element of the transfer matrix is represented as 


ee (A= (0. +^,,) 
T,a)=[] (QR A+R)” 


Jal 


and 7,,(A4)=0 at the real axis. The roots Л, =(—&, +in,,)/2 (where n=1,2,...,N ) 


forms the discrete spectrum of the spectral problem. Assuming K‘'’(x, у) to be 
1 N * 
Ку) = УЕ exp {in y} + M,(x)exp tir, »3], 
j=l 


we obtain a system of linear algebraic equations for Г, and М, from Gelfand-Levitan- 


Marchenko equations. Then, solution of this algebraic system result in 


и(с.т)=- 


2 м СЕ * 
— У `4её D” ехр[-1, (1. 
aad 2 pli] 


In the above expression, D is the 2Nx2N matrix, whose the matrix elements are 
given by 


PmP jan XP {КА + 20 yn +^.„)} 
(M+ Mw, нк) a 


N 
Юг 1<т< М Di => 


j=l 


ul | ON eM 
for N+1<m<2N Dy = PPL PEN . я my - 
( Rt ah ay +) 


j=l 


where №, =-^,, р, =-IT9?(6)/T,4), Pj =P;- Matrix D” is obtained by 
replacing the j-th row of with 


(р, exp[-iA; x], p, exp[-iA',x], ..., py exp[—iA')x],0,...,0). 


The special case of the two-soliton solution of the equation (6.2.65) has been 
discussed in [97]. In the specific case this solution has a two maxima. The distance 
between these maxima becomes large under some conditions. It is noteworthy that this 
type of solitons is non-usual for soliton solutions of the NLS equation and its 
generalisation such as the DNLS equation. 
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6.3. Vector solitons 


In the general case the vector soliton is the soliton solution of the non-linear system of 
the evolution equations, which can be presented as the one-dimension array. For 
example, the vector soliton of the NLS equation is the solution of the following vector 
equation 


where q={q,,q>,---dy}- Hereafter, this equation will be referred to as the v-NLS 


equation. Other examples were discussed in section 4.2. The vector index of this soliton 
can be resulted from the different physical origin. We shall consider some situations 
connected with the non-linear wave in the Kerr medium and in optical birefringent 
fibres. 


6.3.1. POLARISED WAVES IN KERR MEDIUM 


In this section we shall follow the paper by A.D.Bordman and G.S.Cooper [143,144], 
where the polarised waves propagation in Kerr medium is presented in detail. Let us 
suppose that the optical wave have two field components Е, and E,,. The total vector 


of an electric field strength is written as 


E=E,é,+E,é,, 


where é, and é, are the orthonormal vectors in x and y directions, and the wave 


propagates along z axis. These components may be written in terms of quasi-harmonic 
waves taking into account the slowly varying complex envelopes: 


Е, =&,(Z,0 V(x y)expli(B,Z-@ot)], Е, =©, (2, Ч (х, y) expli(B,z — ®,0], 


where @, is the carrier frequency, В, and В, are the propagation constants. Radial 
distribution of the electric field in fibre is defined by the mode function ‘P(x, у). For an 
optical fibre both propagation constants will be close to the average value В, so that 
В, =B+AB, and В, =B-—AB. The complex envelopes can be also expressed in terms 


of real-valued amplitudes and phases, as 


<, = R, expli@, | ’ and <, — К, explig, ] 5 
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where the phases can be expressed, in terms of deviations from a mean value 6, as 
Ф.=$ф+ф and 9,=G-9. 
So, the electric field components finally become 
Е, =А, (2, Ч (х, у) exp[iBz —io ot], and Е, = A,(z,t)Y(x, у) explipz —i,t], 


where 
A, = В, exp[i(@+o+ABz)], and A, = В, ехр[(ф-ф-АВ?2)]. 


These complex amplitudes modify the complex envelopes and show that the phase 
modification is attributable to the following effects: 


e the intrinsic birefringence (i.e., the birefringence that would be present in the linear 
limit) is represented by the + ABz ; 
e the self-phase modulation caused by the no-linearity effects is represented by the 


+ $(Е,2). 


In a weakly non-linear and weakly birefringent medium such as the typical glass of 
an optical fibre, it is reasonable to assume an instantaneous nonlinearity. The validity of 
this assumption will depend on the pulse rise time. It will break down if the optical 
pulse becomes narrow. This type of effect is ignored. We shall consider the Kerr type 
non-linear medium, assuming that (1) the dielectric medium is isotropic, (ii) third- 
harmonic generation can be neglected and (iii) the second-order non-linear 
susceptibility is equal to zero. So, the slowly varying envelope of the cubic polarisation 
P™ (z,t) is 


PM =2х1,(5-5)5+15(5.5)5', 


where spatial and temporal dispersion are assumed to be absent. This expression leads 
to 


9™ —|(a+b)|A, P +{a + bexpl—4i( + ABz)]}| A, РИА, , (6.3.1) 
№ —|(a+b)|A, P Ha + bexpl+4i(d + ABz)]}| A, [2 А, (6.3.2) 


where we introduce the designation 27°), =a and д), =b. 


The non-linear polarisations (6.3.1) and (6.3.2) can be used to obtain the coupled 
evolution equations for the polarised optical pulse in a fibre. We must repeat the 
derivation of the connected wave equations as in section 5.11. The interior index | in 
equation (6.1.8) now is the polarisation component index, x or y. The evolution of 
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amplitudes A, and A, with account of the second-order group-velocity dispersion, 1s 


determined by the system of coupled wave equation 


OA OA OA 
i— +iv,' —-o, —*+ ABA, + 
Oz Ot Ot ‘ (6.3.3a) 
+m, (a,, | A, |’ +а1› | A, РА, =0, 
ОА ОА д0`А 
pe о ~— ABA, + 


On "Е Ber 
+т, (а, | А, P +45, | A, РА, =0, 


(6.3.35) 


where dumping is omitted and the coefficients are introduced as 
v,,=48,,/do, o,,=(1/2)d’B,,/dwo*, m,, =05/2c’B,,. 


The effect of the self-interaction Е, (Е,) is represented by the coefficients a,, (d», ). 
The effect of Е, оп Е, (E, оп E,) is represented by a,, (a,,). The effective non- 


linear interaction parameter ¥,,, can therefore be taken out as a factor, which leaves 


only a material susceptibility tensor element ratio, i.e., the ratio ~), /х®, . Thus, we 


have 


Ч = Ag. = Kerr » 
_ at bexp[—4i(o + ABz)] Pa a+ bexp[+4i( + ABz)] 
at+b Te “ee at+b 


12 eff ? 


where an effective non-linear interaction parameter ¥,, is defined as in section 6.1.1: 


Hep = ГИП ФИФ ар do. 


If the optical fibre is made from silica, then third-order susceptibility is 
predominantly due to non-linear electronic response, and a = 2b, so that 


2: il 2 1 
Gin =Хе Е + РФ + ape ‚ An = Leg Е + 3 exp[+4i(o + ape ; 


Now, we consider the same simplifications used in a number of works [145-158]. 
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Linearly polarised pulse 
Let us consider the simple case of a pulse propagation where 


It is convenient to introduce the new variables as follows z=CLp), t=(t—z/v)t 4 20.3 
and A, =А’4,, А, =А’, 4, , where Е» is the initial pulse duration, L, is dispersion 


length. In terms of these variables equations (6.3.3) can be written as 


‚д 0? 
Е af Е mAIL (a, la. |? +4, |, Ра, = (6.3.4a) 

06 OT 

‚ 04 0°а 
l aC 5 2 dq, + mA3L »(a,, lai |? +455 14, р, =0, (6.3.45) 


where $ =sgno, б = АВГ, and the dispersion length was defined as L,, = ie /|o|. 


If we use the relations 


ЕЕ* ” ЕЕ” 4 
exp[4i( + ABz)] = —— = 992 ‚ exp[—4i(d + ABz)] =—— = 9291. 


Е'Е, 4,9) ВВ ое 


x 


then the non-linear terms in equations (6.3.4) can be transformed to the following 
expressions 


2 1, 
(a,, | 4, F +415 | 9› Ру, ха [9 | Ч +14 |’ Ч +34 | 


я. Lea: 
(a, Iq, |’ +4 | Ч» Ру, tal qo |’ qo +314 F Ч! Lara} 


By taking into account these expressions we can write the system of equations 
describing the linear polarised pulse propagation in a birefringent fibre: 


Ot, gen 2 is, 
Го Эт — ва, | Ч: + 319 | +3974: |=0, (6.3.5а) 
a 5 = —6q, afl Ра. ЧР с, +3434 |=0. (6.3.55) 
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where = Neg Г ро /(2с?В) is a non-linear coupling coefficient. This is the famous 


example of vector NLS equation of the non-linear fibre optics. 


Circularly polarised pulse 

The circular nature of birefringence can be seen by expressing the evolution equations 
in terms of circularly polarised propagating fields. Casting the equations in this form 
also facilitates the inclusion of intrinsic circular birefringence into the equations. It is 
known [145,146], the right and left circularly polarised fields are 


| ao ЛЕ; ESE. АВ 
respectively, and their corresponding complex envelopes may be written аз 


AM =A,+iA,, A? =A,-iA,. 
Hence, 
9” =q,t+ig,, 9” =q, ~ ig). 
It should be emphasised that 
+ 1 + 
9+4: =9°79°, and |9. +19, =a" P +140). 


The system of equations (6.3.5) with taking into account these formulae transforms to 
the following one 


20g а 1 : 

pe EE 2 491g 2 )а® =0, 6.3.ба 
at A qe + sul Га” )а ( ) 

ogee ae аб 1 

i ae и а P 41g Pg = 6.3.6b) 
Е = +9 sil la P+lq° Pg ( 


It is another form of the v-NLS equation, describing the same process of the pulse 
propagation in a birefringent fibre. 
In dispersionless and linear dielectric limit these equations lead to the known result 


q (©) =—isin(8), gq (6) = cos(8Z). 


This well known result demonstrates the intrinsic birefringence effect. 


Both system of equations (6.3.4) and system (6.3.5) were obtained under assumption 
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that the group velocities of different polarised components of an optical pulse are equal. 
However, if у, #v,, then these systems can be modified. For example, equations 


(6.3.4) become 


.0g, . Oq 524 2 Ll os 
fee ee sh 439 чи, q+ las a +5074 |=0, (6.3.7a) 


; 92 . OG, O° 2 


"aC OT 


р io 
— 64, +f 92] ta Ра, aia? |=0, (6.3.7b) 


where parameter 1 and variable т are: 


Ly, {1 1 1 Ум, 
=], t= БЕЯ 
У У t 50 2V1V> 


The similar modifications must be made in the v-NLS equation (6.3.5). 


og : eg oq 7 1 ы 

i a 5 ааа P 21a? Fle =0, “(6.384 
ae si ta В Fg (6.3.8a) 

ба? aq a?q? 1 

i oy 5 + ба + и? а Ре” ® =0. (6.3.86 
at Uae mr On sul la? Peg? Pe ( ) 


It is important to note that difference of the group velocities results in additional 
pulse distortion. It is due to spatial divergence of the orthogonal polarised components 
of this optical pulse. 


Frequently the following dispersion constant [139,219,220] is used 


2 


пс 
20. )= 

(№) i, 
The dispersion length may be expressed as L, =1c°t>) (A) |D(A,)|)'. The typical 
value of the dispersion constant D(A,) at A, =15 ша is 15 ps/nm/km. With the 
assumption that (v;' —v;')¥A,AB/2nc, we can obtain 


ct о ДВ пс’ АВ 


я, and §6=——_—__.. 
4120.) | dy |DA,)| 


In [149] these parameters were estimated for the typical characteristics of optical fibres. 
From these expressions we get 1/б =. /4(сё „). Considering the picosecond pulses the 
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terms related with the group velocities difference can be neglected. However, the group- 
velocity mismatch effect may be important in the case of femtosecond solitary wave 
propagation in optical fibers. 


6.3.2. MULT -СОМРОМЕМТ NONLINEAR WAVES 


We shall consider some examples of the physical problems where the simplest vector 
solitons appear. As usual, they are the two-component waves, but sometimes we can 
obtain more complete ones. 


Non-linear waves in periodic medium 

We are discussing now the optical pulse propagation in the medium where the refractive 
index is altering along one direction. This situation is pertinent to a number of topics in 
guided wave optics and fibre optics [137-139,227-230], including grating couplers, 
distributed feedback structures and gap medium [231-233]. As an example, one can 
consider the fibre with the refractive index periodically varying along the fibre-axis. Let 
dielectric penetrability be defined as 


&(Г, 6) = =, (х, у; 6) + 2ДЕ(х, y) cos(Qz) , 


where О =2п/Л, A - is the period of this alteration. The =, (х, у; 0) is consistent with 


the ideal fibre, so that Ae can be interpreted as the perturbation term in the wave 
equation for slowly varying envelope guided modes [228] (see section 6.1.1) 


ОА, (6) 
Oz 


218, + AB? A, (6) = “LAK in А, (©) exp{iz(B,, —B,)}. (6.3.9) 


where 
hic = [хауз (х, Ук?Ф, (x,y), 
and 
Ax? = As(exp[iQz] + exp[—Qz]) + 42(@, / с)? Xn, (@y) 


is the measure of the deflection of the fibre from the ideal linear fibre. Substitution of 
this expression into equation (6.3.9) results in 


ОА 4 : 
213, ant AB, А, ов» (0) )А» ехр (Ви 7 B, )}- 
‚ (6.3.10) 


“TA nlexptiz(B,, —B, + Q)}+ exptiz(B,, —B, — Q)}]. 


where 
К, = Ky =(@o/0)" | 4 (х, yAe(% уф, (x, у)ахау 
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is the coupling coefficient of two modes. For any of the two counter-propagating modes 
with B,, and B,, we have В„ =-В,. Let us denote the propagation constants of incident 


(propagating in right direction) mode and reflected (propagating in opposite direction) 
mode аз В, and В,. From equations (6.3.10) it follows 


2iB, oe ДВ, А, = оны (© )А» exptiz(B,, — B,)}- 
“TA nlexptiz(B,, — В, + Q)} + exptiz(B,, — В, — 9}}], 


and 


28, = + AB; А, = 2 Ни (@o An exptiz(B,, = B,)}- 
“TRA nlexptiz(B,, —B, + Q)}+ exptiz6,, —B, — Q)}]. 


Let the propagation constants В, and В, satisfy the Bragg condition 


В, -B, == + ABy. (6.3.11) 


This condition allows us to distinguish the terms in the right-hand side of the equations 
above into the resonant and non-resonant ones. 


‚ж OA : 
213, 3, +АВГА, +н (ФА, =—K,,A, exp{izAB,}+..., 


AG : 
— 2iB, <=. AB; A, +Н.> (5 )А, =—-K,,A, exp{—izAB,,}+..., 


where dots denote the non-resonant terms. Hereafter all non-resonant effects are 
neglected. So, taking into account only the second-order group-velocity dispersion and 
Kerr nonlinearity, these equations can be reduced to 


0A, 0A, OA ыы 
Dy ЕО =o is 2 A, |’ + 
Bs Oz ' at > д? Leg | Р +] A, [JA Ja, + (6.3.12a) 
+ K,,A, exp{izAB в - 
OA OA a’ A, g ines 
~2ip, 22 + ig, 2 — о А+ 
iB, dz at? oe ка | Palas JA, + (6.3.12b) 


+ K,,A, ener }=0, 
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where we introduce the effective Kerr susceptibility as in section 6.2.1: 


<j 
Yee ee (x, УФ (x, y)dxdyl | о y)dxdy) : 


Here we take into account that the mode functions of the incident and reflected waves 
are identical. As in section 6.3.1. it is convenient to introduce the normalised variables 
€=z/L,, t=t/t,,, and 


po? 


q, (6,1) = A,(z,t)A,' exp[-iAB 2/2],  q,(6,1)=A,(z,t)A, exp[+iAB ,2z/2], 


where у, =2B/ |a,| is the group velocity, Е ро 1S the initial pulse duration. If a, #0, 


then the dispersion length can be defined, as usual 
Ly = 2pt?,/|a, | 
In terms of these variables the system of equations (6.3.12) can be rewritten аз 


2 
nce, al ee Ч 


ое Та Oe 


. 04 . OG 0°а 
тя +84, — Ка, ula +1, =0, (63435 


— ба, + Ка, + ua, +14), =0, (6.3.13а) 


where s=sgno,, 6=AB,L,/2, n, =Lp/v,t,., K=K,,L,/2f, is the normalised 


9`р0? 
coupling constant and и = 22m, eps /с?В, is the normalised nonlinearity constant. 


These equations describe pulse propagation in the periodic non-linear medium 
[166,227,228]. They often say that it is the non-linear distributed feedback structure. 
The solitary waves in this case are called the gap solitons. However, this system of 
equations in not completely integrable and the term “soliton” is a sheer synonym of a 
“solitary wave”. 


Waves in a tunnel-coupled non-linear waveguides 
In integrated optics the exchange of power between guided modes of parallel wave 
guides is known as a directional coupling [227,228]. The twin-core fibre is a device 
which can be considered as the fibre analogue of the directional coupler. Theory of this 
device is based on the system of two non-linear equation, which we may obtain here. 
Consider the case of a two wave guided channel in a non-linear fibre as it is shown 
in Fig.6.3.1. Refractive index distributions for the two channels in the absence of 
coupling are given by n,(x, у) and n,(x, у). The dielectric penetration distribution of 
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the two-channel fibre is e(x, у). The mode function for a particular m-th mode of 
channel L for a particular I-th mode of channel В are denoted by W(x, y) and 
W\® (x, y). Propagation constants will be denoted by В“? and В<®. The orthogonality 


condition for the mode functions 
| dxayh” (x, yy Pe? (x, у) = 5m | хау | yp (x, y) |? 


holds only at J=I. The electric field of the optical wave propagating in this two-channel 
waveguide structure in the positive z direction is approximated as following 


EG y.2) = >, AM (2,4 (x, y)exp[-i@yt +182] + 


р Tare Dw! (x, ®), (6.3.14) 
y)exp[-i@,t + if; 


Fig. 6.3.1. 


The cross-section of two channel fibre. 


By using the approach developed in sections 1.2.2 and 6.1.1. we can obtain the system 
of equations, which is the generalisation of the equations (6.3.9) 


в a OA,” (©) + В? AW (=) = 
02 : (6.3.15а) 
=- YY AKA” ()exp{zB -B”)} 
J=L,R k 
А(® 
218 ® a + AB} А (@) = 


, (6.3.155) 
_ =- У, Ук АС” (в) ехр (В ~p®)} 


J=L,R К 
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where 
Ne = [ахуе (x, yA PHP (x, y), 


Ak?” =4n(@/ с) xy, (% У) + (@/c)? Ae?”, 


2) =2™ <e(x,y)—m(xy), в == =a(x,y)—n/ (xy). 
The linear parts of the terms Ak’ and Ак” represent the small corrections to the 
propagation constants. Let these coefficients be A, and A,. The non-linear parts of the 
terms Ak") and Акт” are due to Kerr type nonlinearity. It leads to self-modulation 


and cross-modulation effects. 
Let us assume that there are two modes, for which the difference 


ABi = Br? - ie 


is small enough, whereas the other propagation constants differences are further away 
than Af,,. This situation can be realised, for example, in the case of two identical 
channels. In taking this resonance condition into account we can omit the non-resonant 
terms in summation over a mode index k in (6.3.15). Furthermore, we shall consider 
only the second-order group-velocity dispersion effects. The resulting system of the 
equations becomes 


‚ОА 1 GAN oo AW 
1 


+1 п + К.А‘ exp{izAB,,}+ 
Oz vo) Ot On at 2 12° "К р Bi 
hs (6.3.16a) 
a) 
+ KAD +h y (AW р +9] A” PAW =0 
COA. лы ORE saa ay (L) 
i = у 5 oF A + K,,A,” exp{—izAB,, } + 
(6.3.16b) 
2 
KAI" + ae (АРА р) =0 
where у = 28 /|a | and vi® =28® /|a\® | are the group velocities of the 
waves in channels, 1/6") = 28" /|a%) | and 1/0“ =28® / | ai} | represent the 


second-order dispersion in each channel. Linear and non-linear corrections to the 
propagation constants are determined by parameters К; =A, /2B\, K, =A, /2R\”, 
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and 


ae =(%x Gayo y)dxdyl/ PO? (x, y)dxdy) ‚ atJ=LorR. 


= 


Here again we introduce the normalised variables б=2/Гь, t=(t—z/v a yt ar and 


а, (6,1) =A (2,0 Аз exp[-iAB,,z/2], 
q,(C,t) = А® (2,0 Ау exp[+iAB,,z/2], 


(L) 


m 


where у, =2v.v," (vi? +) is the average group velocity, Е» is the initial pulse 
duration. L,, is some specific length. In terms of these variables the system of equations 


(6.3.16) can be rewritten as 


i O41 +in On с 
06 OT 
2 
; 04> in 0g, с, д ae 
06 OT Ot 


д” 
— $892 +8, + (4, [+31 а, 4, =0, (6.3.17а) 


+8159, +9595 +н, ( qo |’ +9 |9, Ру, =0, (6.3.175) 


where 
Ва 1 1 5 В. oie 
fe rT т: PP 
(L) (R) 
2t ро Vin У! 2t 0B im 2 50 1 


or =8,, =K,,Lp, 5, = (AB, -А, [BE Ls /2, 5, = (AB, —Ag (BP OE, /2, 
My =2n@ LyX, A, /C° BR s > = ох в А /c'B;”. 


m ) 


The specific length Г, can be expressed in terms of the particular dispersion length L, 
and Г, 


m2 


ae re ae love on 
и 9.2 р 2 р(®° 
Ly L, L, Dt ape 2t В! 
The parameter 9 represents the non-linear inter-channel interaction. This interaction 
leads to a phase modulation of the wave in one channel that is affected by the wave in 
another channel. This effect was named the cross-phase modulation. From the 
definition of the parameter 9 it follows that it is determined by the overlapping integral 
of the square of mode functions. The strong localisation of the mode functions results in 
a small magnitude of 9, 1.е., 9 <<1. As usual the parameter 9 is neglected [174-183]. 
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If we can consider the two channels as the identical ones, then the system of 
equations (6.3.17) can be simplified: 


. О $9" 

a ae + +845 +8q, + uf q |’ +$|q, |’ ha =0, (6.3.18a) 
me, 

aa “4 +819, + а, +n q, +8] q, |? hao =0, (6.3.18b) 


where s=sgno. 

These equations describe the optical picosecond pulse propagation in the twin-core 
non-linear fibre with account of the Kerr-type nonlinearity and the second-order group- 
velocity dispersion. The generation of these equations in the case of femtosecond pulse 
duration can be obtained by insertions 


udaP+SlaRa > ulda P+9la Pa |+ 


я 8 Po 
= -—{(а, |’ +$| 4, Mada a |’ +9|q, ry 


Wol po OT ро 


and 


udar+8la Pa, > 9 +319, а, |+ 


Dol po OT со 


2 
= Ча, +9 [а, |? Yan} > 49.1 +914, |? | 


Thus, the pulse propagation in a twin-core non-linear fibre represents the example of the 
vector NLS equation, which is similar to the equations in the theory of pulse 
propagation in the non-linear birefringent fibre. 


Waves in non-linear optical waveguide arrays 
Consider the generalisation of the double-channel non-linear coupler by assuming that 
the number of channels is infinite (big enough) and that this waveguide structure is 
comprised of identical, regular spaced channels. Let these channels be lossless. 
Furthermore, let us assume that these channels are made from the Kerr-type non-linear 
material. This structure is named the non-linear optical waveguide array (NOWA) [193- 
195]. It was pointed out [184-187] that NOWA may be envisaged as a potential all- 
optical device such as, e.g., a switch, or a logical element. The existence and stability of 
solitary wave solutions localised both temporarily and across the array have been 
established. 

By using the formalism of coupled wave theory [228] and by taking into account 
only the nearest-neighbour coupling, we can obtain the basic equations of NOWA. 
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According to the case of a double-channel non-linear coupler, the mode function for a 
particular m-th mode of channel J will be denoted by (x,y), where 
J =0,+1,+2,.... Propagation constants are denoted as B””. The electric field of the 
optical wave propagating in NOWA in the positive z direction is approximated by 


E(x, у, в = У ХА (ОЧ (x, y)exp[-ia ot + 892] (6.3.19) 


J=-0 т 


By using the approach developed in sections 1.2.2 and 5.1.1. and above, we can obtain 
the system of equations, which is the generalisation of equations (6.3.15) 


2. Ano) + ABR? A, (@) = 
(6.3.20) 
= --> У KO AP (в) exptiz(BO” — В“) } 
—00 К 
for J =0,+1,+2,.... The coupling constants are defined as in the case of а double- 


channel non-linear coupler. Taking into account only the nearest-neighbour coupling, 
we can reduce the right part of this system: 


0A” (в) 
OZ 


РЕ 2 Axl)? АС (6) ехр! (ВС _ Bo )}- 
as > AKU D2 AI (65) expiiz(pu В) 


_ у Are: | Te Aero? (6) ехр! (Во — Be’ )}. 
К 


28, + АВ, А» (@) = 


In order to simplify these equations we need to choose the pairs of modes with close 
propagation constants and to omit all the others. Let these relevant propagation 
constants be В“, В” and B‘’*” . Furthermore, assume that 


pO apr Spe ЕАВЫ, 


In taking this resonance condition into account we can omit the non-resonant, fast 
varying terms in summation over a mode index k in (6.3.20). The resulting system of 
the 
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equations becomes 
о 1 oA”? о OA” 2 
02 УФ и" @ Вс? 
+ K,,(A\*? ехр( АВ, } + Al’? exp{izAB,,})+ K, AY? + (6.3.21) 


Xe [Аи [ An? + 


2 по? 
0 (J+!) (J 41) (J-! (J-1) 12 \yqy (VJ) — 
+ age Ut XK ep | А |’ Xe | А PA’ =0, 
m 


where the effective non-linear susceptibilities and the coupling constant are defined by 


Leceg = [ XH YHO (сх, y)dxdyl/ 9 (x, ydxdy) | 
де = Fa (ELA (x, yodedy(f (х, узакду) ", 


Kate 128, ahd Кое АЕ Тр №, 
Here we shall consider only the second-order group-velocity dispersion effects. 

In the case of the identical channels of the NOWA, the difference of the propagation 
constants is equal to zero. The group velocities and dispersion coefficients in (6.3.21) 
are equal for all channels. Thus the system of equations (6.3.21) becomes 


‚ВА faa OA 22а? 
i т +7 т o т 0 
Oz sv, + Ot oa Be? 


g 


(J) 12. л() (J) 
Xe |An | An + К, А, + 


270, (y (1+) JAC p 4+y (1—5 Ae JA? -~0 
т > 


(7+1) (1-0 
+K,,(A\ + А, )+ 2p (J) X K.eff X K.eff 
с В» 


“) One can again introduce the standard normalised 


where у, =v,.’ and o=o 
variables т=(#—2/у, №5, С=2/Гь and q,(6,t)=A,’’(z,t)A,', where t,, is the 
initial pulse duration, and the dispersion length can be defined as L, = 2Bt>, / |, | 


provided a, 40. In terms of these variables the system of equations (6.3.21) can be 
rewritten as 


oq sou 


+ На м Ч, о [а |’ + Gia a. =0, 
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where 


2 
2710 (1+ a2 


21% з 
=. X кет Ao ? апа И 12 > cp X K eff 
m 


uu = 
Localisation of the mode function ФС” in J-th channel leads to the inequality 


Lj, << Ви. Hence, the equations (6.3.22) become 


04, 04; 


06 Ot” 


i 


+ Kyq; + Ki (qua +а,1)-+ ни lq, |’ а, =0. (6.3.23) 


Those are the basic systems of equations for describing the pulse propagation in non- 
linear optical waveguide array [184-195]. 

If the electric field of an optical wave varies slowly over a number of channels, then 
it is possible to study equation (6.3.23) in a long wavelength approximation or in a 
continuum approximation. We can replace the difference-differential equation (6.3.23) 
with a partial differential one by letting € = JAx and using 


Gy (6, т) > (С, 1,6 + Ах) = q(G, 7,6) + 


04.6) 4, 1 9°а(б,т, Е) Ax? 
dE 2 6? | 


where Ax is the distance between the nearest-neighbour channels. Thus equation 
(6.3.23) can be reduced into two-dimensional NLS equation. This equation was used to 
describe self-focusing of laser beam. Thus, the system of equations (6.3.23) may be 
considered as the model of discrete self-focusing [184,187,190]. It was pointed out in 
[193] that the NOWA represents an ideal laboratory for the study of the dynamical 
behaviour of discrete systems. 


Waves in non-linear bimodal fibres 

It is known that the optical fibres are the multi-mode waveguides. In this case 
description of non-linear pulse propagation becomes more involved since modal 
dispersion, associated with the different group velocities of the various modes, comes 
into play. Formally, the case of pulse propagation in birefringent fibre is the instance of 
the pulse propagation in the bimodal fibre. Hence, we can use the system of equations 
(6.3.3) as basic one to describe this process. However, there are some differences. The 
system of equations governing the evolution of the two slowly varying envelopes of 
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propagating modes A, and A, is 


A i dA 7A 
ae ре 
Oz v, Ot ot Е (6.3.24а) 


+u,(a,, | A, |’ +d), [As РА, =0, 


, 2 
a Es eee ABA, + 
Oz у, Ot ot (6.3.24b) 
+u,(a,, | A, |’ +4, | А, РА, =0, 


where ДВ is the difference of propagating constants, o, and o, are the dispersion 
constants: 6,,=Q,,,,/2B,,, м is constant of nonlinearity and a,, are the mode 


overlapping integrals 


one? [Yi PPO ydxdy 
И =>. XK > ni = eee 
с В, > |. (x, y)dxdy 


The same system of equations has been proposed for description of the pulse 
propagation in photorefractive materials [234-236]. 

Another example of the bimodal pulse propagation in fibres is the stimulated Raman 
scattering. This process has been considered in section 1.3.3. and section 5.2.1. If the 
frequency of molecular vibrations is much greater than the width of the optical pulse 
spectrum, then we can distinguish the pump and the Stokes solitary waves. It allows us 
to formulate the system of equations describing the stimulated Raman scattering in 
optical fibre as well as the equations (6.3.24). One mode is a pump wave, the second 
mode corresponds to Stokes wave. Non-linear coupling between these waves is 
determined by the third-order non-linear susceptibilities (see section 1.3.3.). 


Optical solitons in quadratic medium 

It is known that the second-order optical susceptibilities are larger than the third-order 
susceptibilities in the materials without the centre of inversion. The non-linear 
phenomena in such medium are more available to investigate non-linear wave 
propagation by experiment. One of the popular instances is the second harmonic 
generation [237-242]. We shall consider the system of equations describing this 
phenomenon with taking into account the second-order group-velocity dispersion. 

As usual, the electric field of the optical wave propagating in a quadratic non-linear 
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fibre in the positive z direction is approximated by 


E(x, y, z;t) = DY Ain (2.0 (x, у) exp[—iw ot + iB z] + 


(6.3.25) 
+A, (в, (x, y)exp[-i2o ¢ +872], 
1 


where the m-th mode function for а pump wave and the I-th mode of second harmonic 
wave are denoted by 4 (х, у) and |” (x, y), respectively, and В“ and В are the 
propagation constants. Substitution of this expression into wave equations results in the 
analogues of the equations (6.1.7) or (6.3.9): 


2ip a0) (©) 


+ AB in Aim (6) = 2 P\) (eexp{-izB}, — (6.3.26a) 


AHO АЗ, (в) =. Pi"? 2oyexpl-ieB?}, (63.26 


К 


2ip? —— 


where Fourier components of the non-linear polarisation Р (6) and P;"” (@) can be 
determined according to equations (1.3.14) from section 1.3.3. 


Pry (® Ve Broo ym (о Ay (@)A,, (@) exp[iz(B\” — ) i: 


oe 
2 


Pi™ (2%) eae Oe 1\? (20, )А,, (©) А (@) exp[i2zB\” ] > 


where effective susceptibilities are defined as 


ооо оу OG VBL 0% ydxdy 
[PO CWE CO уахау 


4° (© 0) = 


) 


and 


Jay. УЧ IEP Oe уха 


(2) 
Хи (29) = 
vee [YP WB 0% yaxdy 


Interaction of the waves leads to the essential effect if the phase-matching condition 
occurs. In this case the phase-matching condition is AB = 2B’ —B\” ~ 0, that means the 
phase velocities of pump and harmonic waves are equal. The phase-matching condition 
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allows us to use the resonance approximation to reduce the equations (6.3.26) to 


2p) Aw 5 Api, Ag 0) =———s ep А; ‚ (@) Ay, () expliz(B\ — 28%], 

Z 

nye 3 poo! т (20) Aim (©) Ar, (6) expliz(2B\? В. 
2 Cc 


By taking into account only the second-order group-velocity dispersion we can obtain 
the following system of equations 


7 2 
ra. ОА, rm O° Aim 7 Ano, y® 


G2. У; 20 « ЭВ" «et BOC? ыы 


(@,)Ajm Ao, exp[—izAB], (6.3.27а) 


0A, _ i OA, а» OA, 8160 (2) , 
Oz ~ 20 )Ain expltizAB], — (6.3.27b 
OE ао ПР or Вс? Хы (20) Aim EXp[+izAB], ( ) 


Again introduce the normalised variables C¢=z/L,, t=(t-—z/v, aes , and 


q,(C,1) =A, (z,0A,' exp[+iABz/2], 
9» (6,7) = Ay (2, А" exp[-iABz / 2], 


where у, =2му, (у, +у,) is the average group velocity, Е» is the initial pulse 
duration. L,, is some specific length. In terms of these variables the system of equations 
(6.3.27) can be represented as 


‚ бат _ да, 0°а 


ne gy т a +84, +1954; =0, (6.3.28a) 
д д д? 
a in ~ с, ae ба, +142 =0, (6.3.28b) 
where 6=ABL,, and 
boi ia a. L ат, 
Serle Soe ae Oa 
2t о У У, 2t Bm Е i 


ab x2 820, L, ха 
Hy = D2 т (> ©, )Ао, LH, = ес? Х т (205 )Ay . 
1 
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Thus, the equations (6.3.27), or (6.3.28), describe the second harmonic generation in 
the field of picosecond optical pulse propagating in the quadratic non-linear fibre with 
account of the second-order group-velocity dispersion. These equations can be 
simplified if the phase-matching condition is held and the group velocities of pump and 
harmonic waves are equal. 


6.3.3. STATIONARY VECTOR WAVES 


Next consider the same example for an exact solution of the vector NLS equation. 
These solutions describe the stationary pulse propagation in several waveguide 
structures. For instance, these are a birefringent fibres, two-mode fibres, twin-core 
fibres, and a fibres with distributed feedback. There are no exact analytical solutions of 
the two-component NLS equation, with the exception of steady state solutions and the 
soliton solutions of the special kind of that equation [159]. Now it is convenient to 
consider these particular examples. 


Cnoidal waves 
Take the system of the equations describing the linear polarised pulse propagation in a 
birefringent fibre (6.3.5) 


_Oq 0°а 2 i 
tap tq, +64 a+ 3 lal в +394; |=0. 
_Oq 0°а 2 т 
ac 52 т. ba, НЧ 4 +319 |’ a+ rai? |=0, 


where s, and s, are the signs of the dispersion coefficients. According to [169] we 
shall find the solution of this system in the following form 


Ч. (6,7) = а, (t)exp{iQC}, 4>(6,т) = а, (т) expf{iQC}, (6.3.29) 


where а, (т) and а, (6) are real functions, © is an arbitrary real constant. Substitution 
of (6.3.29) into equations (6.3.5) yields the equations for а, (т) and а, (6): 


2 
“+ ua? +a2)a, =(Q-8)a,, (6.3.30a) 


2 
т 
2 


р ° + u(a? +a?)a, =(О+б)а, . (6.3.30b) 
т 
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Here we select the case s,=s,=-—1 that corresponds to the anomalous dispersion 
region. Let us assume that the solution of these equations may be represented as 


a,(t) = Bsn(pt) dn( рт), (6.3.31a) 
а, (т) = Всп( pt) dn( pt) , (6.3.31b) 


where sn(pt), cn(pt), and dn(pt) are the Jacobian elliptic functions [243]. It is 
suitable to use the formulae for these functions 


sn?(z)+cen*(z) =1, 91? (2) +К? зп? (2) =1, 


ae =cn(z)dn(z), sae = —sn(z)dn(z) , Bee =-К” cn(z)dn(z), 
dz dz dz 


2 


г 81(2) = —sn(z)(dn? (z) +k? сп? (z)), 
й 


2 


в тема) = —cn(z)(dn?(z) =k? sn?(z)), 


2 


с én(2) =—k? dn(z)(en? (z) —sn* (z)), 
й 


where К is the modulus of the elliptic functions. 

If we substitute the expression (6.3.31) into equations (6.3.30) with taking into 
account these formulae, we shall obtain some expression. By comparing the factors at 
equal degrees of sn( pt), one can find the relations between unknown parameters p and 


B 
6p’ =pB’, р’@+К”)-иВ’ =-(Q-8), p’°(1+4k*)—uB* =-(Q+58). 


From these relation it follows 


eee oe jf aOR 9), ив? = 230 +58). 
(3Q +58) 15 3 


Thus, we get the periodic solution of the (6.3.31) that represents the cnoidal wave of 
polarisation radiation in a non-linear fibre. The spatial period of this wave is expressed 
in term of a complete elliptic integral, being equal to €, =4K(k)/ p [243]. 

Variation of the parameter © reduces this solution to the partial ones. When 
modulus k* =1, the elliptic functions take the forms 


sn(z)=tanh(z), cn(z)=dn(z)=sech(z). 
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In this case (at Q =56/3) the cnoidal waves are reduced to solitary waves 


a, (С) = Btanh( pC) sech( рб), (6.3.32а) 
а, (С) = Bsech’ (рб) (6.3.325) 


These waves are shown in Fig.6.3.2 , where 6=1,5. 
In opposite case, when modulus k = 0 elliptic functions become 


sn(z) =sin(z), cn(z)=cos(z), dn(z)=1. 


In this case (at 6 =0) the cnoidal waves are reduced to usually harmonic waves. 


Fig. 6.3.2 


Steady-state profiles of the orthogonal 
components of the linear polarised pulse 


Solitary waves 
The trivial solution of the equations (6.3.5) can be obtained if one supposes that one of 
the components q, or q, equals zero. In this case the system of equations (6.3.5) 


reduces to one the NLS equation. Thus the solitary wave is the soliton solution of the 
NLS equation. However, it is easy to show that this solution is not stable. Non-linear 
coupling induces the polarisation vector rotation. In terms of equations (6.3.6) this 
result is obvious. More interesting solution can be obtain from (6.3.30) following to 
[246]. On the other hand in section 4.3.2, under consideration of the ultrashort optical 
pulse propagation in the resonant medium the equations (6.3.30) have appeared. Thus, 
we can use all results from that section. So, the solitary polarised wave are 
represented by the 
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expressions 
a(t) = 2. 2/uexp(0,){l + exp[20, + A,,]} 
``” 1+ехр(26, ) + exp(20,) + exp(20, +20, +A,,)’ 
2. 2/нехр(0,)\1-ехр[ 20, + A,,] 
a,(0)= H exp »t PlL4¥, el 


1+exp(20,) + exp(20,) + exp(20, +20, +A,,)’ 
where 8, = ,\QOQ-6(C-C,,), 09, =vQ+46(C-C,,), and 


б 


о ae ЕЕ | 


(6.3.33a) 


(6.3.33b) 


To illustrate asynchronous behaviour of the polarisation component of the steady state 
solitary wave, we represent the profiles of this wave at Q=1.5 and 5=1 in Fig. 6.3.3. 


Fig. 6.3.3 


Components of the steady state optical 
pulse corresponding to (6.3.33) 
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Let us consider two pulses of the coherent radiation co-propagating in a fibre in the 
anomalous and normal dispersion regime, respectively. This process can be described 
by the system of equations (6.3.24), where the slowly varying amplitudes of the modes 
correspond to the envelopes of these pulses. Let у, =v, that means one can ignore the 
“walk-off” effects. Furthermore, it implies that the two pulses overlap, and we can 
equate the mode overlapping integrals. After normalisation the system of equations 
(6.3.24) becomes 


6 д? 

Ия Е + 64, + ul al +a a =0, (6.3.34a) 
06 Ot 

_Oq 0?а 

2-64. + ы( al +a Ра, =0, (6.3.34а) 
06 Ot 


where 5=ABL,, is the normalised phase mismatch, other parameters were defined in 
section 6.3.2. Let us suppose that q, and q, are taken in the form of (6.3.29). Then the 
system (6.3.34) can be reduced to 


2 
a! - su(a? +a; )a, =-s (Q—8)a,, (6.3.35a) 
d*a, 2 2: 
~s,u(a? +a? )a, =5,(Q+8)a, . (6.3.35b) 
т 


Let us suppose that the real amplitudes a,(t) and a,(t) are the following trial 
functions 


a,(G) = В, sech(pC), a, (¢) = B, tanh(pC). 


Substituting of these expression into (6.3.35) and comparing the factors at the equal 
degrees of sech(pt) , we can find the relations between parameters р, В, and B,: 


ЫВ? =(Q—8)—s,p’, pB; =(Q—5)+s,p*, иВ; =(Q+8). 


These relations yield uB; =(Q+5), иВ; =(Q-35), p* =2s,5. Thus, we obtain the 
partial solution of the equations (6.3.34) 


a, (6) =(Q- 38)" и”? sech(. 28,80), (6.3.36a) 
a,(6)=(Q+ 8)?" tanh(. 25,86) . (6.3.36b) 
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This solution of the system of equations (6.3.34) was obtained in the [165,167]. It 
shows that in the region of anomalous dispersion (5, =-1 and $, =—1) for the first 
wave and at 5<0O the vector solitary wave consists of the bright (a,(t)) and dark 
(a,(t)) components. In this case the bright wave dominates. Parameter 92 must be 
greater than |5|. In the regime of normal dispersion (5, =+land $, =+1) expression 
(6.3.36) requires that > 0, and О > 36. In this case the dark component dominates in 
the vector solitary steady state wave. 

If one considers the mixed situation where one of the components of the solitary 
wave corresponds to the region of anomalous dispersion but another one corresponds to 
normal dispersion (5, =-1 and s,=+1), then we can try to obtain the following 
solution 


a,(¢)=—B, sech(pC), а, (С) = В, пап (ро). 
Substitution of these expressions into (6.3.35) results in 


ЫВ: =(Q+8), pwBp =(Q-38), р’=-26. 
Thus, we find that the expressions 


a, (6) =s,(Q—38)'7 pn" sech(, 28,86), (6.3.36c) 
a, (6) =(Q+8)'7? и"? tanh(. 28,86) , (6.3.36d) 


are the solution of the equations (6.3.35) at $, =+1 and arbitrary sign of dispersion for 
the first component of the optical pulse under consideration. 


6.3.4. SOLITONS OF THE VECTOR NONLINEAR SCHRODINGER EQUATION 


We have only one example where the v-NLS equation is the completely integrable one. 
This equation is embedded into AKNS hierarchy that allows to exploit the IST method 
to find the soliton solution. The suitable spectral problem was found by Manakov [159]. 
The IST method based on this spectral problem was discussed in sections 4.2.4-4.2.6, 
hence we can use all the results from these paragraphs. 


Zero-curvature representation of v-NLS equation 
Let us consider the two systems of the linear equations (4.2.13) 


OW/dt=U(A)Y and 04/06 =V(A)Y¥, (6.3.37) 
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where Ч =colon(y,,w,,...,.Wy), О and У are (NxN) matrices, depending on spectral 


parameter 2% and the dependent variables of the non-linear equation under 
consideration. As in section 4.2.4 we shall consider the U-V pair in the following form 


Paik. _(A В 
00)=[ : a van-(¢ ae (6.3.38) 


where Г==4’, 4=(4,,4.....,Ч9х), €=+1. The integrability conditions of these 


systems result in 


OO asc ЕВ GDF OBC OE: (6.3.39a,b) 
OT Ot 
CB nn ea =a. eel (6.3.39b) 
Ot Cs 
96 рб Ar+D-7 ms (6.3.39с) 
OT 0% 


We assume that the coefficients of V-matrix are some polynomials of degrees 2 and 1: 


А=а, (т,6) +а, (Orta (Or, Б=а (1,6) +d, (с,0^ +4, (<,072, 
ВЕБ (1,0) +b(t,.04, С=с Otc (tO. 


Substituting these expansions into (6.3.39) and equating the coefficients of various 
powers of A in the resulting equations, we obtain the system of equations for these 
coefficients 


Ca. eee (6.3.40a) 
Ot Ot 
Е a Oe ee A (6.3.40b) 
Ot Ot 
д Е да : 
of д.6 -г.Б, ФБ в 89, (6.3.40c) 
Ot OT 
qa, -q-d, +2ib, =0 , -ra, +d, -F—2ic, =0 (6.3.40d,e) 
и 
OT Ot 
ab, - _ 04 дс 4 г 
Die Saget, и ae ee (6.3.40g) 
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From equation (6.3.40a) it follows that a, =a,(C) and d, = d, (С). We can choose 
d „= 5. (С, where f is а unit matrix. The equations (6.3.404) and (6.3.40е) lead to 


1 1 
= (65>, 24, С, = (0, -а, г. (6.3.41) 
21 2i 


= 111 д Е [4 or 
by = | ae ох +6 сы |. Сб, =+ [6 92) зе + (6 ar 


Here we assume that d i= 5, (С. Integrating the equations (6.3.40c) with account for 
these expressions we get 


dy (1,6) = (6) - (8, - a, (G-F)/4, do(t,0)=8)(O1+ (6, — о, (а ®г)/4. 


Now, we can write the non-linear evolution equations, which are solved by the IST 
method with the chosen U-V-pair. They are 


д 1 д 
sent gee 35 24. |1 8, 0) By -а4. 
orl or 1 or 
at ri Е и о. Qo )Р 
Let us assume that a, =a, =5, =5, and a, =-6, =i. The reduction г = 4” leads to 


the v-NLS equation in the following form 


10° ; 
Pa 5-84-99. 


In the case of N =2 this equation was solved in [159] by the IST method. As it have 
been stated in section 3.2.6 the evolution of the scattering data is governed by the 
equations 


0 


a = Vii У WS kn > 
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if V =V© =diag(V,,,V,,,V,;) . In our case V,, =V,, =-V,, =i’. Let 2, =& + in, 
be the single point of a discrete spectrum in the Manakov spectral problem, and the 
reflection coefficients are zero. By using the results from section 4.2.6 and the presented 
solution of the Gelfand-Levitan-Marchenko equations, we can write the one-soliton 
solution of the v-NLS equation 


q, (т, 6) = 27,1, зес [2 (t—- т, +26, C)]explio(t, 6)], (6.3.41) 


where ф(т,С) =—26,t+ 4(n; —&7)C+0,. The constants t,,$, and unit (polarisation) 


vector [ are determined by the initial pulse profile. 

The main properties of the solitons of v-NLS equations in this case are the same as 
those of the vector solitons in the case of self-induced transparency for polarised USP 
(section 4.4). For example, the scattering of two solitons leads to rotation of their 
polarisation vectors according to expression (4.2.47). 


Zero-curvature representation of v-DNLS equation 
The generalisation of the DNLS equation to the case of N-component field gives rise to 
the following equation 


‚ да 04, 
"BE “Se " 


faa. 


This equation is named as vector Derivative Non-linear Schrédinger (v-DNLS) 
equation. To obtain a zero-curvature representation of this equation we must consider 
the generation of the Kaup-Newell spectral problem. It is the pair of linear equations 
(6.3.37) with U-V-matrices 


-iV” 24а A B 
по „= - 6.3.42 
ma ee м Е > 


The condition of zero-curvature of the connection defined by these matrices, gives the 
following system of equations 


Они GD = GF ORAC ви 6.3.43a,b) 
OT OT 
OB ров, ee DeI . (6.3.43c) 
Ot 0G 
OC _ 2126 —~AG+AD-F = le (6.3.43d) 


OT 06 
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In section 6.2.3 the explicit expressions of the matrix elements of V-matrix were 
obtained as the polynomials of 1. Hence, let us assume that the coefficients of V-matrix 
are the same polynomials: 


A=a,(t,0)+a,(,ON +4,(1,.0M, Б=4(а,0 +4, 0 +4, (‹,0, 
ВВ (т, 0)А. +Ь, (1,6), and С=& (Ол +в, (О. 


As above, substituting these expansions into (6.3.43) and equating the coefficients of 
various powers of A in the resulting equations, we obtain the system of equations for 
these coefficients: 


да, /0*=а-с.-г.Б,, Od, /Ovt=F Ob, —с, @q, (6.3.44a) 
Ga,/Ot=q-t,-F-b, , Od,/dt=r @b, -z, ®4, (6.3.44b) 
da,/0t=0, Od,/dt=0, (6.3.44c) 
qa,-—q-d,+2ib, =0 , -ra,+d,-r—2iz, =0 (6.3.44d) 


ОБ, /0t+ qa, -а:4а, +2, =0, 0c,/dt—ra,+d,-r—2ic,=0. (6.3.44e) 
ОБ, /0t+qa,-q-d, =0q/0C, 6t,/dt—ra,+d,-r=Or/a, (6.3.44f) 


which one can consider as the equations under consideration. From (6.3.d) the functions 
b, (t,¢) and c,(t,¢) can be expressed and substituted into equations (6.3.44a). If we 


assume that the matrix D is a symmetric one, than equations (6.3.44a) are integrable. 
Thus, one can obtain a,(t,¢)=a,(C), а, (т, О = 5,(0)I : b, (1,6) = (у./254, 
€,(1,C) =(у./207, where у. =5,(C)—a,(C) and 5,(€),a,(C) are the arbitrary 
functions of ¢. From the expressions (6.3.44e) and (6.3.44b) we can get the equations 
for a, and d, 


да, /0t=-(y,/4)0(G-F)/0t, да, /дх= (у. /4)0(4 ® г) / Ot. 
Thus, 


a,(t,0)=—(y,/4)(q-7) +0,(6), 
4, (с,0) = (1. /4)а @r) +8, Ol, 


where a,(¢) and 6,(C€) are the new arbitrary functions of ¢. From (6.3.44с) it follows 


a,(t,€) = а, (6), а, (о) = 5,(O1. By using the expressions for all coefficients of 
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polynomials A, B, C and D we obtain integrable equations 


04а Va .O”g ЗА Y2 CF 
— yg =i | i (Gar 
в ао [9 и 
OF any 18 Sf 1 Gre |S, 
at aoc Bs 20 


where y, =6,(€)—a,(C) and у, =6,(€)—a,(C). If one takes into account the 
reduction Г =&4” and relations у, =—y, n=O, 2, 4, then we obtain a single non-linear 
equation 


Od .¥, 0G .¥4 O/[ .0qG See ee 
+i +i i +é6(q-q* — =0. 6.3.45 
Е 40| Os (а-4°)4 |- Yo | ) 


Let 6,(¢) =-a,(C) =2i and 6,(C) =5,(C) =@а. (6) = а. (6) =0. From equation 
(6.3.45) the standard form of the v-DNLS equation follows 


Ко с ss eee 
Fe -G*)gG |=0. 6.3.46 
aC НЕ ie(q -q | ( ) 


In this case V-matrix will be defined by coefficients 
A=2iN —ie(q-q*)V’, D=-2iNI+ie(q@q*)vV, 


B= 2403 «нана С=24*^ Неван} 
т т 


It should be remarked that the analogous result was obtained by Morris and Dodd 
[247]. They take the following matrix elements of V-matrix 
A=-9iM —ie(q-q*)V, D=2ie(q@q* yr, 
B=3qa' + Hel eee POG, C=3eG° - ее -q*)q №. 
03 д. 9 
In this case the vv DNLS equation becomes 


‚ва a(8G 2... 
С ge? Gaye a0) 
"aC ae uae wn 


It should be kept in mind that the reduction Г = eq” was used here. 
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6.4. Variational approach to soliton phenomena and perturbation method 


The IST method allows to solve the Cauchy problem for the NLS equation, however 
practically this way is very difficult and it seldom leads to the final cause. The spectral 
problem of the IST method can been solved exactly for very a small number of poten- 
tials, which are the initial conditions for the Cauchy problem. It goes without saying the 
approximate approaches are attractive ones to investigate the non-linear wave evolution. 
Amongst the approximate analytical methods of study of the differential equations the 
variational methods are known. It is for instance the Ritz method. The variational 
method was used broadly in the works by Whitham. Its results are presented in detail in 
the book [249]. Using this method for certain rather broad class of initial conditions, 
Anderson et al. [203-205] obtain a number of useful results describing the behaviour of 
the optical pulse, which is governed by the non-linear Schrédinger equation. In the fol- 
lowing works [206-214] this approach was prolonged on the non-integrable versions of 
generalised NLS. It is useful, however, to begin from the most simplest case. 


6.4.1. FORMATION OF SCALAR NLS-SOLITON 


So, let the complex pulse envelope qg(€,t) be governed by the non-linear Schrédinger 


equation (s* =1): 


‚ Og 04 2 
i—+s—-+ =0. 
at oe ulg| 4 


This equation is the Euler-Lagrange equation for a variational problem with action func- 
tional 


«рол {at [ acetql=f dcLtgl, 
0 —00 0 


where Lagrangian density ®[4] is given by the expression 


* 2 
| if а ‚а д 
<= аа На. 
а ac) “lac| 2 


Lagrangian density integrated on “time” L[q] is a Lagrangian function. 

In the Ritz optimisation procedure the variation of the action functional is made to 
vanish within a set of suitable chosen functions. These functions are considered as a 
trial functions of the considered variational problem. Here we are interested only in soli- 
tary waves vanishing at infinity. This problem can be named as the problem of “bright” 
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soliton, unlike “dark” soliton, for which asymptotic is not zero at infinity. It is sup- 
posed that trial functions may be represented by the following ones 


(С, т) = a(G)sech[Y(C, t)]expi®(G, т}, (6.4.1) 


where 


Y(C,t) = тс) т, (0), 
D(C, 1) = (6) + СО - te (G+ OOM - te (ОТ, 


where the real normalised amplitude a(¢), the normalised pulse duration t,(¢) = 
t,(z)/t,., the centre of mass of a pulse t,.(C), the normalised frequency shift С(@), 


the frequency chirp Ь(б) and phase (C) are allowed to vary with the distance of 


propagation. Substituting this trial function into the Lagrangian density and integrating 
with respect to t, we obtain Lagrangian function restricted on the class of these trial 
functions: 


Di 252. D2: 
L[q]=2t а? ae ewe ты fade + 2st а? ae нее“ ы: b? aur a, 
о ор 2’ |3 3 


The action S[q] is restricted on the chosen class of trial functions also. This reduced 
action is a functional of the small number of the variables: a(C), t,(¢), tc (G), C(G), 
b(€) and $(б). Calculation of all necessary variational derivatives reduces the Euler- 


Lagrange equations to a system of the ordinary differential equations for the parameters 
of the trial functions. After a number of simplifying transformations, the system of these 
equations becomes 


d 2 
Crt) 9 ig, (6.4.2) 
dt dt 
a = 25С, (6.4.3) 
dt 
р = Ashe ,, (6.4.4) 
dC 


(6.4.5) 
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Except for these equations, there is the equation for the phase shift 6(C) 


2 
aco, 28 Эм 
4 32 6 


=0, (6.4.6) 


which we can integrate after the determination а(б), t,(¢), тс (6), С(С)апа d(C). 


The system of equations (6.4.2)-(6.4.5) allows to consider an evolution of an initial 
pulse envelope, which can be described by such a trial function. Foremost, it shows a 
limit of possibilities of this method. If we take other symmetrical in relation to the own 
argument function instead of the secant in the expression (6.4.1), then the resulting sys- 
tem of equations will differ from (6.4.2)-(6.4.5) by only numerical values of coefficients 
into right parts of these equations. Expanding the class of trial functions, it is possible to 
perfect this approach. But the qualitative results we may try to get within the framework 
of the available approach. 

As an example of using this variational approach, we shall consider the optical soli- 
ton formation from the initial pulse under assumption that it is sufficiently smooth. We 
also assume that the initial pulse can be approximated by the formula (6.4.1) and it has 
no initial phase modulation. From equations (6.4.2) and (6.4.3) it follows that phase and 
group velocities of the pulse are not changed. Besides, we obtain the integral of motion, 
which will be identified as “energy”. In fact, for the NLS equation the canonical Hamil- 
tonian of the this equation is energy. However, we shall use this term for the sake of 
convenience only. 


t,a =W =const. (6.4.7) 
Introduction of the new variables: 
X=1,(C) ЧФ=лЬ(С), 6=5(п/4)С, 


allows us to rewrite equations (6.4.4) and (6.4.5) in the form 
— =x, —=(x4-¥7)-yX>, (6.4.8) 


where y=spW/2. 
This system of equations has a point of rest on the phase plane (X,‘¥) with co- 


ordinates (y~',0). As far as the pulse duration is a positive value, the negative values у 
are inadmissible. Consequently the stable optical pulse will not exist in the region of the 
normal second-order group-velocity dispersion for self-focusing media. Opposite, in the 
region of anomalous dispersion such pulse exists. The linear analysis of stability shows 
that this point of rest is the “centre”. There is no asymptotic stability in this case. That is 
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due to the considered class of trial functions, which do not contain dispersive waves that 
carry away part of the optical radiation energy. In the chosen approximation the pulse 
duration changes periodically in increasing of the distance. But actually these oscilla- 
tions fade, and stationary pulse appears. That corresponds to soliton solution of NLS 
equation. Integral curves of the system (6.4.8) are defined by equation 


dv X4-yxX? -¥? 
dX ХФ | 


The solution of this equation can be written as 
ох, 


As the left part of this expression is positive, these curves do not exist for all values of 
parameter y and integrating constant No. 

The further discussion of the solutions of system (6.4.8) is convenient to do after 
excluding the $. It results in one equation 


ax 1 у 
р сс 


> 


which may be interpreted as an Newton equation for a point-particle on X axis. Integrat- 
ing this equation leads to the conservation law of the “total energy of this particle” 


(ах /d&)’ +U(X)=U, , (6.4.9) 


where U, =1-2у+4° (0). Here the first term in the left part presents “kinetic energy”, 
the second summand corresponds to “potential energy” and 


UX? HX. 


The graph U(X) at y =8 is presented in Fig. 6.4.1. 

This potential also appears in the Kepler problem, where the second term corre- 
sponds to the attraction between two material points, so we can use the familiar results 
[251] for this problems. Integration (6.4.9) gives rise to 


Sl XdAX 


и. 


(6.4.10) 
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If Uy > 0, the moving of material point is infinite, that means that optical pulse duration 


is unlimitedly increases, and its amplitude decreases. Finite motion takes place under 
condition U, <0. In this case the variations of pulse duration are limited. Hence there 


is a constrain of the positive parameter y . This constrain means that the energy of pulse 
must provide 2y >[1+°b*(0)]. 


Fig.6.4.1 


Potential energy of point particle 
on X axis 


Let И, <0. We can introduce the new variables ф as X = X,(1+ésin@), where 


X,=y|U,'| and é=./l-|U,|y 15 excentrisitet of the orbit of material point in the 


Kepler problem. Integration of the equation (6.4.9) leads to the parametric form of the 
solution 


Е =X, [И |" [p-ecosg], (6.4.1 1a) 
X=X,(1+ésing). (6.4.11b) 


Here & is a new integrating constant defined from the initial conditions. For instance, 
we can take that Х =1 at €=0. The variation of the pulse duration with the distance 


increasing is shown in Fig.6.4.2, where: (a)y =5(@€=4/5) and (b) y=2(@=0.5). In 
these graphs the co-ordinate с is defined by the expression ¢=|U, |"? ХЕ. 
For the case of infinite motion, 1.e., И, 2 0, the similar way allows to find solution 
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of (6.4.9) in the form 


&-£, =X U,"”[esinh @ - $], (6.4.12a) 
X = X,(écoshg—1), (6.4.12b) 


where now é=./1+U ,y~* and X, =yU,'. The case of the defocusing non-linear me- 


dium and the anomalous group velocities dispersion (or medium focusing and disper- 
sion normal) the parameter y is negative. 


Fig. 6.4.2 The pulse duration vs normalised distance 


It corresponds to a Kepler problem with repulsing. In this case the solution of (6.4.9) 


Fig. 6.4.3 


The pulse duration vs propagating 
distance under condition Оу > 0 
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can be obtained in parametric form 


&-&) =X,U,'”’[esinh + @], (6.4.13a) 
X =X,(écoshg+l). (6.4.13b) 


Like the linear limit corresponding to U, = 0 and the pulse propagation in the defocus- 
ing non-linear medium, the pulse duration increases with propagating distance. This be- 
haviour is illustrated by the plot in Fig.6.4.3, where у = 0.25 (€=3) was exploited. 

Thus, we obtain the threshold power (or energy) of the optical pulse to form the soli- 
ton P, (E,,) from the condition uW,, =1+77b’ (0). It is worth noting that the initial 
phase modulation leads to increasing these values. 


6.4.2. SCALAR PERTURBED NONLINEAR SCHRODINGER EQUATION 


Let the complex pulse envelope g(C,t) be defined by the non-linear Schrédinger equa- 
tion with the perturbation 


. 04 0°а 2 
+ § —-+ =R р 6.4.14 
aC a ulg! q=R[q] ( ) 


Here R[q] is an arbitrary function of qg(C,t) and its time derivatives. Under condi- 
tion of R[qg] = 0 the equation (6.4.14) has soliton solutions. If К[4] is a weak perturba- 
tion, then the solution of the equation (6.4.14) in the form of a solitary wave can be con- 
sidered as one, which is close to soliton. 

This case can be considered within the framework of the variational approach, as 
this has been made in works [204-212, 252]. The derived here equations for the parame- 
ters of solitary wave contain the equations of the adiabatic perturbation theory for soli- 
ton of the NLS equation as a particular case. Thereby the variation approach may be 
considered as the simplest generalisation of the soliton adiabatic perturbation theory 
[196,198-202]. But just the same system of equations can be obtained in another way, 
which was named by the integrals of motion method. The variation method was used in 
the case of unperturbed NLS equation for the determination of parameters of the soliton 
formed from different initial conditions [205,206]. 


The system of equations of adiabatic perturbation theory is derived from the IST. 
However, it is known [253] that a simpler way to obtain it is to apply the equations for 
the integrals of motion, which are not constants in the presence of perturbation terms. 
Along this approach, it is necessary to substitute a soliton solution of a completely inte- 
grable equation into the exact integro-differential equations. It leads to approximative 
equations describing the soliton parameters. Another similar method, the method of 
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moments, has been used by authors of work [254-256] at the analysis of self-focusing 
phenomena. 

If it becomes necessary to study the behaviour of a solitary wave in the system 
which is approximately integrable (or for which nothing is known about integrability), 
then one can attempt to use the method of integrals of motion in combination with a 
moment method [248,257]. The method may be named a “roughening procedure”. The 
transition from the evolution equation describing the system with the infinite degrees of 
freedom to a system of ordinary differential equations for finite number of variable is 
reminiscent of the transition from a microscopic description of a system to a macro- 
scopic one. The analogue of macroscopic variables are the parameters of solitary wave, 
which is essence of meaning of the term “roughening”’. 


Integrals of motion for the NLS equation 

When R[q] = 0, the NLS equation has an infinite number of the integrals of motion (un- 
der suitable boundary conditions) [14-17,62]. These integrals can be obtained by using 
the standard method represented in section 3.2.5 (or in [17]). However, it is convenient 
to use the expression (3.2.43a) to find the recursion relation for integrals. The spectral 
problem of the IST method in the case of NLS equation is the linear system of equations 
(6.1.30). If we introduce the complex function [= wy, /w,, where one assumes y, #0, 
then (6.1.30) results in 


OE Ang -q°. 
OT 


This equation is similar to the vector equation (4.2.29a). Hence, new results can be ob- 
tained by substituting (4,4’,Г) into (4.2.29) and (4.2.42) instead of (Q,,-R,.T’,). So, 


we obtain the pseudo-potential Г(4,4’;^,) as the power series of (2A): 


Г(4, 4; => (2ia) “TP [q, 9°]. 
n=l 


The coefficients of this series [[q,q*] is determined from the recursion relation 


(п) п—1 
po - т  — S 
T т=1 
Pose. TS 04 
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As we have lim В =0, lim A= A* as t—> +00 and A* = 4, then the quantities 


Г = | Г’, n=1,2,3.... 


—00 


form an infinite set of the integrals of motion. So, we have the first three integrals 


Only integrals J; and 15 hold interest. The integral J; is the Hamiltonian of the system 
describing by the non-linear Schrédinger equation. 


Roughening procedure 
For the perturbed NLS equation these integrals are not conserved. One can verify di- 
rectly with the help of (6.4.14) that the following equations hold 


BE, ep actie. -% 
а И (qR" - а’), (6.4.15а) 
dl, ь т 04 * ба" 
= R Rid 6.4.15b 
dt || [м бт : ( ) 


The integrands in expressions of J; and J) can be understood as a certain distribution. 
The moments of these distribution are of interest since they are related to parameters of 
the solitary wave. These important moments are 


D=J|rlgPdt В, = [ато ЧР at 
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where tc = D,/I, — the centre of mass of the “distribution”, |g(G,t)|’ — is the number 
density of particles in the theories of solitons of the NLS equation. Using (6.4.14), we 
find equations, which specify the changes in these integrals as a function of С: 


т = isl, i fl" R— GR" ee (6.4.16a) 
a =-2isM if (< te) ("R= gR* dt (6.4.16b) 
dM Dg eh F 
Wore? dc rifle R+qkR Jac + 
2 4 F (6.4.16c) 
[д 94 4 ef ‚04 _ 2 Oq" 
+i|| 4$ —| — dt +2 — R° —— R— (dt. 
fof иен 
We need also to supplement these equations with the following identity [249] 
7( Oa. a) _ Fa)” 4 
leo eho] 4) ve 
(6.4.17) 


+i f(r’ + q' Rit 


—00 


which allows us to determine the law governing the phase of the pulse envelope. 

Starting from the system of exact relations (6.4.15), (6.4.16) and (6.4.17), we can 
construct the systems of equations for parameters of a solitary wave with the various 
degrees of accuracy. If we assume that the solitary wave retains the shape of a soliton of 
the NLS equation as it evolves, then we can obtain the equations of adiabatic perturba- 
tions theory for solitons [196,198-202]. The only distinction from these equations which 
we need to modify integrand in the equation for the phase of soliton. 

To get a more accurate description of the evolution of the solitary wave, we should 
choose a more general trial function ¢(¢,t). As in section 6.4.1. let us choose the trial 
function as follows 


q(G,t) = a(G)sech[Y (CG, t)]exp (CG, t)}, (6.4.18) 
where 


Y(G,t)=[t— tT. (G)]/T, (6), 
D(C, 1) = (6) + COM t— te (G+ OGM - тс (ОТ, 


404 CHAPTER 6 


then we can obtain the system of equation for parameters a(C), t,(C), тс(6), CG), 


Ь(С) and (€). These equations are generalised ones of adiabatic perturbations theory 


for solitons. 
Using (6.4.18), we can evaluate the integrals in (6.4.15) and (6.4.16): 


et! 2 = . 2 _ 2 
T,=2t,a°, 1,=-2it,a°C, D,=2t.t,a’, 


D, = (п 16)(т„а’)т», М, =i(2n7 /3)(t,a°)t7b. 


From (6.4.15a) and the expression for J, we find the equation 


d 2 со 
ae та | Звено, (6.4.19а) 


where р = R[qg]exp(—i®). Now considering /,, from (6.4.15b) and (6.4.19a) we find 
the equation 


со 


ue =—(т a) S | tanh(y) Re(p)dy + 2bt ,a = | ysech(y)Im(p)dy, (6.4.195) 


de 


—00 


Using (6.4.16a) and (6.4.19a) we find an equation for тс (6): 


dtc 


де 25С +1,a~ | ysech(y) Im(p)dy. (6.4.19) 


—© 


From (6.4.165) and (6.4.19a) we can obtain the equation for т,(С): 


4 Е 2 
ra =4sbt, -т,(2а)7 | | в. ево Im(p)dy . (6.4.19d) 
м Tl 


2 


And from (6.4.16c), using everything derived so far, we get the equation for b(C): 


2 
dA sys) 2 
dG п (nt) 


7 (6.4.19е) 
— 6(п?ал? | [vy tanh(y) —1/2]sech(y) Re(p)dy . 
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The equation for the phase »(€) follows from identity (6.4.17): 


29 2 
do _c hte mT, db sC? , 2на 5 (= 2 ae 
dC do 12 dc 3 (6.4.192) 


— (2a) [sech(y) Re(p)dy, 


—© 


The system of equations (6.4.19) make it possible to describe evolution of an optical 
pulse (and not only solitons) for the NLS equation with perturbation, (6.4.14), in the 
generalised adiabatic approximation adopted here, (6.4.18). As a particular case this 
system of equations contains the equations of the known adiabatic perturbations theory 
for solitons, which results from (6.4.19) if we discard (6.4.194) and (6.4.19e) and if we 
impose the conditions b = 0 and т „а =1 in the remaining equations. 


6.4.3. VECTOR PERTURBED NONLINEAR SCHRODINGER EQUATION 


The similar approach to study the evolution of the solitary non-linear waves can be de- 
veloped also for the vector NLS equation with perturbations 


a д’ 

yt ре +. Р +195 Р м, = [9195 

‘ (6.4.20) 
‚ Og Ч 

ae + ae +ulla, Ptr lq, Ра, = Rola.do] 


Here we shall consider the variational approach by Anderson and Lisak [205,258] as 
an alternative to the methods of the integrals of motion and of the moments. We shall 
generalise a system of equations (6.4.19) on the vector NLS equation (in particular case 
of two-component one). It is important to note that the system of equations (6.4.20) can 
be obtained as Euler-Lagrange equations in the variational problem with Lagrangian 
density © = L + &,, where 


2 


| ба’ „а д 
55 =+ Gn fs — 4, cE. + ys = 
2 n=1,2 OG 06 п=1,2 OT | (6.4.21а) 
Ha ++, № +2* а, Pla 2) 
©, = (4, В! +4. В,) (6.4.216) 


n=1,2 
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In calculating the variational derivatives 5© /64, and 5&/5q, we have to assume that 
К: and R2 are constant [205]. The action functional S[q] is defined by 


S[7]= ! 4 i dt2[q] -| acLq], 


—0O 


and S[q] can be calculated for the trial functions а, (С, т), where 
7, (6,1) =a, (C)sech[Y(C, t)]expti® , (C, t)} , 


УЕ, т) =[t—t(G)]/t,, (0), 


. (6.4.22) 
Ф. (С, 1) =o, (0) + C(O)[t— te (G+ ОП - te (ОГ. 

This trial function corresponds to a two-component solitary wave, which is close to vec- 

tor soliton of completely integrable version of the vector NLS equation, rather than in- 

teraction of two such solitary waves described by the two-solution solution of this equa- 
tion. 

The calculation of dS[g,,g,] now reduces to the determination of variational de- 

rivatives of the Lagrangian function 41,4> |= Lo[9,,.9.1+ L,[91.9,] with respect to 

the parameters a,(C), t,(G), тс(6), C(G), b(G) and ,(C), which depend on ¢. If 


we use (6.4.22) and the definition of а,,4› |, we find that 


n тес п п 


2 
р pete ae , 
ве, 3 


г. [4;.9,]= Ха, [[R, exp(i®,) + В ехр(Ф, )бесно4 


—00 


ae nt’, ab ot es 
я, =. ac = |+2t i 3 — Sara; + 


— 2: 2 G2; 
where а’ =a; +та›, а; =a; +ra;. 


Calculation of all necessary variational derivatives reduces the Euler-Lagrange 
equations to the system of equations for parameters of the trial function (6.4.22). After a 
number of simplifying transformations, this system becomes 


d(t,a,) V3 
a [ sech(y) Im(p, )dy , (6.4.23a) 
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W Fa 7 -> а, | фапб (у) sech(y) Re(p,, )dy + 
ee (6.4.23b) 
+ 261? ‚>. а, [ ysech(y)Im(p, )dy, 
wit ‘3 


mee pS, C+? pas | ysech(y)Im(p, )dy, — (6.4.23) 


т? ioe) 
ae а | oe Joecnoy tn, a (6.4.23d) 


ad (= 1b ee eu hae, 2 
д п 


(6.4.23е) 
— 6(л?т,)- Le, [ [y tanh(y) — eas )dy, 
Be 
do, -с9 п и db ECs на, ВЕ +??? )- 
dt ae. 12" ae и lisa 


— (2a) [sech(y)Re(p, dy. 


The following designations are used in the above equations: 


р, =R,[glexp(-i®,) and W=t, У a, 


n=1,2 


This system of equations includes the Anderson’s equations [205] for optical soli- 
ton, (if we assume that R,[q]=0 and q2 = 0) and the equations of the adiabatic pertur- 


bations theory for solitons [202], if we assume that 42 = 0, b(¢)=0 and t,a=1 for all 


values of €. In general, this system of equations yields rough description of the evolu- 


tion of an optical polarised pulse or a two-mode scalar solitary wave, which is similar to 
simulton. 


6.4.4. COLLAPSE OF OPTICAL SOLITONS 


We shall now consider the examples of application of an perturbation theory discussed 
above to analyse the solitary wave evolution describing the propagation of the optical 
pulse in a strongly non-linear fibre [259-262]. It was found [261] that an optical pulse 
can be self-compressed due to high-order nonlinearity. Hereafter we use designation for 
the sign of second-order group-velocity dispersion s =—sgna,. 
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It should be noted that when the optical pulse begins to compress, so that its dura- 
tion approaches zero, a theory based on the NLS equation becomes inadequate. In this 
case it is necessary to take into account higher-order derivatives of the pulse envelope 
and the same is true of non-linear effects. However, if we are interested in the time de- 
pendence of the pulse parameters close to the threshold determining collapse, then it is 
permissible to restrict the treatment to this model. 


Collapse of the scalar picosecond optical solitons 
It is useful to consider the collapse of optical solitons as an example, in which an analy- 
sis of the evolution of a solitary wave on the basis of the system of equations (6.4.19) 
leads to a result which differs from the adiabatic soliton perturbation theory result. 

We assume that the optical pulse propagates in non-linear waveguide with strongly 
nonlinearity and the following equations can be used 


64 0°¢q ; ; 
i 5 + =0, 6.4.24 
a0 oe цагачы; ага ( ) 


where и; = (2102, /c’B)yS А, and the effective fifth-order non-linear susceptibilit 
5 обр eff 10 р y 


Хо? is defined by the expression 


м 
1G = (x? (x, у)4° (x, y)dxdyl/ $? (x, y)dvdy) | 


This is the cubic-quintic Nonlinear Schrédinger equation that has been considered in 
section 6.1.6. We now take a look at this equation as the NLS with perturbation term. In 
this case the perturbation term is R[q]=—u;|q|* а. 


Since we have Imp=0 and Rep=- 1a’ sech” у, we find a conservation law from 
(6.4.19а) 


t,a° =W =const. 
If we define the energy of the optical pulse as 


1 
G=— |S? at, 
An * 
then the one-soliton pulse energy is 
2: 
_ о Мое 
501 on 


> 
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where S. = | 4? (х, y)dxdy is effectively cross-section of the fibre. In terms of these 


parameters W is either the energy ration G/G,,,, or the power ration P/P.,, where 


sol > 
Ри 1$ the power of the fundamental optical soliton (i.e., one-soliton solution of the 


NLS equation). 
The other equations from (6.4.19) become 


aS Sy, AL ed (6.4.25a) 
dC dC 
ats 
—! =Asbr,, (6.4.25b) 
dC 
db 4/_ WwW 2 
Е (6.4.25) 
dG п пт, тт, 


with р, = (166/15). Making the substituting Х =1,(C), &=5(п/4)б, and eliminat- 
ing the variable b(C) from (6.4.25c), we find an equation for X 


d*X (1-8) т 


, 6.4.26 
de ee 
where 6=su,W/2 and y=spW/2. Equation (6.4.26) leads to 
2 
ЕЯ =o) Oe (6.4.27) 
dé Е 


where U, =1-6-2у+[лЬ(0)]?. 
Equation (6.4.26) describes the motion of a material point in one-dimensional space 
in a potential U(X) in accordance with Newton’s law, where 


(-5) _2у 


= м é 


More precisely, that is the Kepler problem [251]. With 6=0 equations (6.4.26) and 
(6.4.27) correspond to the case studied in [205,206] and discussed above in section 
6.4.1. If the initial parameters of a solitary wave are such that we have U,>0, the pulse 
duration will increase (this is an analogue of an open orbit in the Kepler problem). If 
U,<0, the normalised pulse duration periodically changes with increasing €. Here we 
have an analogue of closed orbits in the Kepler problem. If we introduce X, =y/|U, | 
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and p, =[I-(1-5)|U, |y > ]'”’, then the solution of equation (6.4.26) corresponding to 
the finite motion of the point particle can be represented parametrically as 


X=X,(1+ posing), §=§)+|U, |” Хо (ф- py cosg). (6.4.28) 


These expressions coincide with those found previously (see equations (6.4.11)) where 
parameter p, is the renormalised excenrtisitet. The implicit dependence of the pulse 


duration on space co-ordinate € can be obtained from (6.4.28). It is 
Х-Х „ [ЛЕХ 
(Cp eax, resi +) -aresn( Аз 
X Po XoPo 
2 1/2 > 
1-Х ера 
+ Ро| 1 о Ро 1 . 
ХоРо X Ро 


Under condition 6>1 (ог р, >1), however, there is а case of “falling on а centre”, 1.е., 


1/2 (6.4.29) 


a collapse of the optical pulse. The critical value д, =1 is reached when the energy W 
is equal to the threshold value 


ии =.[28/ fs . (6.4.28) 


We are assuming 5 >0 and и. >0 here. 


Fig. 6.4.4 


The self-compression (collapse) 
of the optical pulse (ру =1.02 ) 
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We would like to point out that pulse duration drops to zero in a finite length of the 
fibre. The expression defining this length z,,,=4L,€,,,/m can be found from the 


col 


expression (6.4.29) by assuming that XY = 0: 


Xo _{1-X, a ee 
Sco! = ———~ 75) aresin — arcsin} — |+ 
(Uy) Хоро Ро 
1/2 
at eal ; (+) 
Poe = pi l= 
: Xo Po у Ро 


Such а self-compression (collapse) of an optical pulse due to a high-order nonlinearity 
as in (6.4.24) was pointed out by Azimov её al. [261]. Note that this result does not fol- 
low in the adiabatic soliton perturbation theory. In ref. [263] it has been observed that 
the dissipation of the electromagnetic wave can been obstacle to such a process. 


1/2 (6.4.30) 


Collapse of the scalar femtosecond optical solitons 

The ultrashort (i.e., femtosecond) pulse propagation in non-linear fibre with account of 
dispersion of non-linear susceptibility is described by the modified NLS equation [83- 
93]. Let us consider the model equation discussed in section 6.2.1: 


д oO 
pater 4 


д д 
+ аРа+щ, —(аРа)+т.а—(аг)=0. (6.4.31 
att oe ulql\ q in. (4 q) 59 (91) ( ) 


We have now 
Imp = (Зи, + 2u;)t, a tanh ysech* у, 


Rep=w,a°(C + 2bt, y)sech’ у. 


The conservation law т а’ =W =const follows from the equation (6.3.19a). The other 


equations can be rewritten with account of this result as 


dC 4 = 

—=—(и,- и, т, , (6.4.32a) 
dG 3 

wee 

ade Asbt (6.4.32b) 


(6.4.32c) 
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dt 2 - 
it = 2sC+ ыы Зы (6.4.324) 


From (6.4.32а) and (6.4.326) we find 


dC 1 a a 
= о. 
Непсе 
on HE = С, =const , (6.4.33) 


35 


where п=и, -п.. The integrating constant Су is found from the initial values of С 
and t,,. Eliminating b(¢) from (6.4.32b) and (6.4.32c) and using (6.4.33), we find the 


equation for the pulse duration 


“(5 ae) 1 6) 


2 3 2 2 
dC п рт Е п 


р 


From this equation and the discussion above it follows that the optical pulse can col- 
lapse. The threshold energy И’, is now given by 


3/( 25 
WwW 1 = И pe 6.3.35 
° ‘BI М | 


Since the pulse duration is a periodic function of co-ordinate (when the initial condi- 
tions correspond to closed orbits in Kepler problem), we find from (6.3.18) that the cen- 
tre of mass of the optical pulse “shakes”, 1.е., there is periodic change in t.(€) with 


Here we assume 5 =—sgna, =1. 


increasing normalised co-ordinate ¢ . From the expression (6.4.33) we can see that there 
is the shift of the carrier wave frequency. 


Collapse of the vector optical solitons 

Now we consider the propagation of a two-frequency optical pulse in a non-linear fibre. 
Two-frequency situation arises in the stimulated Raman scattering process. Both this 
process and the pulse propagation in non-linear bimodal fibre can be described by the 
system of equations (6.3.24). If the nonlinearity of fibre medium characterised by the 
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third- and fifth-order susceptibilities, optical pulse may be collapsed under certain con- 
ditions [259-261]. 

We shall assume that the main contribution to the pulse broadening comes from the 
second-order dispersion of the group velocities and we shall ignore the effect of differ- 
ence between the group velocities. The optical shock formation is take into account de- 
spite quintic nonlinearity. Thus, the system of equations under consideration becomes 


. 04 9°а 
Гос + a ща, +r lg. a + 
т (6.4.36a) 
52-9 т 
+954. Р + |9> Ри, [+ из (ч, Flas Na =0, 
Og 9°а 
о д ь + (9, +r], Ру, - 
т (6.4.365) 


+7 [ч. Ра), + (45 "+7 |9, №) =0, 


where the overlap integrals of the mode functions for different values of the frequencies 
are accounted for in this system by the parameters r and 7 . Other parameters in system 
(6.4.21) were defined above. 


If we introduce a matrix P such that 


we can then write 


Rep, [< FL Pua sen’ yt 

- (6.4.37a) 

+Х,а, | +7» Pa; |e + 2bt ,)sech? y, 
k 


and 
Imp, = Эд. +7 Ри ар | tanh узесву, (6.4.376) 
k 


Substitution of these expressions into equations (6.4.23) gives the following system of 
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equations: 
ran а’) =0 (6.4.38а) 
м Lia « м] (6.4.385) 
k 

dt р 
W SPT, Das (6.4.38с) 

dC 
wT = 25's, И’, +т Е Е] (6.4.384) 

db 4 2u 
о — nb?) | sa, - р (a; +a; + 2ra?a?)- 
2 16 2} 04.4 4 

= — НИ 6.4.38е 
пт, [еж | | п 2, nk ( ) 


The notation W, =т,а 2 is used here and it follows from equation (6.4.38a) that W, are 
constant quantities governed by the initial conditions at C=0: W=W, +W,. The equa- 
tion for the phases ,(C) is not used because these phases do not occur in system 


(6.4.38) that describes the parameters of a solitary wave under consideration. 
It is convenient to introduce a new dispersion constant s and the effective interac- 


tion constants У, UH, U;: 


S=(sW,+s,W,W", ЕЦ +: +27 И, И" >, 
Х= [2 +70.) +5, 072 + WWW, 
п; = (бр; /15) ДИ, 02 +712) +, (2 + FW). 


The system of equations (6.4.38) can now Бе rewritten in a more convenient form: 


4С _ My (6.4.39а) 
3”? 
dt 

P Ashe, , (6.4.39b) 


dC 
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= ок эп 2 
ар НЕС В (6.4.396) 
dG п по, мт, 
a =25C+ YW! (6.4.39d) 
From (6.4.39a) and (6.4.39b) we obtain again 
C+ Ao; =C, =const, (6.4.40) 


The integration constant Су is governed by the values of C(€) and 1,(¢) at C=0. 
Eliminating b(€) from equations (6.4.39b) and (6.4.39c) and allowing for equation 
(6.4.40) gives the equation alike (6.3.34) for t,,(¢): 


а? aa 9 Aa 2 ев 2 ae — os 
SP [=| 324) _ 8545 1 8sW(u XCo) 1 (6.4.41) 
dc? п BA : т 


So, we conclude that the conditions 


+[nb(0)]? = 0 


г 2( 2) TW? W@-XC,) 
3\ 25 25 25 


can be used to determine the normalised pulse energy W,,, the excess of which can lead 


sol 
to the optical soliton formation. Strictly speaking it is not a soliton, since the initial sys- 
tem of equations is not completely integrable, but a solitary wave which does not spread 
out. If W>W.,,, the solution of the equation (6.4.41) describes a periodic variation of 


sol ? 


the pulse duration near some value {, that corresponds to the point of rest of the system 
(6.4.39). 


Let us define the parameter p as 


This parameter depends on the normalised pulse energy W and may be negative. If 
р <0, equation (6.4.26) describes collapse, i.e., the pulse duration tends to zero. Thus, 
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critical value of the parameter p,,, = 0 is obtained when the energy op the initial pulse 


is varied from И’, to W..,, where 


sol col > 
‚ (8. 350s) 
We = 6 т 1 + о . (6.4.42) 


Thus, if И < 


col? 


the duration of the two-frequency pulse propagating in a strongly 
non-linear medium varies periodically. For W > W,,, the value t,(z) (or t,,(¢)) drops 


to zero in a finite time, i.e. in a finite length of the waveguide. 
It should be pointed out that expression (6.2.42) contains the effective parameters of 
a non-linear dispersive medium and, since И’, «|5 |, we can select the frequencies of 


col 
the carrier wave so as to obtain the dispersions for each wave with opposite signs, and 
by selecting partial pulse energy W, and W,, we can try to reduce |5 | as much as pos- 
sible. Consequently, the collapse threshold of a two-frequency pulse can be considera- 
bly less than that of a single-frequency pulse. 


6.4.5. PROPAGATION OPTICAL PULSE IN NONLINEAR BIREFRINGENT FIBRE 


The propagation of short optical pulses in a non-linear birefringent single-mode fibre is 
one example of the phenomenon described by the vector NLS equation, which is not 
completely integrable [142-149]. Polarisation dynamics of light pulses in this case have 
been investigated in the framework of the soliton perturbation theory [155] and the 
Hamiltonian formalism [156]. There are some specific solutions [145,152,158-160] and 
numerical results [151,153,154]. The variational method discussed above allows to ob- 
serve the evolution of the polarisation states analytically. So, we consider this problem 
for the sake of illustration applicability of this method according to [157]. 

The system of equations governing the polarisation components of the electric field 
was represented in section 6.3.1. That is 


og. Org” ay fl и 

i 5 + 8g +-ща” Г 421 ¢° [Ja =0, 6.4.43a 
at ae ot sila P 421g? )g ( ) 
(-) 24) 1 

pt gO Tags iblg®4[gOP Oso. = 64435) 
06 OT 3 


It should be remind that the g™ =q, +ig,, and а” =q, —iq, are the right and left cir- 


cularly polarised normalised envelopes of electric field of the optical pulse. 
The system of these equations is expressible in the form of the Euler-Lagrange equa- 


OPTICAL SOLITONS IN FIBRES 417 


tions, when the Lagrangian density is chosen in the following form 


cecal ав 84” (ye OG? ый (-) да“” _ и да“ ыы 
2 0% OG 2 ac ac 


и + - + - +)* (= —)* „(+ 
ОТ +24 Наб [Р)-5а“”аб + qq”) , 


2 2 


dg 
дт 


dq” 
OT 


Thus, we can use the results of section 6.4.3, 1.е., the equations (6.4.23) to write the 
relevant system of equations. By assuming the t..(€)= C(C) =0, we get 


Felt) = 28t ,a,a, sin®, (6.4.44а) 
а 4 . 
ae )=-26T ,a,a, sin®, (6.4.44b) 
[2 (a? + 2) |= 4st3 b(a? +a? 6.4.44 
dt T (a; +a;)|=4st bla; +a; ) (6.4.44c) 
Le Or; | = ов a’ +a;,+2ra/a; 
P= Py (6.4.44d) 
Bde". 3h, 3 18(a; +a;) 
2 = 2. ed 2 22 
Е ees (6.4.446) 
dC 18 a,a, 


where D=6, -ф,, r=2. Functions , and ф, can be determined from the following 
equations 


dd, | s а sm’ tb é is, db) (а; +та2) са 
dC 2.35. 3 6 de 18 a 
р 1 


231? 3 6 dC 18 а, 


dd, _ 11| 5 is sm’ t.b° ae db) 2и(а; +ra/;) a 
dC 2 


Equations (6.4.44а) and (6.4.445) provide the first integral 


t ,(C)(a; +a;)=W* =const (6.4.45) 
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From (6.4.44c) with the help of this integral one may obtain 
d 
a т, =2st,b (6.4.46) 
By introducing new variables 


Л2(@)=т, Oa.Q/W, 


and taking integral (6.4.45) into account the equations (6.4.44a) - (6.4.44e) can be writ- 
ten in a more convenient form: 


df, : 
=§ sin®, 6.4.47a 
=: у, ( ) 
нах (6.4.476) 
а 
2_ 12 7 2 
аФ _ ohh Л cos@ + АИ (f2 — 2), (6.4.47с) 
ас ЛЬ It, 
at. 
pee, (6.4.474) 
ас 
4 4 2 72 
DP) A sii | oy (6.4.47е) 
dC TT т, 31 ee 


It should be noticed that in the linear limit, when ий” —> 0, equations (6.4.47a) - 
(6.4.47c) and equations (6.4.47d) and (6.4.47e) constitute systems of equations inde- 
pendent of each other. That means that the variation of the optical pulse duration and 
the depth of phase modulation are not associated with the evolution of the polarisation 
state of this pulse. The polarisation state is characterised by two component vector 
f=(f, . /,). The scale distance at which noticeable pulse broadening takes place is de- 
termined from system of equations (6.4.47d) and (6.4.47e). This is the normalised dis- 
persion length /, = Tig /2, where т„ is the initial pulse duration. The normalised 
distance at which the polarisation vector f turns through 27 is defined from the system 
of equations (6.4.47a)-(6.4.47c): 1, =2n/65. The /, is named the (normalised) beat 


length. 
If the power of the initial pulse is sufficiently high, i.e., the normalised Kerr length 
/,, 15 of the order of /, ог /,,, then the non-linear effects should not be ignored and sys- 


tem of equations (6.4.47) should be considered fully. The exact analytical solution of 
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this system is unlikely to be found. However, if /, >>/, or 1, <</, the approximate 
solutions can be proposed. 

Let the dispersion length be small with regards to the beat length, 1.е., /, <</, . At 
the distances scaled by /, the right hand parts of equations (6.4.47a) and (6.4.47b) are 
close to zero. Therefore the polarisation state can be considered as not altered. At the 
same time optical pulse duration and phase modulation may evolve significantly result- 
ing, in particular, in a soliton. As soon as the trial solution (6.4.22) is of soliton-like 
form there is no use to discuss multi-soliton solutions for the reason that the class of 
trial functions (6.4.22) does not contain any multi-soliton solutions of the initial prob- 
lem. The expression enclosed in parentheses in the second term in (6.4.47e) can be re- 
placed by 1-2(1-r)f, fy with the constraint of the equality f? + ff =1. As Jit 
the product 7 Г; is small compared with unity and it can be omitted or replaced by the 
product of ‘average’ values, 1.е., by accepting f7 = fy =1/2. 

For the first variant of the estimation system, equations (6.4.47d) and (6.4.47e) can 
be converted into the ones not containing f, and f,: 


P =2st_b, OG —1'b*)/n? -2«W? / пт, (6.4.48) 
dC dC 


In terms of the variable Х(б)=т,(С)/т„ the equations (6.4.48) yield 


aX 1 У 
Ge XP Эх 


(6.4.49) 


where у=4/л’ =/ and v=(8suW? / x’). Equation (6.4.49) has the integral of mo- 


tion 

2 

ad [ee aa (6.4.50) 
dt, ре 


where G, = (4 +у-у), В =Б(0). The equations (6.4.49) and (6.4.50) has been dis- 


cussed in section 6.4.4, where the collapse of optical pulses was considered. Hence, we 
can now use all necessary results of this section. The case of v<0 corresponds to an 
unlimited broadening of the initial pulse over the range of normal group-velocity dis- 
persion. In this frequency band the parameter v is negative and a soliton does not exist. 
We can see this result consistent with that is obtained in the framework of variational 
approach. If у> 0, which relates to the range of anomalies dispersion, variation vari- 
able X is limited. That means the optical pulse keeps a finite duration by oscillating 
around steady magnitude т, =1/нИ””. It is seen from equations (6.4.48) that this steady 
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pulse is not phase modulated. The oscillation of the pulse duration is not consistent with 
the numerical results because the trial function (6.4.22) does not account radiation part 
of the non-soliton solution of the initial equations (6.4.43). 

As long as the scale of polarisation state evolution /, exceeds /, significantly, then 


by assigning t,,(¢) in (6.4. а)-(6.4. с) to be equal to т, one can obtain a complete sys- 


tem of equations determining f,, Г, and Ф. Let us introduce the notations 
(©) = Г(@) and f,(6)=[1- £7 (0)]'’, then the equations (6.4.47b) and (6.4.47c) can 


be written as 


ты =-(1- f7)'’ sin®, (6.4.51a) 
аФ _ If = 


1 2 
de! = та Рут со$Ф + т(1-21^), (6.4.516) 


where 6'=5C€=2nC/1,, m=2u(1—r)W? /3t,8. Boundary conditions are chosen in 
the form 


f(G=0)=0, OC =0)=7/2. (6.4.52) 
From (6.4.51) it follows 


doos® _ 27-1 а 1-27). 
а ла-г) (-— 1”) 


Solution of the above equation is 
cos® =(m/2)f(l— f7)'”. (6.4.53) 


Let us introduce the new variable лу by the formula /(C’)=sin(y/2). Then equation 
(6.4.51a) and equality (6.4.53) allow to formulate the equation for y: 


т = 21 - (т/4)? sin? у. 


Hence it follows the expression for С’ through the elliptic integral of the first kind [243] 


~26' =F(y,|m|/4). (6.4.54) 
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Equality (6.4.54) yields 
cos w(G') = сп(26',|т|/4) ап@ sin w(C")=sn(2C',| m|/4), 


so that the functions f, and f, can be expressed through the Jacobian elliptic func- 
tions by the formulas: 


RO== sll + en(286,|m|/4)], RO== [I -en(28¢,| m|/4)}. (6.4.55) 


As far as the elliptic Jacobian cosine is a periodical function with a period 4K(|m|/4) 
(K(x) is the complete elliptic integral of the first kind [243]), then as it follows from 
(6.4.55) each of the components of polarisation state vector f oscillates in space with 
the period Z,, where 


Z, =2K(|m|/4). (6.4.56) 


When the pulse normalised power W grows, parameter |m| and Z, increase as well. 
When |m|=|m, |=4, period Z, becomes infinite. In this case the functions f, and f/f, 
are defined by the formulas: 


f= > +sech(286)], (= 9] (6.4.57) 


If |m|>4, then either the solution of equations (6.4.51) should be searched over again, 
or by using the properties of Jacobian functions [243] one can try to find the expres- 
sions for f, and /, starting from (6.4.55). It results in 


Яой + an(| m|36/2,4/| (6.4.58а) 


120) == [tani] mn] 36/2, 4/|m))]. (6.4.58b) 


In this case the oscillation period for these functions is given by the formula 


7, =4K(4/|m|)/md. (6.4.59) 
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which means that with increasing W*, period Z, approaches zero. As it follows from 
(6.4.58) at |m|>4 the state of polarisation is being gradually frozen, 1.е., maximum 
value of f,(¢) = (CG) decreases: 


max f, -3|1- 8] 


It is worth noting that the polarisation behaviour discussed above was observed in nu- 
merical simulation [151,153,154 ]. 

Let the dispersion length be much greater than the beat length: /,, >>/,. In this case 
the pulse broadening at the distance scaled by /, is negligible and polarisation state 
evolution is governed by equations (6.4.47a)-(6.4.47c) at т=т „. Their dependence оп 


W* functions f, and f, is defined by expressions (6.4.55), (6.4.57) and (6.4.58) with 
parameter m=2p(1—r)W? /3t роб. However, the actual beat length herein is Z, and 


with the growth of W* condition /,, >> Z, can be broken. The optical pulse broadening 
through group-velocity dispersion causes the relaxation of a non-linear effect contribu- 
tion (which is proportional to W*) to the dynamics of f(¢) that is formally displayed 
in the decrease of parameter |т| and presumably to a cessation of “non-linear beat 
length” Z, growth. 

It is noteworthy that if one changes the boundary condition (6.4.52) by taking 


f(G=0)=1/42, O(C=0)=0, 


then equations (6.4.51) will describe the soliton trapping effect [160], which may be 
treatment in the same way. 

It is convenient to present the dynamics of the polarisation state of the optical pulse 
propagating in a birefringent fibre by the phase plane of equations (6.4.51). In the gen- 
eral case these integral curves are defined by the equations 


fall—f? созФ —(m/2)f?— f?)=C, 


where C is any integration constant. These constants enumerate the integral curves. Fig. 
6.4.5 shows pictures of the phase plane under alteration of | т | round the critical value. 
The functions /(С) and cos®(C) are chosen as co-ordinates in phase plane because 
they are just what define the first integrals of the system (6.4.51). The integral curve 
passing through the point (f =0,cos®=0) is discussed in detail above. In Fig. 6.4.5 
the cases (a) and (b) correspond to the critical values of the parameter |m|, namely 
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|m|=1 and |m|=3, respectively. Figures for the case of critical value |m|=4 and for 
over critical one | т |=6 are shown in Fig.6.4.5 (с) and (d), respectively. We would like 
to draw attention to the fact that at |m|>4 a new stable stationary points with the co- 
ordinates 


f = 051+ (1—4/m?)""7] and cos® =1 


appeared instead of a stable point (f =1/ /2,cos® =1) which vanished. However, the 
point of rest with f =1/ J/2 and cos® =-1 is retained. 


Fig. 6.4.5 Phase plane of system (6.4.51). 
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6.5 Conclusion 


We have considered the propagation of the optical pulse in the medium, which is char- 
acterised by the weak nonlinearity, as usual it has been the cubic nonlinearity. The sim- 
plest model describing relevant phenomena is based on the Nonlinear Schrédinger 
equation. This equation is the completely integrable one, so the soliton solutions of this 
equation is the excellent mathematical tool to investigate the optical pulses in the non- 
linear fibres. The higher order nonlinearity, more than Kerr-type one, and the high-order 
group-velocity dispersion represent the next step in the development of the fibre optics 
theory. Here there are a few analytical methods for investigation of the non-linear pulse 
propagation. The variational approach is the one of them. We have discussed the base of 
this method and some of its generalisation in the frame of the one-dimensional models. 
Recently the variational approach has been extended into the field of the two- and three- 
dimensional wave structures, 1.е., optical beams and “optical bullets” [264]. We would 
like to point out that these optical structures exist in bulk non-linear media, however, 
they can be realised as surface waves too. 

Recently, great attention has been attracted to the use of the so-called dispersion 
management (DM) in long-haul fibre communication systems [122-136]. The term of 
the dispersion management denotes variation of the dispersion characteristic of the op- 
tical fibre along the axis. As usual, the periodic variation of the dispersion constant is 
provided by the connection in line fibre pieces with the normal and anomalous disper- 
sion of the group-velocities. The propagation of a short optical pulse in such fibre sys- 
tem is described by the generalised (non-uniform) cubic NLS equations 


Ca eee 
fae SO ae tela! (а, (6.5.1) 


where y(C) accounts for contributes from the homogeneously distributed losses and the 
periodically located amplifiers. The function s(C) periodically varies around its average 
value. A typical example of this function is sketched in Fig. 6.5.1. 


Fig. 6.5.1. 


Sketch of a non-symmetric element 
for dispersion compensation. 
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Under propagation of the optical pulse in this fibre the pulse duration periodically in- 
creases and decreases due to dispersion broadening and self-induced chirp. On the aver- 
age the pulse duration increases more slowly than in the case of the homogeneous fibre- 
line. Soliton transmission using dispersion compensating fibres has attracted great atten- 
tion. The DM soliton propagation has been investigated by both the numerical simula- 
tion and experimentally. It should be pointed out that the non-uniform NLS equation 
(6.5.1) is not completely integrable, thus there is no soliton solution of this equation. 
Only approximate method to the solution of this equation can be exploited. On the basis 
of the variational approach, which was considered in the previous section, the effective 
method has been proposed [129-133, 265,266]. So, in [266] the analytical formula for 
the soliton power enhancement has been obtained. The analytical expression is in good 
agreement with numerical results, in the limit when residual dispersion and nonlinearity 
only slightly affected the pulse dynamics over one compensation period. The found re- 
sults also allow to describe the shape of the DM soliton. 

In finishing this chapter we should like to advise the following surveys and books 
[84, 219,220, 267,268], which represent the wide field of the solitons and solitary waves 
application in fibre optics. 
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CHAPTER 7 


PARAMETRIC INTERACTION OF OPTICAL WAVES 


One of the broadest classes of phenomena in non-linear optics is the transformation of 
frequency of an electromagnetic radiation propagating in the non-linear medium. Har- 
monics generation of the fundamental wave (pump), sum-frequency and difference- 
frequency mixing are classified among these phenomena [1]. Under sufficiently high 
intensity of a pump the polarisation of a medium is not a linear function of the electric 
field strength of the wave. If the frequencies of an electromagnetic field are not in reso- 
nance with atomic transition frequencies, one can use a standard perturbation theory to 


reveal this dependency. So we can expand polarisation P ina power series of electrical 
field strength. This expansion is non-local due to the spatial and time dispersion of a 
non-linear medium. In the case of quasi-monochromatic fields, the polarisation is pre- 
sented as a sum of its Fourier components. For the order n of the perturbations theory 
the correction term to the Fourier-component of the polarisation can be written as [2]: 


(о) = У” (1,07... EO) @E(O,)®... BS,,). 
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where sign T marks a tensor product. Tensors of the nth rank 1”, named as non- 


linear susceptibility, describe different processes of the electromagnetic waves interac- 
tion. The non-linear effects, described by the mth rank tensors of non-linear susceptibil- 
ity, are often interpreted as the interaction of the (n+1) waves. 

Among all similar interactions the simplest are the three waves interactions. One can 
say that non-linear optics began from the study of these particular processes, which re- 
duce to the sum-frequency mixing and difference-frequency mixing. These phenomena 
will be observed in section 7.1. In the undepleted pump approximation the known re- 
sults of the parametric amplification and parametric generation [3,4] will be derived. 
When the group and phase velocities are equal, the equations of the 3-wave interaction 
can be analytically solved [1,5]. But this exact solution describes a stationary regime of 
interaction and propagation of three collinear waves. When frequencies of two waves 
from this triad are equal, then the third wave has twice as large frequency. In this case 
they say about second harmonic generation (SHG) [1-3]. This is the well studied 
process [6-11], in which all peculiarities of the 3-wave interaction exhibit to a large 
scale. The resonance Raman scattering [12-15] under condition of weak variation of the 
energy levels population of a medium and the scattering of optical waves by an acousti- 
cal wave [16-26] can be considered from one position as the specific realisations of the 
3-wave interaction. In both cases the systems of equations, describing these processes, 
can be 
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transformed into one universal system [27,28]. We will consider these phenomena as an 
example of the 3-wave interaction being referred to as Raman scattering process. Fol- 
lowing [12-15, 27,28] one can demonstrate that under certain conditions the reduced 
Maxwell-Bloch equations appear here, which describe the propagation of the ultrashort 
pulse in a resonance medium (see Chapter 4). Due to this property the Raman scattering 
can be analysed in terms of IST method [12,14,15,18]. 

Section 7.2 is devoted to the consideration of 3-wave interaction under condition of 
phase matching in terms of completely integrable systems [19-26, 29-35]. A vast 
amount of useful and important results were obtained in this direction of investigation 
[26, 36,37]. It is remarkable that the system of equations, describing the parametric in- 
teraction of two waves, can be solved by IST method for a 3D case [38-42], whereas the 
most of soliton equations are one-dimensional ones. The main results concerning the 
parametric interaction of the 3D solitary wave packets are presented in the surveys 
[43,44]. It should be noted, that the non-collinear parametric interaction which corre- 
sponds to the case where two waves are similar oblique waves propagating at equal and 
opposite angles to one direction can be integrated analytically [45] without the use of 
IST method. The equations for 3-wave interaction permit both the infinite number of 
conservation laws [30,41] and the Backlund transformation [34,39]. They can be pre- 
sented as the Hamiltonian equations by employing the r-matrix [46]. It was shown in 
[47-49] that these equations pass the Painleve test and that there is a class of self-similar 
solutions, expressed in terms of Painleve transcendents P-V and P-VI. All that is the 
characteristic properties of the completely integrable systems of equations [50]. So the 
integrability of the quantum problem of three wave mixing [51-56] is not surprised. 

It should be emphasised, that the 3-wave interaction gives an example of the disper- 
sionless propagation of the non-linear waves. They often say that soliton is the result of 
the compensation of dispersion broadening and non-linear compression of the wave 
packet. The 3-wave interaction just demonstrates the narrowness of this statement. Due 
to the absence of the phase and group velocities dispersion the solitons in this process 
do not detach from the non-soliton part of the solution (which is often named radiation). 
It seems very difficult to study the process analytically, so one has to confine the inves- 
tigation to some particular solutions. In this connection it is worth to refer to publica- 
tions [45,57]. In [57] the particular solution of the non-stationary SHG was obtained by 
the bilinearization method. This method was developed by Hirota in [58,59] and has 
been successfully applied to the wide class of non-linear evolutionary equations [60]. 
The non-collinear SHG provides an example of a specific case of the 3-wave interac- 
tion. In [45] an exact solution of this problem was found without employing the IST 
method. The solution obtained explicitly illustrates the non-separability of the soliton 
and non-soliton parts of the solution of these three wave interaction equations. 

The natural generalisation of a theory of 3-wave interaction is an account of the 
group velocities dispersion of the interacting solitary waves [61-64]. Attention was paid 
to a 3-wave interaction of four [46,47, 65-67] and more waves [68-71]. More complex 
processes, where parametric interaction is accompanied by resonance transitions in a 
multi-level medium, was discussed in [72-74]. In [75,76] a three-wave mixing was ex- 
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plored in detail in an inhomogeneous medium presented by a thin layer at the interface 
of two linear dielectric media. 

The four-wave interaction should be considered as the next one in the hierarchy of 
complicated non-linear effects (see for example [65, 68,69,71]. It will be noted in sec- 
tion 7.3 that all processes of this sort can be reduced to the sum-frequency mixing 
(when the sum of the frequencies of three waves is equal to the frequency of the output 
fourth wave), and the hyperparametric scattering (when the sum of the frequencies of 
two waves is equal to the sum of the frequencies of another pair of waves). The systems 
of equations describing these processes can be unified in such a way that one may ob- 
tain valid results for all other processes having considered only one process. We omit a 
simple case of the given pump approximation and turn immediately to a stationary wave 
mixing, which can be considered rigorously under condition of phase matching. A spe- 
cific case of the 4-wave interaction is the third harmonic generation, which will be ob- 
served in this section. 


7.1. Three-wave parametric interaction. 


Let the non-linear characteristics of a medium be described by non-linear susceptibility 


of the second order 7‘. They call it quadratic non-linear media. Let the waves with 


the carrier frequencies @, and ©, propagate along 2 axis. As the polarisation is the 


non-linear (quadratic) function of the electrical field strengths, the waves with carrier 
frequencies © =@, +@,, © =2@, and w = 2, appear in such medium. These waves, 


in their turn, can cause the generation of new waves with the frequencies 
@=20,+0,, ®©=@, +2@,, and etc. But in a dispersive medium all these processes 


are not equally efficient. There is a condition of phase matching, which selects a certain 
type of interaction of three waves, leaving all other unaffected. Sometimes such phase 
matching takes place for the waves propagating in the same direction. In this case they 
say about collinear parametric interaction. In this case the distance where the interaction 
of waves occurs can be made sufficiently long and, consequently, the effective fre- 
quency transformation will take place. On the contrary, when the phase matching is 
achievable only for the waves propagating in different directions, their interaction oc- 
curs only in the field of overlapping of the wave beams. Non-collinear parametric inter- 
action is worth to draw special attention as the number of interesting results concerning 
the integrability of three-wave mixing equations have been found. 


7.1.1. THE UNIFICATION OF EVOLUTION EQUATIONS 


Let us consider the situation when only the collinear propagating wave with sum- 
frequency or difference frequency is generated. In the slowly varying envelopes and 
phases approximation, the system of equations describing the interaction of the three 
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waves has the following form 


— + ——|§, бов СЕ Де &S& +iAk z) , 7.1.1 

an os, i Hoe › ©; exp(+iAk z) ( a) 
о 120 4no>%(@3,-@,) _» 

Sep Sey & & +iAk z) , 7.1.16 
oe 2) Fst о , ©; exp(+iAk 2) ( ) 
И ee 4х (© 1,0) 

be atta Вы. & 5 —iAkz) , 7.1.1 

и. 2) waa HG 1 © exp(—iAk z) (7.1.1с) 


where Ak = К. — (К, +k,), for a sum-frequency mixing process ®,=@, +@,, and 


О АО 41 1х (@ 3,05) 
ge ee ee р +iAkz) , de 
[2 2 РЕЯ о › &з exp(+iAk 2) (7.1.2a) 
д 1 д 4no д (@,,-@3) * 
ее ы =: —iAkz), 7.1.2b 
[2-4 ы et Ass 3 &, exp(—iAk 2) ( ) 
0 10 4nw 37? (@,,-@5) р 
ея <. © -iA 7.1.2 
(244 2) = Mile › & exp(—iAk z) , ( с) 


where ДА =К. — (К, —k,), for difference-frequency mixing @,=@,-—@,. In these 
equations у, ,k =1,2,3 are the group velocities of the corresponding wave. Here the 
effects of group-velocity dispersion are neglected. 

If we choose new variables & =. 7,Q,, © =.7.Q0,, &,=- (73 О, Гог Ше сазе 


of sum-frequency mixing, and & =. Оз, & =. 0, &=./У3 Оз, for the 
case of difference-frequency mixing (the indices at the velocities of the first and the 
third waves should be changed in this case), then one can write both systems of equa- 
tions in unified form. This form is used in the theory of the three-wave interaction by 
Kaup [3,4] and also in the book [5]. 


М =1BQ, О; exp(+iAk z) , (7.1.За) 
a +— =. | 0 =ВО: О, exp(+iAkz), (1.1.35) 
OZ у) Ot 

о О, =—ВО, О, exp(+iAkz), (7.1.3c) 

Oz у. Ot 
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where В = 717273. Coefficients y, serve as constant factors in right-hand parts of 


equations (7.1.1) and (7.1.2). In the transparent dielectrics the non-linear susceptibility 
included in these factors are identical. So the expression for у „ can be written as 


_ Ano, 4° (1,0) 


7 


F =1,2,3. 
cn ,) " 


It should be noted, that this system of equations describes the case of decay instability 
in the theories of three-wave interaction [3,6]. 

Parametric three-wave interaction, considered here, refers to the collinear propaga- 
tion of the interacting waves. If to assume that the directions of all three waves are dif- 
ferent, then spatial derivatives in the equations (7.1.3) are to be changed for the direc- 
tional derivatives in accordance with the wave vectors of each wave. We can arbitrarily 
assign directions of only two waves, then the direction of the third wave will be fixed 
by the wave synchronism condition. In other directions the generated wave is very weak 
because of a phase mismatch of all the three waves. 


7.1.2. PARAMETRIC INTERACTION UNDER APPROXIMATION 
OF UNDEPLETED PUMP 


Let us consider a parametric sum-frequency mixing and difference-frequency mixing 
provided that the difference of group velocities of interacting waves is unessential (it 15 
a condition of group synchronism, у, =v, =v,) and that the amplitude of the pump 
does not change. Both conditions are satisfied for sufficiently fine crystals. The second 
condition implies small efficiency of frequency transformation that usually happens if 
the phase matching condition does not hold. Under this approximation (undepleted 
pump approximation) the system of equations describing the parametric frequencies 
transformation can be linearised and solved. 

It is the best of all to consider the unified system (7.1.3) separately for the processes 
of sum-frequency mixing and difference-frequency mixing. Indeed, assuming the ampli- 
tude of the pump to be constant from equations (7.1.3) for parametric generations of a 
wave with sum frequency we can get that 


0 = * * 

ae 22 = ВО Оз exp(+iAk§), (7.1.4a) 
д a 

ae О; =-ВО, О, exp(t+iAk &), (7.1.4b) 


06 
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and for the generation of the wave with difference frequency 


0 = * * 
ЕЯ = Оз QO, exp(+iAk &) , (7.1.5a) 
0 ~ * * 
ae 2? =ВОз О, exp(+iAk &), (7.1.5b) 


Here €=z,t=t- у 12 are new variables. 
In equation (7.1.4) the amplitude of the pump wave Q,, is a constant value. By de- 


noting ВО", =u, the system of equations (7.1.4) becomes linear non-uniform equa- 
tions. Substitution 


О, = Aexp[iAk&/2], О; = В" exp[iAké /2] 
allows us to rewrite these linearised equations in the following form: 


Е ао: =e (“Je i A=0 
ae А о Ш A=Q. 


This is а set of equations with constant coefficients which can be solved by standard 
procedure. The solution has the following form 


By — (Ak / 2) Ay 


A(&) = Ay cosQE +i о sinQé, (7.1.6a) 
pw Ay +(AK/2)By 
B(&) = By cosQE +1 О sinQé , (7.1.6b) 


where Ао and Ву are initial values of the normalised amplitudes of idler and signal wave. 

From expressions (7.1.6) we can see that these waves vary in space with the space- 
/ 

frequency © = (ыР +(Ak / 2)? Е 


Parametric difference-frequency mixing process can be considered similarly. The 
pump wave amplitude is Озо in this case. The system of equations (7.1.5) in terms of 
variables 


О, = Aexp[iAk&/2], О, = В" exp[iAk& / 2] 


апа Вох = takes the form of linear equations 


д иВ =0 — [+ “4=0 
eo) ips =O, 2 В in А=О0. 
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Solution of these equations can be presented as following 


HB, — (АА /2) А . 
A(&) = Ay coshQ€E +i О sinh Qé, (7.1.7a) 


и” Ay — (Ak /2)By 


B(&) = By cosh ОЕ О 


sinh Qé , (7.1.7b) 


where now Q = (a —(Ak / ay)" , and Ао and Bp are initial values of normalised am- 


plitudes of the idler wave and signal wave as it was previously. 

Zero value of the idler wave amplitude Bo = 0 often serves as initial amplitudes. In 
this case expressions (7.1.7) transform in those often quoted in different books (for ex- 
ample [1-4]). 


7.1.3. STEADY-STATE PARAMETRIC PROCESS 


If the spread of non-linear medium is not large enough to notice a spatial separation of 
the interacting waves, then the difference in group velocities can be neglected in equa- 
tions (7.1.3). The system of equations (7.1.3) then writes 


д к ok * 
mas = ВО, О, ‚ (7.1.8) 


д р 
pe 22 = BOO". те 


д Е ay 
ae О, =ВО, О; , ae 


06 


where &=2,т=#-— viz , and у = vj= v2 = уз. This system can be solved exactly [1]. 
Let us define the real variables according to the formulae: 


к =u, ехр@ф,), P=9,+,+@,. 


It follows from equations (7.1.8) that 


с = Buu, sin® , се = Вили: sin® , a = Buu, sin® , (7.1.9a) 
ae ef ыы о (7.1.95) 
05 uy Uy us 


By using the amplitude equation (7.1.9a) we can write the phase equation as 


ОФ = со5Ф д 
08 sin® 0& 


In(u,u,u;). 
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After being integrated this equation yields 


u,U,U,COSM = const . (7.1.10) 
Besides this integral of motion three more integrals result from equations (7.1.9a) 
ии: =m,, us tus =m, и? +u; =m, (7.1.11) 
where the following expression comes from 
и +и> +2u; =const. 


This formula is known as Manley-Rowe relation. 

The constants in all these expressions are defined by the initial or boundary condi- 
tions. Let one of the fields take zero value at least in one point of the characteristic. 
Then the constant of integrating in (7.1.10) is chosen to be zero, and, consequently, eve- 
rywhere we take D= 7/2. 

Substitution of variables и! and uz from (4) into the equation (7.1.9a) gives an equa- 
tion: 


as 


de = -В. (и: —и (т. -и,). 


Let m, > т, for the sake of certainty. The solution of this equation is expressed in 
terms of Jacobian elliptic functions: 


и. (Е) = т, sn(im,é, К), (1.1.124) 


where k = т, /m, is а module of these functions. The rest of solutions of (7.1.2) are 
expressed by formulae 


u,(E) =m, calm, К), (7.1.12b) 
u,(€) = т, da(Bm,é, К). (1.1.126) 


In the case of m, = m, these solutions degenerate to the following 


и, (8) = m, tanh(im,é) , (7.1.13a) 
u,(E) = т, sech(m,é) , (7.1.13b) 
u,(€) = т, sech(6m,é). (7.1.13¢) 
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Expressions (7.1.1.3) describe the propagation of two solitary waves in the form of hy- 
perbolic secant pulse, and the dark solitary wave associated with them. 


7.1.4. SECOND HARMONIC GENERATION 


There is a specific case of parametric process of sum-frequencies mixing. For a long 
time optical harmonics generation was the basic phenomenon to produce coherent ra- 
diation in the frequency band where there were no laser sources. Though nowadays the 
development of laser technology has made this application less actual, it is necessary to 
remind, however, that coherent radiation of the record short wavelength (for example, 
38 nm) was achieved by means of third-harmonic generation under two-photon reso- 
nance conditions with four-harmonic of Nd*?-glass laser radiation pumping [77]. Har- 
monic generation remains so far as an actual mean of non-linear spectroscopy, which 
allows to get data on non-linear susceptibilities of different media. 

The theory of parametric processes can be developed on the base of reduced Max- 
well equations (under non-resonance conditions) or Maxwell-Bloch equations (under 
resonance conditions). Stationary processes of harmonic generation present the most 
complete part of the theory. In non-stationary regime the analytical results can be ob- 
tained under the approximation of an undepleted pump. It turned out that the IST 
method can be applied in some exclusive cases too, and then one manages to find an 
explicit solutions of the reduced Maxwell equation for the interacting waves. Some of 
these solutions are solitons. 


Phase matching 

We will consider a stationary process of the second-harmonic generation (SHG). This 
effect occurs both in the field of continuous wave and under the pulsed pump when the 
length of a non-linear crystal is much less then the dimension of a space occupied by 
pulse or when the propagation velocities of pump and harmonic pulses are equal. In this 
case reduced Maxwell equations (7.1.1) are as follows 


ae a (2@,—@)&, ©› exp(—iAkz), (7.1.14) 
1 
d&, —_ 8nw” 
Ре Ех (6.0) exp(iAkz), (7.1.15) 
2 


where Ak = 2k, —k, and we define that 


К = oc 1/5 (6) =ac 'n(o), k, = 2ac | VE(2@) = 2c 'n(2o). 
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If Ak =0, then they say that SHG takes place under conditions of phase synchronism. 
It is named the phase-matching process. The physical meaning of this condition can be 
understood if to re-write Ak in the form: 


Alps 2=[no) ~n(20)], 


where n(@) and n(2@) are linear refractive indices of the medium at the frequencies of 
pump (©) and harmonic (2 @ ) waves. Hence 


Ak = 20 у (®) — v5, (2), 


where v,,,(@)and v,,,(2) are the phase velocities of the corresponding waves. So the 
phase-matching condition means that the phase velocities of interacting waves are 
equal. If Ak #0, interacting waves are not synchronised in phases. In a distance 
Г, =|cAk~'|, known as the coherence length, the phase mismatch becomes equal to 7. 


It is important to emphasise that this condition has no relations to SHG. This is a gen- 
eral result for interaction of waves of any nature. Wave interaction is the most effective 
if the phases difference of the interacting waves is constant. For instance, for the Nth 
harmonic generation the phase-matching condition yields 


Ak = Nk(@) — КСМ) = Му (@) — v5, (№). 


In a more general case, if the parametric interaction of the waves with frequencies @, 
and @, gives rise to the wave with frequency @; =@, +@,, then the phase-matching 
condition is represented by the expression: 

_ &)N(@,) EO ,N@,)— O3n(@3) 


Ak = ‘ 
с 


Let the phase-matching condition not hold. In a dispersive medium refractive indi- 
ces are different at different frequencies, if only special measures are not taken. The ef- 
ficiency of SHG will be insufficient, as far as the transformation into harmonic changes 
for reverse process within a distance of coherency. Let us suppose that the amplitude of 
the pump wave does not alter, which means the undepleted pump approximation. Then 
we have one equation for the second harmonic amplitude instead of two (7.1.14) and 
(7.1.15): 


d&, 8по’ 
2 nj (0) 52, exp(iAkz), (7.1.16) 
dz Ck 
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where ©, = &,(z=0). The solution of this equation can be obtained by integrating 


(7.1.16) with respect to 2 from 0 to L, where L is a length of non-linear medium (for in- 
stance, non-linear crystal): 


8 (2) Е 
ВЕ О een TD) 


sin(AKL / 2) 
cn(2o) | 


ДА 
Second harmonic intensity, averaged over the period of quick oscillations, is 


4(4n)?o*|y(@,@)) _, sin? (AKL / 2) 


Е сЗп? (в)п 2) м? 


(7.1.17) 


One can see that the intensity of second harmonic varies periodically in a non-linear 
medium with the period L, =|cAk~'|. Under condition L << L, it is seen that harmonic 


intensity 7, changes as L’ , and it does not depend on Ak . Square-law dependency of 
second harmonic intensity on pump intensity Го is characteristic for the process of 
SHG, and, as it will be seen further, this dependency does not follow from the unde- 
pleted pump approximation. This dependency is violated when SHG occurs in focused 
optical beams. But for the case of plane waves under current consideration such de- 
pendency means that two photons of pump wave give birth to one photon of harmonica. 

Let the uniaxial crystal be used as a non-linear medium. Denote the angle between 
the direction of waves propagation and the optical axis of crystal as 0. The refractive 
indices n(@) and n(2@) depend on this angle by the formula 


520 соз’0 7 1 


+ = 
2 2 270)" 
ny ny п. (8) 


(7.1.18a) 


for an extraordinary wave and do not depend on 0 for an ordinary wave. If и, < no, 
they say that this is a negatively-birefringent uniaxial crystal. The crystal with и, > Ио 


is named а positively-birefringent uniaxial one. Let us consider the negative- 
birefringent uniaxial crystal (for instance, in the crystal of tellurium and KDP) and as- 
sume that n)(@)>n,(2@). Then there is an angle 0,,, which indicates the direction of 


synchronism, so that 
Ny (@)=n, (20, 9,,). (7.1.18b) 


Here SHG corresponds to the scheme 0+0—e, 1.е., two quanta of ordinary pump 
wave give one quantum of the extraordinary wave of harmonica. This is an illustration 
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of type I phase matching. The phase-matching angle is determined from (7.1.18) by the 
expression: 


. | no? (@) — Ng? (20) 
sin®,, = ,{—5 = Г 
п (2) — по? (20) 


In the positively-birefringent uniaxial crystal the phase-matching angle is given by the 


similar formula: 
| по (®) по’ (20) 
5т0„ = a =) | 
по (©) -п, (6) 


It is interesting that phase-matching condition may be satisfied in the scheme 
е+о—е too, when two photons of pump ordinary and extraordinary waves give one 
extraordinary second-harmonic photon. This is the type II phase matching. 

Thereby, in anisotropic crystals the phase-matching condition can be satisfied and 
highly efficient SHG can be achieved. There is the more complicated phase matching 
condition in the case of the biaxial crystals [3]. 

System of equations (7.1.14) and (7.1.15) under condition Ak = 0 can be solved ex- 
actly. Let us present complex functions &, , ©, as 


& =p, exp(i9,), GS =P, ехр@ф.). 


Real amplitudes and phase difference Ф =2@, —@, are determined by the solutions of 
equations which follow from (7.1.14) and (7.1.15) : 


dp 

Je = AP iP2 sin ® (7.1.19) 

Ч 

Fe =ap,?sin®, (7.1.20) 
2 

d® 

Pe —a(2p5 api / p3)cos® , (7.1.21) 


where а = Атос и (©) (@,@). Equations (7.1.19) and (7.1.20) possess ап inte- 
gral of motion 


р: (z) + p5(z) = po = const. 122) 
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Here ру is a value of real amplitude of pump at the boundary of non-linear medium. 
For the sake of certainty we will consider that harmonic wave is absent there. By ex- 
cluding variable p, by means of (7.1.22) from (7.1.21) we can find the second integral 
of motion 


р» (рё — p3)cos@ = С = const. (7.1.23) 


When the undepleted pump approximation is valid, then at z— 0, the phase difference 
®— 1/2 as p, 0. Hence the integrating constant in (7.1.23) can be found exactly: 


рэ(ро — p3) cos = 0. 


With taking (7.1.22), (7.1.23) into account, one can find from equation (7.1.20) the 
equation Гог p,, which solution under initial condition p, =Ois: 


P>(Z) = Ро tanh[apoz]. (7.1.24) 


Fig. 7.1.1. 


Normalised plots of second harmonic inten- 
sity and fundamental intensity vs length of 
medium z 


The dependencies of the normalised intensity of the second harmonic /,(z) = р. (2)/ Do 
and the normalised intensity of the fundamental wave J,(z)=p;(z)/p, versus length 
of the non-linear medium 2 for perfect phase matching Ak = 0 differ noticeably from 
these dependencies for a finite phase mismatch (Fig.7.1.1). This expression shows that 
the second harmonic intensity is proportional to a square of pump intensity, as it has 


been already found in the frame of the undepleted pump approximation. The distance 
z., Which is equal to 


z, = АТ (ар), 


PARAMETRIC INTERACTION OF OPTICAL WAVES 449 


gives a length of a non-linear crystal, on which second harmonica amplitude reaches 0,9 
part of the initial value of pump amplitude. It should be noted that if Ak is not zero, 
systems (7.1.14) and (7.1.15) yet have an exact solution, but it is rather cumbersome to 
analyse it here. 


Solution of SHG equations by Hirota’s method 

Now we can go over to the analysis of SHG under the phase-matching condition, when 
pump depletion should not be ignored. System of equations (7.1.14) and (7.1.15) in 
terms of normalised complex envelopes of pump and harmonic pulses has the form 


ODS is ь 4, 
OT Ч! Ч› 2 OC 


Sigs (7.1.25) 


where &,(t,Z) = 919, (t,Z) ‚ © (1,2) = © 4›(,2) are the envelopes of pulses. Direc- 
tional derivatives are 


Rae 
Oz v, Ot OT OZ у, Ot OS 


where K is a coupling coefficient: 


Ana? : 
К= а (6, 9) &10 5 
1 


In ref. [57] the solution of the SHG equations was derived by Hirota bilinear trans- 
form method. Let g, be in the form 


G 
4=—, ImF=0. (7.1.26a) 
Е 
From the first equation of (7.1.25) we obtain 
get enc [- 6G “a 
92 EG a Ot) 


In terms of Hirota’s D-operators [58-60] the above expression can be written in the 
form 


(2 —S DG -®). (1.1.265) 
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Substitution of this expression into the second equation of the system (7.1.25) leads to 
D,(D,(G- F)-G*F)=-(GG")’. (7.1.27) 
Complex conjugation of the equation (7.1.27) gives rise to 
D.(GF-D,(F-G").)=~(GG")?. 

The summation of the two above expressions yields 

D.(D,(G-F)-G'F) + D(GF-D,(G" -F))=-2GG")?. 7.1.28) 
A useful property of Hirota's operators [60] 


D,|D,(a-d)-cb + ad - D(c-b)|= 
= D,D,(a-b)cd — abD, D, (c-d) + 
+2. (а -b)D,(c-d)— D,(a -b)D,(c-d). 


and the equality D,(a-a)=0 can be exploited to transform expression (7.1.28) into the 
following 


D-D,(G-G")F? - GG" D,D,(F - F)=-2(GG")’. 


This expression can be rewritten in the form of two bilinear equations with respect to 
functions F and С: 


D-D,(G-G")=0, (7.1.29a) 
Б.Б. (Е.Р)=2(СС”)®. (1.1.295) 


According to the general approach to bilinear equations [58-60], we expand F and С in 
terms of the powers of a parameter 5, 


F=l+ef,te’ fy ВЕ Pcs, 
G=€ég, see as а 


Substitution of this expansion into (7.1.29) and equating the terms with the same pow- 
ers 
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of = yields in the first order of & 


DD, (8050; (7.1.30a) 
in the second order of 5 
DD, (= т) =0, (1.1.306) 
рр. (У, ale if) = 28181 -D-D.(f; efi) (7.1.30c) 
in the third order of 5 
D-D,(g, 8 +8 ‘в“)=0 (1.1.304) 


ВВ 1+1. №) =28:8> +2281 - Р.Р (А ‘forth fi) ‚ (7.1.30e) 
and so on. Equation (7.1.30a) in a conventional form writes as 


aye. 
Ot06 — 


The solution of this equation is Г, (бт) = A(t) + h (С), where A(t) and h (С) are arbi- 
trary functions. In order to solve the equation (7.1.306) we denote ©, = Rexp(i@) and 
rewrite the equation (7.1.30b) in terms of real variables 


6*R OROR |, dy a9 
6106 Ot OE _ Ot 0С` 


If function @ is chosen as P=@,(t) (or as P=@,(C)), then the solution of this equa- 
tion is R(t,¢) = R,(t)R,(C), where R,, are arbitrary functions. Then 


82 =R,(t)R, (С) explie , (t)]. 


Equation (7.1.30c) allows to find /,(€,t). We can rewrite it, taking into account the 
properties of D-operators and the representation of /,(C,T), 


0° fs 
otToS 


on ak 
Ot OC ` 


= В? (т)? (6) + 
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Let the functions R,(t), А. (С) be chosen as 


i ch , oh 
К (=o7 Ry =‘, 


where o is some constant. Hence, /,(¢,t) obeys the equation 


д? Gh Oh 
fa =(1+07)——, 
09х06 От oC 


which results in f,(C,t) = (1+9? )h(t)h (6). 
One can find that Р.О, (о. fy) =0. If we assume that g, = f, =0, then the power 


series in terms of ¢ for / and С are the finite sums. Thus, one obtains 
Е(б, т) =1+ h(t) +1 (9) + +0?) (т)й (©), 


. В ЕВ 
(¢,t)=9 at at exp[ip(t)]. 


The solution of SHG equations is given by the formulae (7.1.26) 
It is interesting that the SHG equations lead to the conservation law 


alg, Е да, 
OT 96 


=0. 


That means that some “potential function” “WO can be introduced, such that 


м-в (7.1.33) 
Ч 1 = aC › 92 = at . Pa les 
By the direct evaluating of the partial derivatives we can find 
2 a 
› |< oO lnF 
=— = Е 7.1.34a 
since the “potential function” is 


OlnF 


W=- 
Ot 
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We can also write an expression for |g,| which is similar to (7.1.34a): 


5 0?шЕ 
14| =- т (7.1.345) 
Ot 
Let us consider the particular forms of the functions A(t) and h (С) 
h(t) = ехр[ 3 |, h(C) =exp[9,], $,=Q,7, $,=0,¢. 
From (7.1.34) one can obtain the following expressions 
Q,,Q,07 exp(9, + 9 
| = ВА: Зав >, (7.1.35a) 
(1+ exp(9,) + ехр(3 ›) + (1+9? ) ехр(9. +3,)) 
О? exp(9, (1+ exp(9, ))(1+ + 67) exp(9,) 
ыы нев) ) . (7.1.35b) 


(1+ exp(9,) +exp(9,)+ (1+ 07 )exp(9, + 9,)) 


We would like to remind at this point that the characteristic coordinates т and € are 
defined as 


(2 = v,t) and ¢= 


Vie vs У 


Generation of second harmonica as inverse problem 
The system of SHG equations has a zero-curvature representation [50,57], that allows to 
find its solutions by the IST method. It is useful to demonstrate here how this represen- 
tation can be found. 

Let equations of IST method be in the form 


ow, 


=U(A)w , 
Ot (Лу 


w 
—=V(A)w, 
Bc (A)y 


so the system of equations (7.1.25) is to coincide with matrix equation 


Cae [702,005 035 
Е ee (7.1.36) 


454 CHAPTER 7 


Evidently, matrix О must depend only оп 42, Matrix Г depends only оп 41. Let these 
matrices be in the form of Zakharov-Shabat spectral problem: 


_[-^ о (A В 
оао оз [ 1 | 


Let us assume that Г = yw, / W ,. Matrix equation (7.1.36) under these assump- 
tions and equation for 42 may be written as 


A * 
21 =aq,C -—Bg,B, (7.1.37a) 
OT 
< + 2iXB = —iag; -20q,A, (7.1.37b) 
| 
=- — 2iXC = iq,” +284>А. (7.1.37c) 
t 
If in addition we expect that И | < Ш. = Т 3 , then from the two last equations 
of this system one can find that 
b(A)=-a(2A)", c(A)=-B2A)', A=-i(2A)"'lq,/. (7.1.38) 


To determine the remained parameters a and В one should use equation (7.1.37a) and 
(7.1.38). The integrating in (7.1.37a) can be carried out if to engage the equation for 41. 


OA _ В \ a * |2 _ 
точ: в вм: и 


_(_oBy. -_ « ) ( юВ да. „да |_[_ iop\alal’ 
-( 5:4 aaa)-( a on ох Ч, |= 5). РВ 


Ву comparing this result with the preceding one, we can conclude that af = 1 and inte- 


grating constant is zero. Here we have two possibilities to choose the values of the pa- 
rameters © and В: eithera = В =1 or a = —f =i. In any case we have a condition 
(reduction) for the spectral problem: R = О*. So, the U-V matrix of zero-curvature rep- 
resentation has the form [57]: 


~ik 4 i\( lal ig? 
vay ( + A ra -(-4]| ны | (7.1.39a) 
qx № 2). ig; а 
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—iA iq, WG? Se 
U(A) -( oe ae ) oe VAS (- A у ; (7.1.39b) 
— 42 iA 2A ay — 9. 


Here it is useful to note that in both cases the spectral problem with U-matrix deals 
with Hermitian operator. Therefore there are no complex values in its discrete spectrum 
and, consequently, equations (7.1.25) have no soliton solutions vanishing at infinity. It 
does not mean that there are no stationary (steady-state) solutions, or there are no Back- 
lund transformations, or infinite set of conservation laws. 

Let solutions of the equations (7.1.25) depend on the single variable n= К(2- Vt) 
only. Here V is a common group velocity of the coupled pair of interacting waves. In 
this case equations (7.1.25) reduce to the system of the ordinary differential equations, 
which differ from (7.1.14) and (7.1.15) only by the notations. Turning back to real am- 
plitudes and phase difference, we obtain the system of equations (7.1.19)-(7.1.21). So 
the stationary solutions of (7.1.25) can be written as 


fm 
q,(n) = sech| y See een ay | 


__, [2 (v, -V) VV 
МИ, 7) ant 0, Vv, - >] | 


In so far as the phase difference does not change, the field of the pump can be chosen to 
be real, and the field of harmonic has the 2/2 phase shift. It is worth to note that the 
pump envelope does not vanish at infinity that reminds a dark soliton. Velocity V 
should satisfy inequality Г < min(v,,v,). 


The form of conservation laws for non-linear evolution equations solved by means 
of the IST method, is determined by a sort of spectral problem. As Zakharov-Shabat’s 
spectral problem is concerned in this case, we have the same conservation laws. If the 
boundary conditions are such that the V-matrix at plus infinity is equal to V-matrix at 
minus infinity, then there is an infinite series of integrals of motion. The expressions for 
conserving densities are assigned by standard formulae, which are obtained for the 
whole class of AKNS of evolution equations under the corresponding reduction. 

Let us consider U-V-matrices аз the functions of complex variable 4. They have the 
same singular points as U-V-matrices of zero-curvature representations of the Maxwell- 
Bloch equations in SIT theory. As a result we have a chiral equivalence of SHG equa- 
tions (7.1.25) and equations of motion in the principal chiral fields theory. 

Backlund transformation for (7.1.25) can be found by the same procedure as for 
Maxwell-Bloch equations or Sin-Gordon equation. Let us transfer from linear equations 
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of IST method to Riccati equations 


2iAT ГАИ. —=-24AT-BI’°+C 
—— = = — = + 
OT ? 42 92, OC 


where [=w,/wy,. Changing over to new variables Г’ and X’ so that the form of 
Riccati equations does not alter, we have to change variables q,, A, В, and С in some 


special way. Let Г’ = Г '. Then it can be shown that the forms-invariance of Riccati 
equations is ensured by additional transformation q, according to the formula 


gt HORT 
q2 a q2 1+ СР 


This expression is named the Backlund transformations of g,. Sometimes they call it 


the Darboux transformations. 

U-V matrices obtained above correspond to a zero-curvature representation of the 
SHG equations (7.1.25). If we return to the initial co-ordinate frame, which is connected 
with the non-linear crystal, these equations can be written as: 


24, 1 oq, ik 64, 1.» 


ВА OF 1. OF yop ЧР 


where independent variable Z and T are normalised as Z= К2, Т = КЕ, where К is the 
coupling coefficient. In equations of IST method we can go over to this new independ- 
ent variable, thus 


(2442) ais [2 14) sok 
97 у, OT Ww (A)w , 07° v, ЭТ Y= (Л), 


and to rewrite them in the following form 


OW = 
ap =U O0w. (7.1.40a) 
би - 
Зуи, (1.1.40) 


OL 
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where 
. Го 
уу 9 92 +7) “1 
aay oe | a 2h 
Ml 4+9? А-а 
О о: 
| (7.1.41) 
iv у, 
м 1 inv, — 5 lal “Vides 
i у, -У У #9 iV, 2 
eon TMT 5 91 hy, +5) lal 


Now it is possible to consider equation (7.1.40a) as a spectral problem of IST method. 
Evolution of spectral data is found from equation (7.1.40b). As usual at z = 0 the enve- 
lope of pump wave is defined under the assumption that the field of harmonic is absent. 


7.1.5. RAMAN SCATTERING PROCESS 


Consider the optical waves propagating in an infinite medium under consideration the 
scattering of these waves by optical phonons. This process is titled as Raman scattering 
in contrary to Mandelschtam-Brillouin scattering, where acoustic phonons take part. As 
usually the phonon frequency @, is much less than the carrier frequencies of optical 


waves. The interaction of the optical and vibration modes results in shift of the frequen- 
cies of the former. Thus, besides an incident wave with the carrier frequency , there 


are two new waves. They is the Stokes wave, with the frequency ®, =, —,, and 
anti-Stokes wave, @ ,, =@, +@,. Asa rule, the intensity of the anti-Stokes wave is less 


than Stokes one. Hence hereafter, we consider only incident and Stokes waves. Fur- 
thermore, we shall consider the stimulated Raman scattering. 

The Raman scattering can be described in the frame of the classical Placzek model 
(see section 6.2.1 in more details) or the matrix density technique (see sections 1.1.1 
and 1.3.4). We will consider both approaches. 


Classical oscillator model 
Let us denote the spectral half-width of the ultrashort optical pulse as До, , and intro- 


duce the slowly varying envelopes for the oscillator co-ordinate u(z,t) and electric 
fields & and &,: 


O =u(z,t)exp(-i@,)t + ik,)z) tu’ (z,t)exp(+i@, t — ik, Z), 
Е =&, exp(-i@ot + ikyz) + &, exp(+i@ot — ikyz) + 


+ ©; ехр(-ю ,t + ik.z) + ©; exp(+io,t —ik,z). | 
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Here the wave vector k,,. is connected with w,, by a dispersion relation for optical 
phonons. The frequency @,, is the centre of the vibration line. Other frequencies ©, 


form this inhomogeneous broadened line. We assume that the Stokes frequency is de- 
fined as <; =@, —@,, Starting from the equation (6.2.3) and taking into account the 


assumption До, <<@, , we can write the analogy of the equation (6.25) 


Ou о 
——i(@, —O,)u=i 
Ot oy 5) 20,m 


& ©; exp[iAkz], (7.1.42a) 


where Ak=k, —k, —k,. 15 a wave mismatch. As a suitable approximation one can 
take Ak ~k, —k,. Now, inequality Aw, <<, allows to write non-linear slowly vary- 
ing polarisation (6.2.6) as а sum of well distinguished terms $, =1,0,u"&, and 
Ky =N “ри. 

The slowly varying envelopes of the incident and Stokes pulses are governed by the 
system of the reduced Maxwell equations (see section 1.3.4) 


де 0& Ano, 

2ik,| + ee ile <?, exp[iAkz], (7.1.42b) 
Oz \ Ot с 
05 05 Ano. 

2ite,| “Ps 4 + | 485 & expl inte]. (7.1.42c) 
Oz vs Ot с 


So, the system of equations (7.1.42) is the base of the USP Raman scattering theory. 


Two-levels system model 

In some case the resonant Raman medium can be considered as an ensemble of two- 
level atoms. Then we used the results of Chapter 1 (section 13.4). For the sake of sim- 
plicity we ignore the dynamical Stark shift effect and inhomogeneously broadening of 
the resonant line. Thus the Maxwell-Bloch equations (1.3.17) and (1.3.21) result in 


0% 1 0& 2 + Е 
| Oy 0 __ 20MM 4 TI", (-@, )R3,&, exp[iAkz], (7.1.43a) 
02 vy Ot с 
0% 1 05 2 
и ИА Ty" (0), exp[-iAkz], = (1.1.436) 
02 у; Ot с 
OR 
a =i(M, —@) —@,))R, +ih “TL, (@, )S So М> expl[iAkz], — (7.1.43) 


ON. ‘ 
ae =-2ih 'T1,, (@, )&,&) R3, exp[iAkz] - с.с.. (7.1.43d) 
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Assuming that population difference N,, is approximately constant we can omit the 


equation (7.1.43d). That means the optical pulse is weak enough and the energy levels 
populations variation can be ignored. In this case the system of equations follows from 
(7.1.43) 


(© ‚19% 


2 
о Ц" (—@ RIG, expliAkz], = (1.1.44а) 
Oz Vv, Ot с 


0% 0% 2 : 
[ У a mes 4 TT" (—@y) Ry, Sp expl—iAkz], — (7.1.446) 
OZ Ve. Of C 
ОК», . +в -1 c ct . 
тер =т I1,,(@5 )&Ss&> exp[iAkz], (7.1.44c) 


where A®=(®, —@, —@,,) 18 the frequency detuning. Both these equations and the 


system of equations (7.1.42) describe the stimulated Raman scattering (SRS) under 
condition of the weak excitation of the resonant Raman medium. 


Reduction of the Raman scattering equation 
In order to demonstrate the applicability of the IST method in analysis of SRS we must 
deduce the systems of equations (7.1.42) and (7.1.43) to Maxwell-Bloch one. Following 


[12-15] we assume у, =v, and define the new variable: t= (#— Z1 Vo №, С=2/ Ес. 


We introduce additionally: 


e for an oscillator model 


1. Оз ae A О = А O 
gene , &= 0x2 , & = 01 : 
OM Os (Os {Do 
—1 
_ ар Ай я = TEA 4, Apt yg 
Imo, ’ сто, | 
e and for a two-level system model 
роса (695.45 А А 
R,, = po 5 ° O,, &, _ oP, 5, _ 0 | 
h | 5, (@, )II., (@,) IT, (M5) | O IT, (@,) 


Cc 


ли, П.А). 
7 ch | 
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The unified system of equations takes the form 


°2: _ 9,0, крыло, “22 = 0,0; expiring), “22 = 180, +1020, exp(+iAd) 
06 a Ot 


where 6=Aot,,. is the normalised frequency detuning and A= AKL,. is the normalised 


wave mismatch. In terms of new variables 
4, =Q, expGAG), 4, =Q, exp(-iAG), 4, =Q; exp@AG), 


this system becomes 


04, _. 

ве An + 19543 5 (7.1.45a) 
д у 

92 — Зла, +4, (7.1.455) 
oC 

д ; 

i = 649. +94'. (1.1.45) 


Now we can say that the first two equations of (7.1.45) are the components of 
Schrédinger equation for a two-level atom and the last equation of (7.1.45) is the re- 
duced Maxwell equation Гог the pulse envelope of the pseudo-electromagnetic field q,. 
It is known that the Schrédinger equation for a two-level atom may be converted into 
Bloch equations if the squares of the wave functions are defined 


|? 


Ур =4,42, Wy =“, |’ -|9, 


In terms of these variables system (7.1.45) can be rewritten as 


д 

—— =i6q, +19, . (7.1.46a) 
Ot 

д 
m2 Ди Ми, (1.1.465) 
0 

би и 

И =2Ка и, -а:%.), (7.1.46с) 
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Let the linear equations of the IST method take the following form 


OW. OW 
30 UO(A)w, ce V(rAyw. (7.1.47) 


By using the results of section 3.1.3. we can write the U-V-pare for zero-curvature rep- 
resentation of the system of equations (7.1.46): 


—q, in 
8 al 14, Г) 4h _ (7.1.48) 
PO) = 2 4(Ak +2) | ee) ma 
ce ® ial -la!) 
2(Ak + 2) 2 4(Ak +2) 


It is worth noting that this U-V-pair is not suitable to solve initial problem for system of 
equations (7.1.45) describing the SRS by the IST method with the Zakharov-Schabat 
spectral problem. Here the V-matrix must be considered to determine the spectral date. 
However, we can obtain the several partial results related with the SRS. Furthermore, 
this zero-curvature representation was used to solve the problem, which related with the 
creation of solitons in the SRS [18]. 


7.2. Three-wave interaction and soliton formation 


7.2.1. ZERO-CURVATURE REPRESENTATION OF THE 3-WAVE 
INTERACTION EQUATIONS 


Three-waves interaction in a quadratic non-linear medium under condition of the phase 
matching leads to the system of equations, which can be solved (or at least can be ana- 
lysed) by IST method. The simplest generalisation of the zero-curvature representation, 
which appears here, is a simple change of Zakharov-Shabat-AKNS equations with the 
matrices of 2 x 2 dimension to the equations with the matrices of greater dimension. 
Let us consider the N x N - matrix generalisation of the equations of IST method 


CV = Oy =ihy + Py, (7.2.1) 
ey (72125 


OZ 
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Here wy is N component matrix-column, A= diag(A,,A,,...,A,,) 1$ a constant matrix, 
A, #A, at any j and К, P(t,z) is the matrix potentials of IST spectral problem and 


V(t,z) is the matrix depending on the spectral parameter 1 and P(t,z) ; 


The integrability condition for the pair of equations (7.2.1) and (7.2.2) results in ma- 
trix equation 


ЕЕ +1[А,Р]+[Р,Р], (1.2.3) 
Ot Oz 


which presents the zero-curvature representation of the equation (or set of equations) 
solved by IST method discussed above. 

Taking obvious dependency of V(t,z) on А, into account, we may substitute such 
matrix into equation (7.2.3). Then by equating the coefficients of various powers of A 
in resultant equation to zero, we obtain the desired system of equations. 

The simplest case is when V(t, z) is a linear function of spectral parameter A . Let 


Ре: = (t, z) +P 9,2). 


Then from equation (7.2.3) it follows 


uae le т В : +iMA P| +i2[A 7] +[P, ро] +2, P| , 
2 


Equalisation of the similar terms in this expression gives the matrix equations 


JAP |=0, (7.2.4a) 
JA Vp |+[P,7® |= ues (7.2.4b) 
oP a cov 

7: +[P,7 |= ae (7.2.4c) 


It follows from (7.2.4a) that V?(t,z) is an arbitrary diagonal matrix. Besides, let 


V (t,z) be not dependent on space co-ordinates and time. Let us denote 


V =diag(a,,a,, ...ах). 
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In this case equation (7.2.4b) brings about the relation for matrix elements of Й (1,2) 
and P(t,z): 


a, —a, 


ро, = aye SGP G25) 
А / 


Here we assume that A, #A,. But if such indices j’ and А’ for which A, =A,, are 
existed, then by choosing a,, =a,, one can satisfy the appropriate matrix component of 


equation (7.2.4b). 
Substitution (7.2.5) into (7.2.4c) results in the system of equations: 


OP y OP. aN 
aie aa = (tiny ebay: (7.2.6) 


m=1 


We will consider now the unified system of equations describing the parametric 
three-waves interaction (7.1.3) under conditions of phase matching 


|2 12) _—-aAn*yn* тоя 
0" у, Ot QO, =ipQ, О, ? (7. ы а) 
|2 12) = iBO,'O," 7.2.70 
02 "у, at О, =iBQ;Q, , (7.2.7b) 
[2 12) —_ 80 *0* 727 
а. at О; =—ВО, ©, , (7.2.7с) 


For the sake of certainty let us choose the following relation between velocities 
Vives Vas 


The comparison of equations (7.2.6) with (7.2.7) gives rise to 


р_-№0, =p _ 0: р_ BO 

12 › 21 › 13 > 
ББ, /В,зБ.з V x30 15 
— if ip ВО! 

P= ВО, | Pe ВО, | Pee ВО, | 
Ь, 36 Б.Б. Б.Б; 
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Evolution of the scattering data is defined by the second linear equation of the IST 
method (7.2.2) and matrix V(t, z), which is defined by their matrix elements: 


7, =a, 5,;, +, ,P,; - (7.2.8) 
If, following [31,50], we take A, = v;', then one gets 


k = my aK aan . 
ViVoV9 У1У>2У> 


Now it is useful to consider the spectral problem which related with the linear equation 
(7.1.1) under vanishing boundary conditions. 


7.2.2. INVERSE PROBLEM BY ZAKHAROV-MANAKOV-KAUP 


The solution of the inverse problem for (7.2.1) has been discussed in detail in [30,31]. 
Here we find expedient to bring only the minimum information, which is required for 
solution of the equations (7.2.7). Data on properties of operator into (7.2.1) may be 
found in special articles or book [50]. 

As usual, Jost functions are introduced as solutions of the equations (7.2.1), which 
have the following asymptotics : 


1 0 0 
O (1,0) >| Ofexp(GAA,t) , BO (t,A) >| 1|ехр@АЛ.9 , B (4,4) >| 0] ехр@АЛ 6) 
0 0 1 


as t > ©, and 


1 0 0 
PO (1,^) >| 0 | ехр@Л 10) , + (t,A) >| 1] expGAA,t), + (,^.) > | 0 |ехр@А.Л jf) 
0 0 1 


as {> +00. 


Transfer matrix 7(A) is defined by means of these Jost functions: 


Oo (t,A) = Ут. AY (4,4), (7.2.9a) 
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and the inverse matrix R(A) is defined as 


3 
PO EA) = YR, AO (ЕЛ). (7.2.9b) 
n=l 
If the potentials in the spectral problem (7.2.1) are absolutely integrable, then f—stcx 
and R,,(A) are analytical functions of spectral parameter 1 under condition ImA <0, 
but 7,,(A) and R,,(A) are analytical functions of А, under condition Ima >0. 


The Jost functions +‘ and + allow a triangular representation: 


PY exp(—irA,t) = | 0] + [ К“ (6, 5) ехр{л p(s—d}ds , (1.2.108) 
is 


yo exp(—iAA 31) = 


— c¢ & > oo = 


+ [ K® (t,s)exp{- Ал 93(s—t)\ds у (7.2.105) 
t 


where y,,, =A, —A,, К and K™ are matrices-columns, not containing variable 1. 


These functions define potentials P(t,z) of the spectral problem under consideration. 

The system of linear integral equations for К“ and К, obtained in [31], is often 
named by Gelfand-Levitan-Marchenko. This system generalises the corresponding 
equations of Zakharov-Shabat-AKNS spectral problem. Under condition y > x these 
equations have the form 


0 1 0 
K(x, y)+| 1 F.C) +] 0 Е, (x,y) +] 0 |, (х, у) + 
0 0 1 (7.2.1 1a) 


+ | [ко (х,5) Е, (5, y) + K© (x,s)F;(s, у) =0 


0 1 0 
K® (x,y) +] ПЕ, +| 0] Е. (х, У) +] OF, (x,y) + 
0 0 | (1.2.116) 


+ | [xe (x,s)F6(s,y) + КО) (х, 5)Е (5.5 =. 
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where the kernels of these equations Р’, are expressed in terms of scattering data, the 
functions p,,(A), and are assigned by the following formulae: 


dh dn | 
Во) =ть $5 р дехр(- йух}, Во = Yap FPA expliay asx} 
С С 


4), dr! р. (А) А 
БУ ато ек 28} P а su eae 

dx dn! р» (^А')ехр{А. y nv} 
Fi, (x,y) = “Yas qPo()expl— He в} Da ae , 


dx р 
F3(x,¥) =У 12 p> Ps A)expt- IMY pV t+ ae) = 
С 


dh dn! pi(h'exp{—ih'Y oY} 
= О exp{- ihy эх} on Щи , 


dn 
Ев (x,y) = Vas тра (хр {Ау ру Yo5x)} = 
С 


dn | dn' р (^')ехр {у зн 
as Ули?» (A)exp{idy 3} on Аи 


In the integrals above contour С passes оп the complex plane 1 from —< +1 to 
+ © + {= , turning round from above the zeroes of functions 7,,(A) and R,,(A). Con- 


tour С passes from —®—1 to +0o—ie turning round from below all zeroes of 7,, (A) 
and R33(A). 


Fig.7.2.1 


Contours C and C in complex plane of spectral 
parameter 


Solutions of Gelfand-Levitan-Marchenko equations allow to determine the potentials of 
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spectral problem according to the following expressions 


У 13 


P,,(t) = -KS (t,t) , Py(Q=—7 KG), (7.2.12a) 
12 
ВК, ‚ Py(t)=-K2 (t,t), (7.2.12b) 
23 


P(t) = “ref BO - [KP @,s)E, (8) - каво] ‚ (7.2.12c) 
Ру (0) = 13 | + ка. Е,®)-к? вод (7.2.124) 


where 


E,(x) =o. (A) expiry ох} ‚ Е (= тре бдехр{- Ва Ни 
С С 


Expressions for Е, and £, contain functions p,,(A), which are defined through the 


matrix elements of transfer matrices 7(1) and R(A) : 


ace в. BROS 
PORT ay? MAT ayy MMF ay 
т. 0) R, ©) RQ) (7.2.13) 
PAYS Oy gy Pe Re 


These functions, which can be called the scattering coefficients, together with the set of 
zeroes of the functions 7;,(A) and R,,(A), 7,,(A) and R3(A) (this set forms a discrete 


spectrum of operator in (7.2.1)) are identified as scattering data for a spectral problem 
(Fak): 


Evolution of the transfer matrix 7(A,z) has the form of [50] (also see section 3.5 ) 
d (+) (-) 
РР, 
dz 
If we accept the condition that at t — 00 all interacting waves vanish, then 


VO =P =diag(Aa,,Aa,,Aa;) . 
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Thereb 
ereby dig ie i 
dz ie 


By a similar way we can get 


d 6 
k=Po. al. 


These equations can be solved for matrix elements of transfer matrices, so the resultant 
expressions are as follows: 


Ty, (As Z) = Tn (A,0) exp{rz(a, —a,, )} 


пт 


R,,, (0,2) =R,,, (4,0) exp{rz(a, —a,, ). 
In addition the symmetry relations should be mentioned, which take place here 


В (A)=e.6.7T (0), 


and 
p(A)=—-pi(A*), p.(A) =p, (A*), 


| : (7.2.14) 
P(A) — p3(A*) =p, (A*)p, (A), 


where €,=1, &, =, = -1. These relations in their turn lead to other relations, which 
provide the simplification of calculations: 


О Fens tow. 


’ у 
Fs (x,y) = oe 2 Е, (у,х), (1.2.15) 
23 


be ie 
E\(x)=——F, (x), £,(x)=——F, (x). 
Y12 Y 23 


7.2.3. SOLITONS OF 3-WAVE INTERACTION 


It is known that the points of a discreet spectrum, in which 7,,(A) and 7,,(A) vanish, 
determine soliton solutions of the equations of parametric three wave interaction (7.1.3). 
Let us consider the case of simple zeroes of 7,,(A) and 7,, (A): 


T,,(A,)=0, ImA, <0; 7,,(A4,)=0, ImA,>0: 
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Let us introduce four real parameters 


Wao =E,-imM, Yur3=S3+iM3, 


and let 
Ty (A О 
Кезр,(^.) = sal ee er Resp, (A,)= nh) oF. 
Туз (А) О) 


АП other residues are fixed by the symmetry properties of the transfer matrix, so 


T,,(r a T(r 
Res p,(A;) = ail 3) : Resp,(A,) = вы, 
73 (0.3) T7041) 

Везрь (43) =А`, Везр5 (1) =-Я 


Then from the definition of the Е, it follows 


Е (x) =1y ,, A exp{-iy A,x}, Fy (x) =—iy 3A exp{iy 343x}, 


F3(x,¥) =—Y¥ 10 a expliv (Ах i. №15) ’ 
Fy (x,y) = Уз on exp|- ty эх -^5) ? 


; AA . 0 
Fs (x,y) =-йЙ р — exp} iy 34 5x -И phy}, 
Ay As 


—* 


А А _ oe, 
— exp{iy pA, x + had . 
АР 


Ев (ху) = -Й 23 
The equations of evolution of scattering data result in 
A= Ay exp{— iy эАзУ =} , Ан exp|iy из} 
It is convenient to introduce 
Ay = 2nsv 33 exP{nsti — 1}, Ay = 2mav ig exP{ Mats +83} . 


Gelfand-Levitan-Marchenko equations under these conditions transform into a set of 
ordinary linear equations, whose solutions can be found by a conventional technique, 
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thus providing К“ and К”. Then, using expressions (7.2.12), we can find: 


2n; exp{i§;9,) | a) 
Py, = |= is 


4137 13 
P= Е 0. -.0 г, 
= У 2Y 3D(t,Z) exp | #193 — is | 


_ 21, ехр{ 93) [a] 
Pipe Ва) exp(n;39,) + x ay exp(—n39))/ . 


* * 


Py =-Рз› Pi = Pap Py =P. 
Where we denoted 0, =t-z/v,-t,, 0; =#-2/у, -В and 


D(t,z) = [exp(m,95) = exp(—11,95) [ехр(т:0,) =: ехр(—пз6 | + 
(АА) 43) 
С Ge, ee 4,4) 1,9; —139)) 


As z—>—0o we have a solution in the form of two pulses: pulse О; moving along the 
characteristic #—2/у, and pulse Оз moving along the characteristic t —z/ v3, whereas 


О> = 0. At the moment when the pulses Q; and Оз collide, the optical pulse with enve- 
lope Q2 appears. Then Q2 disappears, but pulses Q; and Оз diverge, moving along their 
characteristic. The envelopes of the Q; and Q3 do not alter in this process. 


7.2.4. NON-COLLINEAR SECOND HARMONIC GENERATION 


We shall consider a process of the SHG, when pump waves and harmonic propagate in 
arbitrary directions. In this case the evolution of slowly varying optical pulse envelopes 
are described by the equations, which are similar to (7.1.1), but where the spatial deriva- 
tive must be replaced by the directional derivative with respect to a corresponding wave 
and the argument of the exponent functions in the right-hand side of these equations 


change to + i(k, + К, = К.) . Consequently, the phase-matching condition will now 
look as 


(k, +k, —k3)=0. (7.2.16) 


Let the harmonic wave propagate along z-axis, and the wave vector of a pump wave lies 
in the xz- plane, so that А, =k,(y,,n_) and k, =k,(-n,.n,). The projection of the 
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vector equality (7.2.16) on the z-axis yields an angle 0 


m? 


matching condition is valid: 


n(2@) = n(@) с0$0 „. 
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under which the phase- 


Obviously, it is possible to reach a phase-matching for a non-collinear SHG only under 


condition n(20) <n(@). 


The system of equations, describing the SHG under the phase-matching reads 


са 218) ae _ Чтох” Co,-0) (> 

т v, ot) ' cn(@) no Oe 

д a. 2 = в song 
1:0 * Ox у at) | cn(@) es 


where the pump wave is presented as 


E(t,7) =&? (t,x, z) exp[-iot + К (1.2+1,Х)| + 
+&(t,x,z)exp[-iot + k,(n.z-7,x)] 


and the second harmonic wave is represented as 
E,(t,7) = &, (t,x, z) exp[-i2ot + k,z]. 
Define the normalised envelopes of interaction waves in the form 
B= GG. = God G” = Eo» 


and let again the coupling constant be 


By introducing the characteristic co-ordinates in the form 


2v,K n(@) ( 


= Z—-N.V t), 
n(2o)(v, — 1.) ; 


(7.2.17a) 


(7.2.17b) 


(1.2.176) 
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УК У, У, 
T= ЦА ЦЕ Z+X ЦЕ х |, 
У 


(у, -П.м,) 2 Vo 
K 
= (nana, “1 7-x4+n, 2), 
(v, -N.¥) Vo Vo 
these equations reduce to 
041 _. *« 042 _. 043 + 
pe. e293 › 96 — 14193 ’ дЕ — 14241 : (7.2.18) 


Now we shall consider these equations referring to [45]. It is interesting that the solu- 
tions, obtained in [45], are identical to those found by the IST method. The present solu- 
tions will be obtained without the IST technique, but by the elementary method, consti- 
tuting the simplest class of the closed-form solutions. 

From (7.2.18) it follows 


а“ 94’ élasl 
Z в 2.1 
at ac дЕ Geom) 


Let the normalised complex amplitudes be expressed in terms of real-valued amplitudes 
and phases as q, =a, exp(i9,,),n=1,2,3. Then the equations (7.2.18) can be con- 


verted into the system of real equations 


we =— in® oe = in® aes =— in® (7.2.20) 
a,a,sin®, a,a; sin® , a,a,sin®, р 
Ot ae 06 a ОЕ a 
and 
OP, > ®; 
ai =a9a3.c0s@O,. а, —- = aja, cosD. а. —=а.а cos D, 
Be 243 я aC 143 3 ae 241 


where D=@, —@,—@;. The solutions to be obtained are such that either all phases 
ф„ remain constant, or the phase difference Ф is equal to 2/2 at all space-time co- 
ordinates. These are the same condition as those for SHG under phase-matching condi- 
tion (see Sec. 6.1.4). Equations (7.2.19) lead to the conclusion that there is a potential 
“@ to satisfy the following relations 


gS. О 2 Фо 


“1 peace? 92 ~ agar? “3 тб ` 


(7.2.21) 
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If to insert expressions (7.2.21) into any of the equation from (7.2.20), we obtain the 
resulting equation with respect to potential “CO [45]: 


1/2 
rw д2°® 67 д2°® 
- а (1.2.22) 


GEGCOt “\ 0ЕОС 0С0т Arde 


The task to find the solutions of SHG equations has been now reduced to the search for 
potential function “W(t,¢,5), which satisfies the equation (7.2.22). An appropriate 


function is found [45] to be 
о (т.с, 5)=- In| f(t) + HG) + A (6)]. (7.2.23) 


Potential function (7.2.23) satisfies (7.2.22) for all differentiable functions 
f(t), ACG) and h (5). The corresponding amplitudes follow from (7.2.21) and (7.2.23) 


1 oh Oh 

a, = = 5 р (7.2.24a) 
(FFAG +h) 96 % 

a; ee (7.2.24b) 
(f(r) + HQ) +h) 96 0% 

аз = : ge (7.2.24c) 


(Fa) +HQ+he) oF 56 


The permissible choice of f(t), A(G) and h (Е) is restricted to differentiable functions, 
so that the sum f(t) +A(C) + h (€) is non-zero and the right hand sides of (7.2.24) are 


all positive. Accordingly, (Oh / 0&)(0f /Ot) must be positive, but (Oh | 0&)(0h / 06) 
and (Ой / 0C)(Of /0т) are negative. Some particular solutions were discussed in [45]. 


7.3. Four-wave parametric interaction. 


Let us consider the case when 7“ = 0 and non-linear properties of the medium are de- 
scribed by non-linear susceptibility of the next order, i.e. by 7. Such medium is re- 
ferred to as cubic-non-linear. Let the waves with carrier frequencies @,, ©, and 0, 


propagate along z-direction. Due to the non-linear dependency of polarisation on elec- 
tric field strengths of these waves, the new waves appear with the different carrier fre- 
quencies. 
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We select two cases among other possible ones 


e sum-frequency mixing: ©, +@,+03;=@,4, 
e hyper-parametric scattering: ©, +0. =@3,+@y,. 


The first case is a simple generalisation of parametric sum-frequency mixing under 


three-wave interaction. Degeneration (@,=@,=@;=0, ©, =3q@) gives third- 
harmonic generation. The second case has no analogies in quadratic non-linear media. 


7.3.1. THE UNIFICATION OF EVOLUTION EQUATIONS 
Consider the interaction of collinear propagating waves. Under slowly-varying enve- 


lopes and phases approximation the system of equations for four waves interaction has 
the following form: 


|2 ++ +25, =i Ee Tes г 8818, exp(+iAkz), (1.3.1а) 
а &, = a Osea ou & ©. 6. exp(+iAkz), (7.3.16) 
а В a о 59: SS, exp(tiAkz), (1.3.16) 
= — . = FO 102.9) 5,5, exp(-iAkz), = (1349) 


where Ak =k, — (К, +k, +k), for sum-frequency mixing ©, =®, +@,+@, and 


@ 10\_ 1х0. 0..3) _. 
wt a & =i os) SSG) exp(+iAk 2), (7.3.2а) 
1 1 
д 10). 12 по 2х (®..03,- 1) 
ie & =i aa & &,&, exp(tiAk z) , (7.3.2b) 
2 
a 1219-х? (-@4,01,0) _ 
(24. пы, OD | 55, © exp(+iAk 2), (7.3.3с) 
Ил” 1,9563): | 
[2+ : 1a), aD 2? 3" & ©, &; exp(-iAkz), (7.3.4d) 
4 4 


where Ak =k, +k, —(k, +k), for hyper-parametric scattering: ©, +@, =, +@,. 
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Here we do not take into account the effects of self-action, which are described by 
the same type of susceptibilities 7‘, that gives rise to the following contribution into 
polarisation : 


4 
P(M,) = 12. 4° (o,,,,-, )|S@,,)|? S,). 


т=1 


If as in the case of quadratic non-linear media, we introduce here the constants 


a 1220, ~° (@;,@5,@3) 


‚ 1=1,2,3,4 
cn(@; ) 


and В = 7127374 » then the systems of equations (7.3.1) and (7.3.2) can be written in 
the unified form 


д 

[24 у, 1 о -во OO; О; exp(+iAkz) , (7.3.3a) 
[2 12) В Akz) , 7.3.3b) 
ane ar О, =ВОу 9. О, exp(+iAk z (7.3. 

д = * ж _* 

[244 2] = ВО, О, О, exp(+iAkz) , (7.3.3c) 

V3 Ot 
02 "у, a QO, = ВО, О, QO; exp(+iAkz) , (7.3.3d) 


where for sum-frequency mixing one has 


> _ Gl = — = _ * 
& =, О, Oy = 1262, = УТ, Sa -=-]4 94, 


and for hyper-parametric scattering : 


О Says 2> & = Уз 0, 84 =- У is 


7.3.2. STEADY-STATE PARAMETRIC PROCESS 


If the phase-matching condition holds and it is possible to neglect the difference of 
propagation velocities of interacting waves (or the non-linear medium is not sufficiently 
long to notice spatial separation of interacting pulses), the equations, describing four- 
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waves parametric interaction (7.3.3) can be simplified so that 


д и * ж Ш_* д =~ * ж Ok 

ЕЯ = ВО, О; Q,, бЕ = ВО; О. О, (7.3.4a,b) 
д = * ж Ш * д 7 * жж 

бЕ 93 = ВО, О, О. , ae 2 = ВО, О, Q, , (7.3.4c,d) 


where &=2,т=#-— у 'z. If to transfer real variables, introduced by the formulae: 


О, =a, ехр@ф,), P=9,+9,+93;+9,, 


then (7.3.4) yields 
Oa, _ = ба, _х 
2 = Ba,a,a, sin®, Ee = Ba,a,a, sin®, (7.3.5a,b) 
Oa, = : Oa м : 
Е = Ba,a,a, sin D, Ce = —Ba,a,a, sin ®, (7.3.5¢,d) 
ОФ _ Al 424344 i а аз + ааа. _ а аз sin® . (7.3.6) 
05 a, a, a3 ay 


By using the amplitude equation (7.3.5) we can write the equation for the phase 


ОФ  xcos® д 
0& sin® 08 


In(a,a,a,a,). 


This equation allows us to obtain the first integral of motion 
a,A,a3a, CoS = const . (7.3.7) 
Besides this integral, other integrals of motion follow from equations (7.3.) 


2 Di es 2 2 De =. 2 2 2 на 2 
а t+aj=m,, а +а=т, а+а=т,, (7.3.8) 


а’ +a; +a; + 3a; =const. (7.3.9) 


These integrals are the variety of the known Manley-Rowe relations. 
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If to be interested in solutions, which vanish in some spatial points, then the constant 
of integrating in the expression (7.3.7) can be fixed as zero. That means ®=7/2 eve- 
rywhere. Accounting (7.3.8), equation for a, = a(&) writes: 


da 2 2 2 2 2 2 
ИЕН —В т -а т. -а т. -а i 7. .10 


For the sake of certainty we shall choose the condition 
т? >m; >m;. 


This condition can always be achieved by renumbering the interacting fields. Exclusion 
is the degeneration of parametric process, when either two or all three of these integrals 
are equal. For example it realises in third-harmonic generation (THG). 

Let the degeneration be absent. The change of variable y= a= brings equation 
(7.3.10) to the following one 


= BO GO (73.11) 


where В = B(m,m,m,), y, =т„”л =1,2,3. Equation (7.3.11) belongs to the class of 


equations with elliptic functions serving as solutions. One more variable change 


mee ee Е 
у-у, ° 


transfers (7.3.11) to a canonical form 


eb ух?) @-ш?х?), 


with 
ry ey 2 
»  Y2—V1 _ тт, — my) 


~ Y3-Y, m3 (mp — m3)" 


m 


This parameter is a modulus of the elliptic integral of the first kind (or Jacobian elliptic 
functions). Finally we can write the solution of this equation with €, denoting the inte- 
grating constant: 


x(&) = sn{ В УЕ. 
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Thus, in terms of initial variables we can write the solutions of the system (7.3.5): 


т? — тз cn*(X,m) 


2 ВЕ. 
= — i 7.3.12 
aj; (§) (m; ms) ит CL ( a) 
ре 
2 My (=: -тз) 
= , 7.3.12b 
a ms —m3 sn? (X,m) ( ) 
ый 
аж )s (7.3.12c) 
Ее 
msm; cn’ (X,m) 
ai(§) => (7.3.12d) 


ms — тэ зп? (Х,т) ” 


where Х = Вт. т? —m?(E-£,). 
Let us turn now to the case when degeneration is involved. То be more certain, let 
m; =m; > ть. In this case equation (7.3.11) provides 


7 = 2B(y —Y)V(y-y3) - 


The variable changing y > z=y-— у, tends to equation 


where a=y,—y, >0. The solution is in the form z= a(l+ tan? ое Х = BVa(c =): 
In terms of initial variables, the solutions of system (7.3.5) under degeneration of the 
parametric process can be written as: 


2(т? = т? \(1 + tan? Xx) 


m 
2 2 
= = 3 7.3.13a 
ai (5) = 42 (8) m, + (т? — т) tan? X | 
р МВ 2 

; m3 (м: — m3) tan xX 
a = ; 7.3.13b 
35) т + (т? — my; ) tan? xX ( ) 

ee 

аз (5) = __ (7.3.13c) 


тг + (т? — т) ап? X 
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where X = Bm,{m? —m3(&-&). 


Assume that m; > > = т». Then equation (7.3.11) will take the form 


4 = 
7 BOY WO-W)- 
A new variable changing y > z=y-— у, leads to equation 


dz 


Е = 2В=_ (2 +а), 


where а=у, — y, >0. Integrating this equation yields 


z=a(l+tanh?.X) Х=В/а (сс). 


Thus, the solutions of equations (7.3.5) can be written as 


чай ХВ <) (7.3.14a) 


a} (Е) = a3 (Е) = т} (ту — m3 1+ tanh? X) 


7.3.146 
те + (т — тэ (1+ tanh?_X) 

mm 

2, 1.72 
=——____ ie 7.3.14¢ 
a4 (6) т + (т? — т? )(1 + ‘ап? Х) 


with X = Вт, т; — т? (8-5,). 


Another case corresponds to the initial conditions, which can be chosen to satisfy 
т; =m; =m; . Equation (7.3.11) then writes 


dy = 3/2 
=) — . 
dé ВО? у.) 


The solution of this equation is у(&) = у, + X~, where X = В(Е ==) 
Solutions of initial equations (7.3.5) are expressed by the following formulae: 


Din 2 y2 
т т 


m, X 
a=, 
1 


a; (6) = a3 (€) =a3(€) = —— 


р wd? 7.3.15 
т? А ( ) 
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These solutions describes the propagation of the “bright” solitary wave on the back- 
ground of the “dark ” solitary wave. 

The solution of equation (7.3.11) can be alternatively obtained by changing the vari- 
able 


1 
yoxsy-sly, + У» +, , 


In terms of this variable the equation (7.3.11) transforms to a canonical form of the 
equation for go - function by Weiershtrass: 


BG е)(х-е, )x—es) , 


where Зе, =2у -у, -у., Зе, =2¥, -у-у., Зе, =2у, -у, -у,. The solution of 
this equation is expressed in terms of go -functions: х(Х) = ®(Х; 8,83), where 
=B(E- G5). => = -4(ве, + ее; +2521), 8; =4е ее. 
First of all one can write the solution of equation (7.3.11) аз 


3 
а? (Е) = 7.3.16a 
i) (У +¥2 + Уз) + 3OC(X3 B83) | 


Weiershtrass function is less popular than Jacobian functions and this is the reason to 
change for these elliptic functions by the formulae 


(€, — ey) 
@(Х; g,23) = es + т 


u = Ble, ЕЕ № = 23 
е е 


where 


Expression for a, = а(&) is written as 


7 (é) ash) (7.3.16b) 
a = : ss 
i (Y, — 2) + Уз sn? (u, k) 
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Теру >> >¥3 (or т? <m; <тз). (If it is necessary to consider another order of 


these parameters, we can simply renumber them). Then modulus of Jacobian elliptic 
functions is 


2 7. 
fee На 
— 2 2: 


К? - 
У-У т-т 


In terms of initial variables the solutions of system (7.3.5) with the account of (7.3.8) 
can be written as 


т? (т? —m; [ms — тз sn? (u,k)] 


2 
= 7.3.17a 
a1 (5) ms (ms —m;) + тет? п? (и,К) ( 
2 ms; [m3 (m; —тг) _ ms (ms _ т) зп? (u,k)] 
а> (5) = a a (7.3.17b) 
m3; (т —т; ) + пит зп“ (u,k) 
та (ms —т?) 
2 3 UN 1 
аз (&)= ‘ 7.3.17с) 
: m; (т> —т?) + тт? зп? (и,К) у 
De Ort Oh tO 
аз (&)= ры (1.3.17) 


2 
m; (то — т?) + т’ т> sn? (u,k) 


where и = Вт, ть — т: (&-&). The degeneration of four-wave interaction can be 
considered as it was done above. There are three such situations here: (a) ти =m, < т, 
(b) т, <m, =m,, and (с) т =m, =m, . 


7.3.3. THIRD HARMONIC GENERATION 


The third harmonic generation presents an example of a degenerated four-wave para- 
metric process (1.е., ©; =@, =@3; =0,0, =3@) This is the well known example of 
optical waves interaction, which has attracted not less attention than SHG. This is the 
reason to observe the process of the third harmonic generation in more details. Unlike 
the interaction of waves in a quadratic medium, under third harmonic generations self- 
action processes occur along with the sum-frequency mixing. These are, for example, 
self-phase modulations and cross-phase modulations. 
Equations, describing process of third harmonic generations (TGH), write 


д 10 г : 300, (3) AS oS : 
(S425 FY, (3@,—, — ©) &, © ©; exp(+iAk 2) + 


+ 2° 3a,-3@,0)|&;|? & + Vie (o,-0,0)|6,|’ &} 
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9. + 18 & = _; За ko, 0,0), exp(—iAkz) + 
02 Vv, Ot cn(@; ) 


+24 (o,-030) |& [ & +%° 30,-30,30) |S, Р &,} 


Here Ak =k, — ЗК, is a phase mismatch. Denote the following normalised variables: 


= = -1 3m 1X (00,0) 
9193 = &1ьз (2,0) / &, 6=2Ёс =2 =. 


cn(@3) 
n(@3)x° (@,@,-@) 1 (3@,30,-30) 4° 3a, 0,-o) 
Mr их 0,0) ° 42 @,0,0) ^^ 49% @,0,0) 
(0 3)x%°° (@,30,-30) n(@3)x%°° (3@,-0,-) 
= nox (@,@,@) eS nox (@,@,@) 


By means of these parameters the normalised system of equations describing TGH is as 
follows 


3.30 - Al O i ek : : 
та = #91 аз exp(tiAkz) +191 g, +243? а, (1.3.18а) 
1 


4(@ 14 
eae ; ot 2, = ig? exp(-iAkz) +ipslasl 93 + 2irslail’ 43 , (7.3.18b) 


If the condition of phase matching is not satisfied and the transformation of a pump 
wave into the harmonic one is very weak, we can approximately consider TGH by ne- 
glecting both the pump wave amplitude depleting and the influence of harmonic wave 
on the altering of refraction index of the non-linear medium. Like in the preceding 
paragraph we shall consider the TGH in the stationary regime. Under such approxima- 
tion of the given field we have a set of normalised equations, describing TGH: 


Oq, . 

a = ina.) а, (7.3.19a) 
04 
>= ig; exp(—iAc) + |4 | аз. (7.3.195) 


Here we assume that group velocities of the interaction waves are the same. If now to 
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turn to real amplitudes and phases of interacting waves, we obtain 


д д 
370 eo Hal (7.3.20a) 
Oa, oe 693 ay 2 
an a; sin(A+ 3; —30,;), ——~=—cos(A+@,-—30,)+ma;. (7.3.206) 
с 06 3 


It follows from (7.3.20) that the amplitude of a pump wave does not change as it is ех- 
pected under given approximation. But due to self-phase modulations the plane pump 
wave front exhibits the modulation instability, which develops under the excess of a 
certain threshold of power. Let this threshold be not reaching in our analysis of TGH 
and the pump wave is stable. 

Let a,(c)=a,(0)=1 and a;(c)=a,D=—-A+ 30, -ф.. System of equation then 
follows from (7.3.20b): 


Ф 1 
——=-А+—с0о3(Ф)-+ (7, — 3p) . (7.3.21) 
a 


да _. Ф) 
eo > Fe 


It is seen from the second equation of this system, that the phase synchronism condition, 
i.e. phase matching condition, is to be modified to take into account the non-linear self- 


and cross-phase modulations. Let the value A - (7; — 3u,) = A measure the phase mis- 
match of interacting waves. Alike the SHG, for these equations, the first integral of mo- 
tion takes place: acos(®) + (A/2)a’ =const. Assume there is no third harmonic wave 


on the border of a non-linear medium, then one can find that the constant is zero. By 
excluding phase difference Ф from the amplitude equation (7.3.21) by means of the 
integral of motion, we now are able to integrate the resultant equation and to get an ex- 
pression for the harmonic amplitude: 


25 Ac 
аа = Ein 5S] 


Hence, after returning to initial variables, one can obtain the following expression for 
the intensity of the third harmonic wave: 


_ ато | (Ф.Ф 3 sin’ (Ak 2/2) 
10 (Ak 12)? 


3 (7.3.22) 
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484 CHAPTER 7 


The length of coherence is defined in the same way as it was done for SHG. But now 
this parameter depends on pump intensity. Indeed, if to analyse the expression for A, 
one can be convinced that this parameter is proportional to the difference of phase ve- 
locities of interacting waves. We should take into account that refractive indices include 
non-linear corrections proportional to the second power of the amplitude of a pump 
wave as it also takes place in the high-frequency Kerr-effect. 

Usually this undepleted pump approximation satisfactorily describes the process of 
TGH when the phase velocity mismatch is sufficiently large. Due to the infinitesimal of 
the non-linear corrections of refraction indices, their effect will be essential only under 
conditions of phase matching. So it is possible to change Ak for Ak here. 

Everything regarding the phase matching condition for TGH stays unaffected as in 
the case of SHG. The phase matching angle is expressed by the same formulae as previ- 
ously but the change n(@,)— n(@ 3) only has to be done. Besides that, according to 
symmetry relations by Kleiman, we have y, =1, 4% =% =r. 

When the phase matching condition is satisfied, it is suitable to use the real variables 


41 =4,exp{ip,}, 43; =a; exp{ig;} . 


Then (7.3.19) yields 
oe 


> =-a/a,sin® , (7.3.23a) 
Oa, 0 
— =a; sin® , (7.3.23b) 
Os 
ao {at 3 ® Ва? — ва? (7.3.23c) 
ie т aa, | COS a; — Aa; Zoe 


where Ф = 30, —@, and a= 6r—L3,B = 3u, —2r. 


Equations (7.3.23a) and (7.3.23b) result in the conservation law 
а? +a, =1. (7.3.24) 


Then from (7.3.235) and (7.3.23c) with the account of the expression (7.3.24) we can 
find the second integral of motion: 


24 3/2 | 1 2 
a,(1—a3) cos® — >45 B+, (© Ваз = С! =const. (7.3.25) 


It can be seen from (7.3.25) that in ТОН process the phase synchronism (1.е., phase 
matching) does not hold due to the changing of refraction indices for the indices at the 
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pump and harmonic frequencies. It occurs because of the high-frequency Kerr effect. 
This effect involved into consideration by the cubic non-linear susceptibilities 


x (@,0,-0), 7° 3a, 30,- 3), and y (a,30,- 30) = y° (За, @,- @) , which, 
in their turn, ascertain parameters © and В in (7.3.24) and (7.3.25). However, if this 
effect of the phase matching changing is neglected, then instead of (7.3.25) we have 


a,(l—a3)*”’ созФ = С,. 


If at Фе entrance of non-linear medium the wave of third harmonic is absent, then the 
constant C, =0. Consequently, wherever the harmonic amplitude be non-zero, phase 


difference ® = 7/2. Taking into account relation (7.3.24), the equation (7.3.23b) can 
be written as follows 
ба. 
OF 


=(1-a?)*”. 


Solution of this equation is 
б 


Е eae : 


Thereby, the amplitude of the third harmonic varies with the length of the non-linear 
medium according to the expression 


> —1 
(=. (7.3.26) 


For the intensity of the third harmonic /,(z) we obtain /3;(z) «J р. under condi- 
tion that z<<ZL,. It is necessary to recall that for intensity of the second harmonic 
I,(z) we found that Г, (2) < [12°. Thus, we may assume that the intensity of nth-order 


harmonic varies as the square of non-linear medium length and one is proportional to 
pump intensity to the nth power. 

From (7.3.26) it is possible to find the length [* of the 90% transformations, intro- 
duced by the condition 


[3(1*%) = 0,915, 


whence it follows that 
cn(@) 


[*=ЗРе = : 
. nay (@,@,0)&> 
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7.4. Conclusion 


In this chapter we have considered several models describing the interaction of the 
wave with different carrier frequencies. The sum-frequency and difference-frequency 
mixing are classical examples of this interaction. In a number of cases parametric wave 
interaction can be described by the system of equations which admits the zero-curvature 
representation. We would like to point out that three-wave interaction provides a unique 
instance in nonlinear optics in which the relevant system of equations can be solved by 
IST method for a 3D case [38-42]. 

It is well known that non-linear effects can be produced in thin-film optical 
waveguides [77,78] and optical fibres. Theory of the SHG in optical waveguides based 
on the connected modes formalism (see section 6.1.1, 8.4, and 8.5) leads to a system of 
equations which is similar to (7.1.3) or (7.1.14) and (7.1.15). Some progress in this field 
has been motivated by the reports of SHG and generation of the sum-frequency radia- 
tion in fibres [79,80]. What is surprising thing is that the second harmonic generation 
occurs there. In the fibres made of glass the second-order non-linear susceptibility is 
zero by symmetry. The suggestion has been made that the SHG could be due to the 
nonlinearity at the core-cladding interface or to a non-linear polarisation proportional to 


EVE terms. Optical mixing in the fibres due to these effects has been analysed in [81]. 
Let us consider the electric quadrupolar contribution into the non-linear polarisation [6, 
81] 


P20) =(6-B-2y)EVE, +ВЕ,У,Е, + 27Е У ,Е,, 


where we follow the convention that double indices indicate summation, and 


The coefficients (6-—B-2y), В, and 2y are effective quadrupole polarisabilities. In 
the low-frequency limit 5=0 and В=-2у. These low-frequency relations are quite 
general and apply to optical range of frequencies. Substitution of these expressions into 
wave equations for fundamental and harmonic waves leads to the system of equations 
for interacting waves in the slowly varying envelope approximation. Here we have left 
aside this problem as the simple exercise for readers. 

Recently the parametric processes attract the attention of the researchers in context 
of the two-dimensional solitary waves (quadratic space solitons) in a medium with the 
quadratic nonlinearity [82-93]. Here the diffraction broadening is suppressed by the pa- 
rametric interaction between fundamental and harmonic waves. Furthermore, it is well 
known that cubic or Kerr-type self-focusing nonlinearity gives rise to collapse in two- 
and three-dimensional cases. But collapse does not take place in the medium with 
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the quadratic nonlinearity. Thus, the parametric interaction permits of the stable two- 
dimension and three-dimensional solitons. 


The theory of the quadratic space solitons is based on the following system of equa- 
tions 


0& Ano’ у 
Ly eee ost = Хх (20,- @)&, ©, exp(-iAkz) , 
02 2k, , 
05, 1 8ло’ 
+— А <, =i——y’(@, @)&, exp(iAkz) . 
08 Oh, 1&2 Ck, и 5; ехр( ) 


It is the two- and three-dimensional generation of the SHG equations (7.1.14) and 
(7.1.15). The term with transverse Laplasian A, takes account of the diffraction effect. 
This system of equations is not likely to be integrable by the IST method, and hence, in 
actual truth, it has not soliton solutions. However, the investigation of these equations 
by the numerical simulation illustrates the nearly steady-state regime of the wave pock- 
ets propagation. That is the reason why such wave pockets have been named as quad- 
ratic spatial solitons. 
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CHAPTER 8 


NON-LINEAR WAVEGUIDE STRUCTURES 


It is known [1,2] that an electromagnetic wave can propagate along the planar interface 
of two linear dielectric media. The strengths of both electric and magnetic field vanish 
as |x| ©. This is the reason why these waves were called surface waves. It can be 
shown that such a surface wave exists only if a magnetic field strength vector is parallel 
to the interface plane, i.e. it is a TM-wave (sometimes it is called a p-polarised wave). If 
the dielectric permeability of one of the media is a square-law function of electrical 
field strength, then both propagation of TM wave and the TE wave are possible [3-9]. 
Such waves were named either non-linear surface waves or non-linear surface 
polaritons. 

At the early stage of investigation of non-linear surface waves (NLSW), the 
dispersion relations were established for TM-waves [5-7,10-14] and TE-waves [8,15]. It 
was found that the excitation of the TE-waves demands exceeding of some threshold 
power. Therefore, this wave is essentially non-linear one. And on the contrary, there are 
no threshold conditions for excitation of the TM-wave. But all exact solutions of 
Maxwell equations for these types of NLSW's were obtained for rather specific cases of 
the anisotropy of non-linear susceptibility. 

Analogous to NLSW, the non-linear surface plasmons were investigated in [16]. 
These waves run along the interface of a dielectric and metal. TE-plasmons are featured 
by a threshold excitation energy. The propagation of plasmons is possible only for the 
limited magnitudes of the propagation constant [17,18]. In [20] the propagation of 
surface non-linear plasmons of TM-type along the interface of the Kerr dielectric and 
metal film were studied. The thickness of a film periodically altered along the interface. 
An explicit expression was found for the frequencies of surface plasmons. 

Further the investigations of NLSW are transferred to the non-linear media of more 
general nature than Kerr media. In [21] for example the non-linear susceptibility of the 
fifth order is taken into account. The dispersion relation is found for NLSW propagating 
along the interface of the linear and the quadratic non-linear dielectric [22]. The non- 
linear polaritons are studied in a thin ferromagnetic [23] and paramagnetic [24] film. In 
[25] the NLSW of TM-type are discussed with the account of light interaction with 
excitons and exciton-biexciton conversion. In these cases the exact dispersion relations 
were derived. In [26] the description of NLSW is provided when the refraction index of 
the linear substrate is decreasing exponentially deep into the medium to some constant 
magnitude. The dispersion relation and the flux of power along the interface were 
obtained. On the contrary, the case of NLSW of the TM-type when the dielectric 
susceptibility of a non-linear medium changes exponentially was investigated 
numerically [27]. A propagation of NLSW along the semi-infinite super-lattice provides 
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an example of non-linear optical phenomena in the low-dimensional systems, which are 
popular now. For this case in [28,29] the dispersion relations and the transverse 
distributions of the electric field of TE-wave have been found. 

It is known that plane waves are unstable in bulk Kerr media. In excess of a certain 
power threshold they convert into 3D (or temporal) solitary waves. Similar phenomenon 
takes place in the case of NLSW. Both numerical [30] and analytical [31] investigation 
of this process was executed in terms of the non-linear Schrédinger equation solution, 
where the co-ordinate along the interface plays the role of time. It was found that the 
threshold of the modulation instability is different for different branches of non-linear 
surface polaritons. The similar studies of the diffusive Kerr media [32] demonstrate that 


the criterion for stability is identical to the case arising in a non-diffusive limit. 
The NLSW may propagate along the interface of two [33,34] and more [35] non- 
linear media as well. 


It should be noted that the NLSW can be excited due to parametric interaction of 
four waves. Three of them are incident waves onto the surface of interface. The theory 
of this type of excitation is presented in the works [34,36-38]. In [38] the emergence of 
non-propagating stable kinks is predicted under condition of four wave mixing. This 
solution of the corresponded system of equation describes a domain wall between two 
homogeneous states of electromagnetic wave, whose phases of oscillations differ by пл. 

In section 8.1 we will consider exact solutions of Maxwell equations for the simplest 
cases of the interfaces of homogeneous linear and Kerr dielectrics. The main results will 
be the dispersion relations and the transverse profiles of the NLSW of TE- and TM- 
types. 

The simplest example of a non-linear planar waveguide is a thin film on a non-linear 
(Kerr) substrate [39-42]. In this case the Maxwell equation for TE-mode can be solved 
exactly and dispersion relations for all guided waves can be found. The NLSW can 
propagate along the interface of a linear film and non-linear substrate. It is known that 
in order to excite this wave a power threshold should be exceeded [39]. The eigenmodes 
of a planar waveguide keep but their propagation constants depend now on the power 
transferred by the wave. In [44,43] the numerical methods are described to explore the 
guided waves (NLGW) in the waveguides, where the refraction index profiles for all 
three layers are arbitrary and the non-linear absorption of radiation is taken into 
account. 

The linear waveguide surrounded with non-linear media presents more general case 
of non-linear waveguide structure [45-54]. As in this case there are two interfaces of 
linear and non-linear media, then two NLSWs can exist, each coupled with one of the 
interface [46]. Then there is a guided wave localised mainly in non-linear media. The 
minimum of the power flow is in a linear layer. This wave can be represented by a 
coupled state of two NLSWs mentioned above. Other NLGWs are modified modes of a 
linear waveguide. 

The study of non-stationary regime of the guided TE-waves in a waveguide in Kerr- 
media environment was carried out in [54]. 

From the theoretical point of view a structure formed by a non-linear film in a linear 
environment is amore complex example [55-65]. There is an interesting scheme of 
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classification of all TE-waves in such waveguides based on the conic classification. The 
existing analytical expressions of the dispersion relations can be analysed only 
numerically [60-64]. The numerical analysis of TE- and TM- waves in a stripe 
waveguide was done in [65]. 

A new class of solutions for a non-linear waveguide in linear surrounding was found 
in [66]. For the stationary TE waves the electric field profile has a minimum of a field 
strength in the centre of the non-linear film. The stability analysis was carried out 
numerically and it was found that these waves were not stable. 

The non-linear guided structures with more than three layers were considered in [67- 
69]. The dispersion relations were found and conditions determined, under which the 
propagation of NLGW was characterised by the bistable behaviour. 

As for the non-linear surface waves, the role of the higher order non-linear 
susceptibility was investigated [70]. The non-linear plasmons in a Kerr waveguide (with 
one of the surfaces coated by a metal film) were observed in [71]. In [72-80] the non- 
Kerr-like guided media were studied. In the case of saturating non-linear media it was 
found that some modes existing in a pure Kerr-waveguide could disappear with the 
increasing of power flow [73-75]. A theoretical amplification of the TE-wave was 
investigated when a substrate contained homogeneously distributed two-level atoms 


pumped by an external source [80]. 

As with the NLSW, the modulation instability can occur [81-85]. As a rule the 
theory was based on the non-linear Schrédinger equation. The results obtained 
а agree with the ones known Юг wave propagation in the two-dimensional 
Kerr media. 


An interesting result was obtained in [86]. It has been found that non-stationary 
regime can arise when the guided wave propagates in a linear waveguide on a non- 
linear substrate. (or in a non-linear environment). For such a structure the radiation 
comes out of a waveguide to a substrate (or to an environment) in the form of the 
narrow beams - spatial solitons. If one employs a waveguide with saturating non- 
linearity, then such soliton emission keeps, but soliton becomes an ordinary solitary 
wave [87-89]. The results of the investigation of solitary waves emission are 
represented in the review [90]. 

An essentially non-linear dependence of the NLGW propagation constant on the 
power flow results in the instability of modes under certain conditions. It leads to the 
hysteresis loops in the dependence of the output power versus input power [91]. The 
hysteresis indicates the existence of two stable states of the wave propagation regimes 
This phenomenon sometimes called the bistability was investigated in [91-93]. 

A sufficiently good survey of the results concerning NLSW and NLGW can be 
found in [94-96]. 

In section 8.2 the NLSW and NLGW will be considered in a planar waveguide 
formed by a linear dielectric film on a non-linear substrate with the non-linear coating. 
The non-linearity of Kerr type is taken for the sake of simplicity. In this case Maxwell 
equation can be solved exactly and all important characteristics of TE- and TM- waves 
can also be found in such guided structure. Analogously, in 8.3 section a non-linear 
waveguide surrounded by linear dielectric media is discussed. Both dispersion relations 
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and electric field distributions in NLGW and power flux for TE- and TM-waves will be 
obtained there. 


A more complex waveguide structure is the directional coupler. This structure is 
formed by two parallel waveguides separated by such a short distance that radiation can 
penetrate from one waveguide to another due to violated total internal reflection. 
Sometimes they say that such two waveguides are tunnel-connected [98,104]. Waves in 
both waveguides, or channels spread in one direction. The distance at which radiation 
from one channel completely transfers to another is called a coupling length. If 
waveguides are made of non-linear dielectrics or they are immersed in non-linear 
medium, then such structure is called the non-linear directional coupler (NLDC). The 
principal characteristic of NLDC - the dependence of coupling length on an input 
power - was determined in the first works [105-107]. As a result, by varying the 
radiation launched to a NLDC with the fixed length, it is possible to switch the output 
radiation between the output ports of a coupler. The analytical solution of the NLDC 
model with Kerr non-linearity was found and studied in [108-113] as well. The 
experiments [114-116] demonstrated all-optical switching in such NLDCs. 

In further investigation attention was drawn to the role of different factors in 
switching. The non-linearity of the higher order than Kerr non-linearity was considered 
in [117]. The effect of small longitudinal inhomogeneities on the optical response of 
NLDC was observed [118,119]. The parameters of the directional coupler for non-Kerr 
non-linearity were discussed in [120-126]. The effect of saturation of non-linearity and 
losses was examined in [120-123]. The influence of the diffusion non-linearity on 
switching characteristics of NLDC were studied in [124,125] numerically. It was found 
that switching could still occur even when a diffusion length equated to the distance 
between two channels. Under this condition the switching threshold increases and the 
output versus input power rate of change aggravates. It is demonstrated in [126] that the 
two-photon absorption can noticeably attenuate the effectiveness of switching in 
NLDC. 

The main application of NLDC is concerned with all-optical switching devices. It 
determines the principal direction of investigation in this field. The experimental 
observation of the bistability [127] dates from the early investigations. It was shown in 
the following works [128-134] that NLDC permits creation of the high contrast switch. 

The generalisation of a two-channel directional coupler is a waveguide structure 
with a great number of channels. The first step in this direction was the generalisation of 
an N-channel directional coupler (N>>1) for the case of Kerr non-linearity [135]. In a 
continuous limit (when № > ©) the system of non-linear equations of the coupled 
waves theory becomes the non-linear Schrédinger equation that describes опе- 
dimensional spatial solitons or two-dimensional self-focusing. The exploring of multi- 
channel NLDC [135-137] showed that in such waveguide structure a "discrete" self- 
focusing could be implemented. In [138] the numerical simulation for N<6 
demonstrated an operation of this arrangement as an all-optical switching. In [139] a 
considerable decrease in switching energy was achieved for the case N=3. For the 
greater number of channels in a similar structure (called now Non-linear Waveguide 
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Array), the problem of modulation instability of a transversal distribution of radiation 
over channels arises [135,140-142]. 


A very interesting application of non-linear directional coupler was found in [143]. 
It was shown that NLDC allows to carry out the generation of squeezed light with a low 
level of pumping and a short length of interaction. So this non-linear integrated optics 
device can be useful in the quantum optics investigations. 

In section 8.4 we will consider a simple model of NLDC based on a two-channel 
waveguide, supposing that the non-linear properties of the channels are described by the 
third order non-linearity as it was done in [105]. The non-linear equations of the 
coupled waves permit the exact solutions in this case. This allows to observe rigorously 
the main regimes of NLDC operation. The dependence of the coupling length on the 
input power and on the tunnel-connected waveguides parameters will be obtained. 

Another widespread elementary integrated optics device is the distributed feedback 
structure (DBF-structure) [144-146]. The feedback is implemented by periodic changes 
of either a refraction index or a waveguide thickness. When the difference between the 
propagation constants of two guided waves (waveguide modes) is equal to the wave 
number of some Fourier-component of the periodical perturbations of the waveguide, an 
effective inter-mode energy exchange takes place. This process can be considered as a 
three-waves parametric interaction, while one of them is a non-propagating wave. If the 
modes of a waveguide differ only by the directions of propagation, then the DBF- 
structure displays the properties of the distributed reflector. The resonance condition 
here resembles Bragg condition for a reflection grating under condition that the 
diffraction angle is п. As soon as the condition of Bragg resonance holds not for all 
modes, a DBF-structure operates as a selective reflector or distributed filter. The 
mentioned properties explain the wide spreading of this structure in integrated optics. 

It is natural that if the DBF-structure is made of non-linear dielectric, then only non- 
linear waves can propagate there. Under the action of radiation the waveguide refractive 
index will change and, consequently, the Bragg condition will be broken. The simplest 
example of non-linear DBF-structure (which will be called now as NLDBF-structure) 
was considered in [147]. A periodical structure was formed by alternating linear and 
non-linear dielectric layers in the direction of wave propagation. The NLDBF-structure 
as an integrated optics element was observed in [148,149], where a transmission- 
reflection switching was investigated. A prospect to use a dielectric with a saturating 
non-linearity was also considered there. 

The development of the NLDBF-structures is presented in [150-152]. In these works 
the interaction of an external Gaussian beam with the waveguide modes was studied. 
Both the two-photon absorption and its role in the saturation of non-linearity was 
discussed in [151]. The dependence of both transmission and reflection on the wave 
detuning was derived in [153]. 

As the most of non-linear waveguides, the optical bistability phenomenon takes 
place for the NLDBF-structures as well. The NLDBF transmission and reflection 
coefficients are the multivalued functions of the input power [154,155]. An 
experimental study of the bistable behaviour of the NLDBF-structures was carried out in 
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[156,157]. The optical bistability in NLDBF-structure on the base of the coupled waves 
theory was investigated numerically in [158]. 


Propagation of ultra-short optical pulses through NLDBF-structure gives an example 
of a new type of solitary waves - a gap soliton [159,160]. These solitons propagate in 
the periodic medium when their power spectrum is located in the forbidden gap which 
arose due to the periodical alterations of waveguide properties. The frequency of the 
carrier wave may be close to the frequency of Bragg resonance, but, unlike the case of 
linear waves, reflection does not occur. The equations describing propagation of the gap 
soliton in NLDBF-structure are similar to the equations of a massive Thirring model 
[161-163], but unlike them, these equations can not be integrated by the inverse 
scattering method. At least we do not know the results concerning the complete 
integrability of the equations for a gap soliton. Some specific solutions are presented in 
[164], where the analogy with the Thirring model is essentially exploited. The 
perturbation theory for a gap soliton, developed in [165], is also based on this analogy. 


In section 8.5 we will consider the equations describing dynamics of the guided 
waves amplitudes in the non-linear DBF-structure. The exact solutions of the non-linear 
system of equations under rigorous Bragg resonance condition will be found in the case 
of continuous radiation. We will also observe the system of equations of the evolution 
of the short optical pulse envelope the in NLDBF-structure. These equations represent 
the modified massive Thirring model. The steady state solutions of this system of 
equations will be obtained. These solutions are often called the gap solitons or Bragg 
solitons. 


8.1. Non-linear surface waves 


This section is concerned with the discussion of some phenomena arising when an 
electromagnetic wave propagates along a planar interface of two dielectric media or in a 
planar dielectric waveguide. Let the direction of the wave propagation be the z-axes of 
the Cartesian frame. The normal to the surface is fixed in the x-direction while the y- 
axis lies in the interface plane. There are two types of the surface waves: (a) transverse 


electric waves (TE wave) with E = (0,£,,,0) and H=(H,,0,H,), and (b) transverse 
magnetic waves (TM wave) with E = (E,,0,E,) and H=(0,H y0) If the dielectric 


permeability of one of the media is a square-law function of electrical field strength 
&(@,E) = &(@) +€,,(@):EE , (8.1.1) 


then both the TM waves and the TE waves, 1.е., non-linear surface polaritons 
propagation are possible. 
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8.1.1. NON-LINEAR SURFACE WAVES OF TE-TYPE 


The electrical field vector of the TE-waves has only one nonzero component [97,98], 
for instance E,. Thus, the wave equation looks like following: 


OE. 40° 8. 
art a ” + kee(o JEP )E, =0, (8.1.2) 


where Ао = с/с. The magnetic field strength vector components for this sort of waves 
are connected with Е, by the relations: Н, = Жо 'OE,/0z, Н, = 0, Н. = -iko 'E,/Ox. On the 
interface plane at x =0 £,, Н, and Н. are continuous. The boundary conditions 


OE 
lim Е, ,(@,x,z)=0, in| =0. (8.1.3) 


Kh ко 


select only those solutions of equation (8.1.2) which correspond to the surface waves. 
Due to the translation symmetry along z-axis the y-component of the electric field 
E,(@, x, 2) can be chosen as 


E,(@,x,2) = B(x) exp tiB(@)z}, (8.1.4) 


where B(@) is a propagation constant [98]. Equation for the transverse profile of the 
electrical field of NUSW ®(x) follows from the equations (8.1.2) and (8.1.4) : 


+[koe(@,x) — ВФ = 0, (8.1.5) 


Ф, хх 


where Ф(х) and ®, (x) are continuous at x = 0 and approach to zero when х—> +00. In 
this chapter the derivative d®(x)/dx is symbolised as ®, (x). Dielectric permeability 


€(,X) = =„(®,хЕ |?) is given by the condition: 


ЕО 
2 
=. +5„Ф”,х> 0 


€(@,x) = | 


Equation (8.1.5) may be rewritten as a pair of equations with the constant coefficients: 


Ф, (koe, — B® =0,x <0 (8.1.6a) 
+=, —B°)O+ke,, O° = 0,x > 0. (8.1.6b) 


Ф, хх 
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Solution of the equation (8.1.6a), satisfying the boundary condition at x - ©, is 
®") (x) = A, exp(qx), (8.1.7) 


where g* = (В? —koe,)>0 and we choose q >0 for the sake of certainty. 
If we multiply the left part of equation (8.1.6b) by ®, (x), then the resulting 


expression will become the total derivative of some function, and after integrating, the 
first integral of equation (8.1.6b) will be expressed in the following form 


(o,,) + (kgé, -В?)Ф? + (кои /2)@* = 7. (8.1.8) 


Where / = 0 is in accordance with the boundary conditions. Expression (8.1.8) 
allows to make certain qualitative conclusions about the properties of the solutions of 
(8.1.6b). 

If гы > 0 (this is the case of a self-focusing non-linear medium), (4Ф/Ах)? can be 
positive when the condition р? = (В? — ko&>)>0 only holds. Then the function ®(x) 
is limited and it reaches a zero value along with its derivatives and the boundary 
conditions under x—> + © are satisfied. 

If én < 0 (self-defocusing medium), Ф(х) does not reach zero under condition 


(kj &, -В?)>0 and fails to satisfy the boundary conditions. If (kje, -В?) <0, B(x) 
and ®, (x) can reach zero simultaneously, but the function itself is not limited. 
For a self-focusing medium equation (8.1.8) reduces to the equation: 


(Ф,,)? = р?Ф?(1-оФ?) , (8.1.9) 
where © = k*oén/2p’, and its solution gives 
0 (х)=а "2 sech| p(x — x,)], (8.1.10) 


Here x is the location of the maximum of the electrical field strength. It appears here as 
a constant of integrating for equation (8.1.9). 
For a self-defocusing medium equation (8.1.8) may be presented in the form: 


(®,,)° = p°@*(I+a)@7) , (8.1.11) 
Solution of this equation is given by the expression 


©” (x) =+(\al)' cosech| p(x — x, )], (8.1.12) 
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This solution has a singularity at x = x2, The strength of electrical field grows 
unlimitedly near this point. If x. < 0, this singularity is fictitious, but the derivative of 
@(x) has a break-up at x = 0 leading to the discontinuity of the magnetic field strength, 
when crossing the interface of the two dielectric media. Consequently, the condition x2 
> 0 only holds. In the half-space filled with the non-linear dielectric matter, an electrical 
field strength grows infinitely. The approximation the present theory of non-linear 
guided waves is based on, is no longer valid as it is limited by an assumption of a weak 
non-linearity (i.e. Eyy(;|E]*) in the form of (8.1.1)). Besides that, it would become 
necessary to take the losses into account too. These losses can be of a non-linear nature 
(two-photon absorption etc.). Thereby, within the framework of the model accepted 
here, the non-linear surface waves of the TE-type spreading along a planar interface of 
linear and non-linear self-focusing media are only possible. Hereinafter, only this case 
will be the subject of consideration. 

The condition of continuity at the interface x = 0 requires ®(0) = ®°'(0), &”,,(0) 
= ©) (0) and yields a result for: 
A, =a"? sech(px,), (8.1.13a) 

q = ptanh(px,). (8.1.13b) 


Formula (8.1.13a) can be considered as the determination of the x2 by an electric field 
strength in the NLSW at x = 0. Equality (8.1.13b) is a dispersion relation for this TE - 
NLSW. As far as it is chosen 4 > 0, it follows from (8.1.13b) that x2 > 0. That means the 
maximum of the electric field strength in NLSW is located in the non-linear dielectric 
medium (Fig.8.1.1). 


Fig.8.1.1. 


Profile of the electric field of TE-NLSW 


It is possible to define an electric field strength in the NLSW on the interface from 
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(8.1.13), which yields: 


where Ag = &1 - &2. It comes out that the NLSW of the TE-type can propagate under 
condition Ae > 0. The power flow is defined by the expression 


P= (S,de, 


where Sz is a z-component of Poynting vector averaged over the fast time oscillations. 
For the TE-wave the power flow reads as 


PS cad Пос 
81M >, 
Using the expressions (8.1.7) and (8.1.11) for Ф(х) and relations (8.1.13), one can 
obtain the result in the form: 
P/P, = А? /24+ [1+ tanh(px,)]/ap =B(p + 4)? /2p=Blp +q + kpAe/2q]. 


where P,=c(4nk e,,) |. It is useful to analyse the dependence of P/P, on 
propagation constant В keeping in mind the definition of p and g in terms of В. 


Fig. 8.1.2. Variation of the normalised power flow with propagation constant 
for with Д=/ =] = 0,05. 
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First of all it is worth to note that the inequality В? >kje,>kje, always holds. 
When В? > ke, the ratio P/P, increases as (В“-К=)"”. When В approaches 
infinity, the P/P, grows as В?. Consequently, the ratio Р/ P,as a function of В has at 
least one minimum. In order to find the value of В, where P/P,is extreme, it is 
necessary to solve the equation d(P/P,)/dB=0. Having done this, one may be 
convinced that for a certain value of В, Р/Р, takes minimum denoted as P/P,. 


Thereby, in order to excite the NLSW, the flow of power must exceed the critical value 
Р. =Р(В.). Then, under condition P > Ре, two NLSWs propagate along the interface 


carrying equal power, but having different propagating constants (Fig.8.1.2). 
Following [4] we shall consider how the NLSW parameters depend on the 
maximum of the electric field A,, =®(x =x,). Let us define a dimensionless parameter 


D by the relation Ae =(1+D)A”. It appears that all features of the NLSW can be 
expressed in terms of D. For instance, p*=(1+D)Q*, q*=DO’, 


В? =(Ae's,, +D)O*, where О? = Ack;. As it follows from these relations and also 
from (8.1.13): 


1 VD 1 1+D+~vD 
i artanh = In , 
Q.1+D 41+ D 20.1+D 1+ D-~D 
Р/В, = 0? ,Ae'+D(/D+.1+D+1/2,D). 


We can regard these expressions as а parametric definition of the function x2 versus Р. 
This dependence is shown on Fig.8.1.3, where Ae = 0,06 and =, =2,25. 


Fig. 8.1 3. 


Variation of the position of the maximum 
of the NLSW with power flow. 
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It is noteworthy that the position of the maximum of the NLSW electric field strength 
changes non-monotonically with the increase of D, x2 reaches its maximum value 
max(x2) = 0,663/0 at D = 2,277. Furthermore, the dependence x2 on power flow is 
ambiguous. 

In conclusion we note that there is no linear partner for the considered NLSW. 
When the non-linear permeability correction ¢,, approaches zero, the NLSW 


disappears simply. 
8.1.2. NON-LINEAR SURFACE WAVES OF TM-TYPE 


The TM-waves have nonzero tangent Ё, and normal Е, components of the electric 
field strength vector and only one component of the magnetic field vector — Н, is 


nonzero [98]. Let only the diagonal components of the dielectric permeability tensor be 
nonzero: 


= diag(¢ , a fea (8.1.14a) 


and let these components not depend on the electric field strength of the light wave 
when x < 0. But when x > 0, the diagonal elements are defined as follows: 


Ey (0,|E|? )= 51 (6), 


a ies = 8.1.14b 
éy(@,|EP )=e,(@,|E/ )=%, =e) (@) +e, |El’. 


The NLSW propagates along z-axis. Due to the translation symmetry to this axis 
vectors of the electric and magnetic fields can be written as 


H(x,z,@) = h(x,@) exp[iB()z], E(x,z,@) = é(x,@) exp[iB(@)z]. 


Maxwell equations for TM-waves reduce to the equations for the y-independent 
components of the electric and magnetic fields 


Вл, = ko€ ,e, Й h, эх _ —ik )&\e, Й Кой, = Ве, 7. е, эх . (8.1.15) 
Hence it follows 
; В |“ i 
y(X,@) oa hei =? dx . ( ei. 


If we denote e,(x,@) = B(x), then the equations (8.1.15) and (8.1.16) result in the wave 
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equation for D(x) 


Ф 


2 хх 


чет 2. -В1ЕФ=0, (8.1.17) 


The boundary conditions for ®(x) are similar to those ones for the TE-waves, but the 


continuity condition of the tangent components of the vectors Й and 2 at x = 0 on the 
interface plane looks as 


[Ф]=0, [e,B?-e,43)'®,,]=0 (8.1.18) 


where the square brackets [/] mean the magnitude of a jump of the functions f(x) at the 
point x = 0. 

The strong restriction of this models is a choice of anisotropy of the non-linear 
dielectric permeability in the form of (8.1.14b). However, in a more general case there 
is no exact analytical solution of equation (8.1.15). 

In the case of only one interface, which is being considered here, equation (8.1.17) 
decomposes to the pair of equations 


®,,, +(e)" /el) (kgel? —B?)@ =0, (8.1.19a) 
Ф, „+(=!” ep kee’ -p?)@ + (= fe? age? -p?)o? =0, (8.1.195) 


Solution of the equation (8.1.19a), satisfying the boundary condition as x > —c, is 
O" (x) = А, exp(qx), (8.1.20) 


where 4? = (8 /e(?)(B? _ =) > 0, and it is chosen g > 0 (i.e. plus at the square 


root from 4”). 
Condition (8.1.19b) then gives the result similar to the case of TE-waves: 


(Ф,,)? = р?Ф?(1+ 9$?) , (8.1.21) 


where notations р? = Ci key? \(B? = ke?) ,a=6,, 128 are introduced. As the 
left part of the expressions (8.1.21) is positive, then р’ > 0. But as with for TE-waves, 
here it necessary to distinguish between self-focusing (=„ > 0) and self-defocusing 
(=„< 0) media. 

When = „, > 0 the solution of equation (8.1.21) is 


D(x) == (19|) "? cosech{ p(x — х,)], (8.1.22) 
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The continuity conditions (8.1.18) result into the relations 


A, =+(0]) "2 cosech| px, |, (8.1.23a) 
(1) (2) 
= (8.1.236) 
4  Р\айрх,) 
As far as а >0, it follows from (8.1.23) that x2. >0 when =(” >0, er >0. That means that 
the electric field has a singularity at the point x2 located in the non-linear medium. If 
either 8 ог ae is negative, then x2 <0 and there is no any singularity. A transverse 


profile of the electric field strength of NLSW has the form shown in the Fig.8.1.4. 
КЕ), <0 solution of the equation (8.1.21) is 


(x) = (10) 1? зесВ[р(х — х,)], (8.1.24) 
and the continuity condition (8.1.18) leads to the expressions 


A, =(lal|)"” зесН px, |, (8.1.25a) 


1 2 
ey eh 


=——. (8.1.255) 
Ч  Рсо@(рх,) 

Formula (8.1.25a) gives a relationship between the parameter x (that is ап 
integrating constant of (8.1.21) or a co-ordinate of maximum of the electric field 
strength of the TM NLSW) and the amplitude of NLSW on the interface plane x = 0. 
Formula (8.1.25b) is a dispersion law for this wave. If both Е and ae are positive, 


then x2 >0 (refer to Fig.8.1.1). If either 8) ог gE)” is negative, then x, < 0 means that 


the electric field is “ejected” from a non-linear dielectric (refer to. Fig.8.1.4). 

Similar to the case of the TE-waves, one can find here a power flow associated with 
the TM-type NLSW, and one can define its dependence on the propagating constant В. 
As far as these waves are possible both with ¢,, > 0 and withe,,< 0, the analysis will 
be more tedious but still there are no principle difficulties involved. The reader may be 
recommended to do this procedure on his own. 


The qualitative difference should be noted between the two types of NLSW, the TM- 
type and the TE-type. As it has already been discussed, the NLSW of the TM-type under 
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condition ¢€,, > 0 can exist only when the dielectric permeability’s ey and ey have 


the opposite signs. In the limit ¢,, — 0+ the NLSW changes over to the linear surface 


Fig. 8.1.4. 


Profile of the electric field of TM-NLSW 


wave. That means that it has a linear partner. If ¢,, < 0, then where ie and ar are 


both positive, the NLSW has no linear partner, but when the signs of ey” and ey? are 


opposite, a linear partner of the NLSW does exist. 
8.1.3. ANOTHER CASE OF NON-LINEAR SURFACE WAVES 


An analysis of the surface waves running along the interface between two non-linear 
dielectric is the natural generalisation of the NLSW theory. This case may be easily 
analysed on the basis of the results established above. As an example let us consider the 
NLSW of the TE-type. In both cases x < 0 and x > 0, the equation determining the 
transverse profile of an electric field of NLSW has the form of (8.1.6b). If one chooses 


ey and gO to be positive, then the solution of the equation (8.1.6b) writes 


(x) 0") (x) = Oe? sech| q(x - х Е | 
x)= 
O (x) = gg? sech| p(x —х> )| | 


Here р, 4, &,, &, are determined in the same way as in section 8.1.1. Index 1(ог 2) 
refers to negative (or positive) x. Continuity condition for Ф(х) and d®(x)/dx at the 
interface x = 0 results into two relations [8]: 


ат"? sech(qx,) =>"? sech( px, ) (8.1.26a) 
qtanh(gx,) = ptanh(px, ) (8.1.26b) 
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The electric field strength А = |E(w, x = 0)| on the interface is defined by the expression 
(8.1.26a). Having excluded the constants of integrating x; and хо, it is possible to show 


from (8.1.26) that А? = 2(é,—e5)/ (e's &0). Hence it follows that NLSW exists Ш 


> a and (b) when =, < €,, 5 


ae ee a. From 


two situations: (a) when €, > &,, & nl 
(8.1.26) x; can be expressed in terms of x2. The dispersion relation will depend on x2 
parametrically. However, it is more suitable to take the power flow as a parameter. 


Similarly to the case considered in section 8.1.1 one manages to derive an expression 
for P [3]. For a and ¢“) > 0 we have 


1/2 
P/P,=N\JN? в, + в, = -в[м Е ве | (8.1.27) 


=c(4nkye)!. 
Sign plus corresponds to the NLSW with the maximum at x < 0, — minus - to the 
NLSW located in the region x > 0. 

An analysis of (8.1.27) shows that P/Po as a function of М has the minimum at some 
№. Thereby, NLSW exists only under P > Py; =Р(№). Herewith the propagation of two 
NLSWs is possible. 

The position of the maximum of electrical field in NLSW x,, depends on P and on 
the second critical value of power flow Ре. So, if Pai < Р < Ро, then хи < 0. But under 
the condition Py: < P the value of x, can be either positive or negative [3]; 


where № = B/k, is an efficient refraction factor, у = =) ИБО 


nl ? 


Py = Ply + ©, — =>) (71 -e,)| (y -0". 


The case when ey and =) < 0 leads to the results which are alike. Indices 1 and 2 in 
all formulae should be only interchanged. The NLSW under consideration has no 
analogue in the linear media and this is what distinguishes it from the NLSW of the 
TM-type. An extended study of the NLSW along the interface of two non-linear media 
was given in [33]. In the same work the NLSW along the “non-linear dielectric - metal” 
interface was explored too. 


8.2. Linear waveguide in a non-linear environment 


Let us consider a guide structure consisting of a thin dielectric film of thickness h 
characterised by the tensor of dielectric permeability & +» Which does not depend on the 


electrical field of a light wave. Let the dielectric permeability tensor of a substrate on 
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which this film is placed be given in the form: 


and an infinite (or very thick) cladding layer has a dielectric permeability tensor 
E-(@, E) = & + €° : EE 


As far as there are two interfaces (at x =0 and x= h), two types of guided waves are 
possible. These are the waves in the film and the bounded surface waves. The first type 
of waves will be named non-linear guided modes (NLGM), and the second one by a 
non-linear surface waves (NLSW). Both of them can be either TE- or TM-waves. Their 
consideration can be made independently. 


8.2.1. NONLINEAR SURFACE WAVES OF TE-TYPE 
(DISPERSION RELATIONS) 


We shall consider an isotropic, or cubic symmetry medium. For the TE waves the 
equation for Ф(х) describing the transverse electric field profile of the wave in a three- 


layer structure can be decomposed into a system of simple equations: 


Ф, HKG —B7)@ + kee Ф? =0, х<0 (8.2.1а) 
Ф, +(kee, -В?)Ф=0, O<x<h (8.2.15) 
Ф, +(kge; -В?)Ф+ kee” 0° =0, h<x (8.2.1c) 


In the region 0<x<h solutions of the equation (8.2.1b) defining the NLSW yields 


BP hoes Hts S Oy (8.2.2) 
then 
@° (x) = A, exp(—K x) + В, exp(k x). (8.2.3a) 


Under conditions x < 0 and x > A the analysis of non-linear equations (8.2.1а) and 
(8.2.1c) can be carried out in the same way as it was done for non-linear surface 
polaritons. It follows from (8.2.1а) and (8.2.1c) that 


(,,)° +(kge—B?)@? + (k2e,, /2)@* = 0, (8.2.4) 


where indices at = and ¢€,, are omitted. In а self-focusing medium (¢,, >0) equation 
(8.2.4) gives a solution which satisfies the boundary conditions as x > + if only 


508 CHAPTER 8 


(В? — koe) >0. In a self-defocusing medium (¢€,,<0) under condition (В? — ke 6) >0 
and boundary conditions (8.1.3) the singular solution of (8.2.4) is possible, but there are 
no such solutions under condition (В? — Ey =) <0. Consequently, the guided waves do 
not exist, but the existence of the radiation waves or the waves in the substrate is 


possible. 
=, >0, solution of the equation (8.2.4) has the form (i =1,3) 


@ (x) = 71? sech[ p,(x- x,)], (8.2.5a) 
and for ¢,, <0 


ФО (x) = а"? созесН| р; (x- х, | ; (8.2.5b) 


where 


Pi =p =B’-koe,, ps =q° =B’ - koe; 
a, = ko вр 2p; 


and x; are the integrating constants which are equal to co-ordinates of the electric field 
strength maximum positions. Depending on the signs of €,,, four cases are possible. 


() 


nl 


>0and = >0. 


nl 


5 
Then we have: 


0) (x) = в ^ sech| p(x _ х so 29850 
@ (x) = 05"? sech{g(x—x5)]  х>в (8.2.6) 


The conditions of continuity of the electrical and magnetic fields strengths at the 
interfaces result it the equations: 


A, = 4,+B,, PA, = -к( А, - By), 
A, = A, ехр(—кй) + В. ехр(кй) , (8.2.7а) 
GA; = «[ A, ехр(-кй) — B, ехр(кй)], 


where p= ptanh(px,),g =q tanh[q(h—x,)], A, =Ф® (x =0), A, =O (x=h). 
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From equation (8.2.6) we obtain 


A, =a" sech(px,), 


8.2.8a) 
A, = Ce sech[g(h — x;)]. ( 


The uniform system of linear equations in 4), 42, Аз, By has a nonzero solution if its 
determinant is equal to zero. This condition leads to the dispersion relation for NLSW: 


ехр(2к 1)(1+2/к)(1+а/к) = (1-2/к)(1-@/к) (8.2.9) 
If one arranges parameters ф, and ф, in the form 
tanh(d,,/2)=p/«, tanh(>,/2)=q/k, 


then the relation (8.2.9) reads 


2xh+o, +o, =0 (8.2.10) 


Hence it follows that either (ф, <0 or 6, < 0) ог(ф, and ф, <0). As far as the signs 
of p, 4 and к are chosen positive then, either x; < 0, й > хз or x1 > 0, й < хз, or x1 <0,h 
< Хз. 

The coefficients A; and Аз are coupled by a relationship 


А; = А/[созв(кй) — (B /«)sinh(Kh)], (8.2.11) 


that is a relationship between x, and x3. In this way the dispersion law (8.2.9) contains 
x, аз a parameter. On the other hand, expression (8.2.8) determines А! in terms of x, so 
the electric field strength of NLSW at x = 0 can be chosen as a parameter instead of x1. 
Thereby (8.2.9) serves as an implicit expression for the dependency of the propagation 
constant В on the frequency ®: В =B(@ Ae ). 

Sometimes the dispersion relation (8.2.9) is presented in the form [96]: 


K(p +q) 
к? + ра 


{ап (кА) = (8.2.12) 


= <0ала Е >0. 


т 


In this case 


@ (x) ="? cosech| p(x - х ‚ O98 (x) = On sech{ q(x _ №) : 
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Continuity conditions for the fields on the boundary planes x = 0 and x = A give rise to 
the system of the equations, which is similar to the (8.2.7), but where 


р = peoth(—px,), а =qtanh[q(h —- x;)] 
and 


A, =|a, |"? cosech(—px,), А, =a;'’” sech[g(h — x,)]. (8.2.8b) 
The dispersion relation in this case has the form of either (8.2.9) or (8.2.10), or (8.2.12). 


= <0 and = < 0. 


nl 


Here function ®(x) looks as 

O (x) ="? cosech| p(x _ _ oo ee; 

@ (x) = а"? cosech[g(x—x;)],  x>h (8.2.6c) 
and if one defines 


РВ = peoth(-px,), а =асоШ[а(й -х,)] 
A, eri ada cosech(—px,), 


(8.2.8c) 
Ay На ;|"? cosech[q(h — хз) 
then the expression (8.2.9) becomes the dispersion relation for this case. 
eS >0 and Е < 0. 
In this case function ®(x) can be written аз 
O" (x) =a)” sech{ p(x — x,)], х<0 
@ (x) а"? cosech{g(x — x3)], x>h (8.2.6d) 


Dispersion relation complies with (8.2.9), but now 
р = ptanh(px,), g =qcoth[q(h—x,)]. 


The amplitude of the electrical field of the NLSW at the interface h = 0 A, is given by 
the equality 


A, =a;"” sech(px,) , 
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It corresponds to the electrical field amplitude A, at the second interface x = h by the 
relation (8.2.11). 


8.2.2. NONLINEAR GUIDED WAVES OF TE-TYPE 
(DISPERSION RELATIONS) 


Analysis of the NLGW of the TE-type is based on the equations (8.2.1), but now one 
should assign 


ke, -B =x? >0. (8.2.13) 


in the equation (8.2.1b). 
Then the following function serves as a solution of these equations for 0 <x <h 


®” (x) = A, exp(ix x) + В, exp(—-ik x). 


For x>h and х<0 (x) takes correspondingly the form of © (x) and © (x) from the 
preceding section. 
The continuity conditions for B(x) and ®,, (x) at the interfaces x = 0 and x =h 


yields 
A, = 4,+B,, PA, = ik(A, — By), 
A, = A, exp(ikh) + В, exp(—ikh) , (8.2.7b) 
— (A, = | A, exp(ikh) — В, exp(—ikh)] , 


hence a dispersion relation for NLGW follows as 


03 pba (a's) | (8:2. 14) 
SND nd aera yae Ana ey) = 
or 
та 
И (8.2.15) 
к = 
If we define the parameters ф, and ф, by the formulae 
‘ап(ф,/2)=Р/к,  tan(o, /2) =а/к, (8.2.16) 


then equation (8.2.14) can be written as 


2xh=6, +o, +2пт, m=0,1,2.,.... (8.2.17) 


512 CHAPTER 8 


This expression has a simple physical meaning: the full phase shift of the zigzag wave 
[98] 2mm is asum of 2кй arising from the linear medium of the dielectric film, and the 
phase shifts —ф, and —@,, which occur in the total internal reflection at the linear- 


non-linear interfaces (non-linear Goos-Hanchen effect). 
The quantities р, 4, A; and Аз in the expressions (8.2.7b) - (8.2.17) are determined 
(1) (3) 


nj and 5.7. 


by formulae (8.2.8) according to the choice of the signs of € 

It is known that in linear integrated optics there are several unification parameters in 
terms of which the dispersion relation for TE-modes can be written in a universal form. 
We can use these parameters in our expressions too. Let us set the effective refraction 
factor N =B/k, and unification parameters as 


NESS fy. £3 
Г =Ай. 52—81, БЕ, a=—. 
2-81 ве 


Then the dispersion relation for linear guided TE -wave can be written as 


| b b 
IB = ain | arin ли 


The universal expression for non-linear dispersion relation holds 


| b [b 
VvV1-b= rt 4 + rt ze +1, (8.2.18) 


ин =Р/р=+-о 42)?, pw, =@/а=+@-а; 42)? 


where 


(3) 


т 


() 


n and = 


under any choice of signs of & . It would be useful to compare below the two 


expressions of the dispersion relations for TE-waves. 


8.2.3. NONLINEAR SURFACE WAVES OF TM-TYPE 
(DISPERSION RELATIONS) 


In the case of TM-waves the equation for functions ®(x) decomposes into three 
equations with the permanent coefficients 


®, +p; P+a,p; Ф?=0, x<0 (8.2.19a) 
®, +p, P=0, O<x<h (8.2.19b) 
®,..+p;P+a,p; Ф? =0, h<x (8.2.19c) 
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where 
Gree fey. p= (= feP ie? =B*)  PS1,3; 


. Si oe ь 2 я 
In the case of non-linear surface waves it is necessary to assign р> <0. Depending оп 


the signs of Е. and в the different types of TM-waves are possible as it takes place 


in the case of TE-waves. 


в >0 and = > 0. 


nl 


It is suitable to re-assign the coefficients into the system of the equations (8.2.19) as 


It follows from (8.2.19b) that under condition 0<x<h 
®°) (x) = A, exp(—K x) + В, ехр(кх). (8.2.20a) 


When x < 0 and x > A, the expression for ®"” (x) and ®®) (x) , which is analogous with 
(8.2.5b), follows correspondingly from (8.2.19a,c) 


D(x) = +(2 / а, )"? cosech] p(x —x,)], (8.2.20b) 
&° (x) =+(2/0)'’? cosechlg(x —x,)] . (8.2.20c) 
The way these solutions were found is the same as was used to solve the equations 


(8.1.18b) and (8.1.20). Continuity conditions (8.1.18) at the interfaces x = 0 and x =h 
give a system of equations 


A, =4,+B,, (8) / p)A,coth(—px,) = (8) /«)(4, — By), 
A, = A, ехр(-—кй) + В, ехр(кй) , 
(e)” /4) Аз coth[g(h — хз)] = (€)” / «)[ Ay exp(-Kh) — В» exp(Kh)] , 


where A, and Аз are determined by the expressions 
Apatite) 6)” cosech(—px,), А; =+(2 / ee cosech[q(h — x;)]. 
If we define the parameters 


В = ptanh(—px,),G=qtanh[g(h—x;)], в, =] fey, (8.2.21) 
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then the condition, under which the system of equations for Ат, 42, Аз and В» is 
solvable, yields 


thnk /P)(I-nok/ 2) 


— | =1. (8.2.22а) 
1—pyyk / p/)\1+ изк/ а 


сноски 


This is a dispersion relation for NLSW of the TM-type for the case under consideration. 
In terms of parameters ф„ and , introduced as 


tanh(), /2)=—Wyk/B,  tanh(>, /2)=pyk/7, 


the dispersion relation will be written in the form 


2xh+o, +o, =0. (8.2.22b) 


As it was in the case of TE-waves, here either >, or >, or both , and ф, are to be 


negative. Hence it follows that the positions of the electrical field strength maximum x; 
and хо, can be located on different sides of the linear dielectric film, i.e. either x; < h or 
хз > 0, or x, <h and x3 > 0. 

The amplitudes of the electric fields in the points of the planes x = 0 and x = / are 
combined by the relation 


A, = ден — Из киски) ; 
P 


that provides a relationship between x; and x3. Another form of the dispersion relation 
(8.2.22) comes out from (8.2.22b): 


= Mink DP — изка 


tanh(kh) = — —= 5 
РАТИ Изк 


(8.2.22c) 


= <0 and eo <0. 


т 
In this case solution of the equations (8.2.19a) and (8.2.19c) can be found in a similar 
way as it was done for (8.1.19b): 


@ (x) = Ла |)" ес p(x — x,)], (8.2.204) 
O°) (x) =(2/|a, |)" зесН[а(х-х,)]. (8.2.20e) 
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Continuity conditions (8.1.18) present a uniform system of linear equations to 
determine Ат, 42, Аз and B 
A,=A,+B,, A, = A, exp(—kh) + В, ехр(кй), 
Нок "А = 4, - В, , (8.2.23) 
Изэк@ Аз = Ay ехр(-кй) — By ехр(кй), 
where now 


P= pcoth(px,), а =q coth[g(h — x, )], 
A, = (210 |)? sech(px,), Аз = (23|) sech[g(A — хз]. 


Dispersion relation for TM-waves in this case has the form 


1-п2к/Р|[1-нук/а 
exp(-2sh) ae 2 | Ee f) =f (8.2.24a) 
I+ pyk/p/\1+pyk /а 
or 
2xh+o, +, =9, (8.2.24b) 
where ф, and 6, are fixed by the relations: 
tanh(d, /2) =ирк/р, tanh(d, /2) =цук/а. 
The above expressions and (8.2.245) give the dispersion relation in the form: 
KP +U3kq 
обе" ee ees (8.2.24c) 


PA + Wb yk” 


Е < 0 and ey > 0. 


If these inequalities hold the dispersion relation for TM-type, NLSW formally coincides 
with (8.2.24), but р ‚4, А, and Аз are now defined by the expressions 


р= рсо(рх),  g=qtanh[g(h—-x;)], 
A, =(2/ 0 |"? sech(px;), 43 =+(2/а3)"? cosech[q(h— хз]. 


=? > 0 and Е > 0. 


nl 


This case can be offered to a reader as a simple exercise. 
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8.2.4. NONLINEAR GUIDED WAVES OF TM-TYPE 
(DISPERSION RELATIONS) 


The derivation of the dispersion relations for the TM-type NLGW is based on the 
analysis of the solutions of the equations (8.2.19), but now for р. =к? > 0. Parameters 


p and 4” are determined as above. Under condition 0 < x < й the solution of equations 
(8.2.19) can be written as 


@) (x) = A, exp(ik x) + В, exp(—ik x) . (8.2.25) 


Under conditions x < 0 and x > h functions ®“ (x) and ФЗ (х) are determined by the 


formulae similar to those of (8.2.20b) and (8.2.20e). 

Continuity condition (8.1.18) then gives the equations of the (8.2.23) type in which 
« should be changed for ie. Dispersion relation for NLGW can be obtained from the 
resulting uniform system of the linear equations 


2xh=o,+6,+2nm, т=0,1,2..... (8.2.26a) 
where ф, and , are determined by the formulae 
tan(>, /2)=рок/р, — tan(b, /2)=рзк/й, 
Another form of this dispersion relation is 


KD+ ка 
анк) = 32 РУ 


Pq -ирИизк” 


(8.2.265) 


The interpretation of the equation (8.2.26a) is exactly the same as it was in the case of 
TE-waves. 


Quantities p ,g, A; and Аз should be chosen with taking signs of ey and 5 into 
account. Analysis of all choices of the non-linear medium (either self-focusing or self- 
defocusing) should be made exactly in the same way as it was done in section 8.2.3 for 


TM-type NLSW. Herewith all the results obtained there remain unaltered. 


8.2.5. ANALYSIS OF DISPERSION RELATIONS 


The situation with eigenmodes of the linear planar waveguide imbedded to the non- 
linear medium is characterised by a broad range of possibilities. These waveguides can 


be either symmetric (¢,(@,E) = =с(®,6)) or asymmetric (¢,(@, E) # &-(@,E)). The 
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sorts of waves can be different: TE- or TM-type. Apart from guided waves (i.e. 
NLGW), which have analogues in the linear limit (2? — 0), the NLSW are presented 
here which can have no linear partners. Both non-linear media can be either self- 
focusing or self-defocusing, or one of them is self-focusing but the other is self- 
defocusing. 

The TE-waves for a waveguide in non-linear environment is a subject of this 
section. Besides this, one limiting case will be considered, when substrate is a non- 
linear medium. This limiting case can be easily obtained from the general analysis 
provided ей — 0. There is the experimental study in this case but for Е — 0, 1.е. the 
linear waveguide with non-linear cladding. It should be noted that qualitatively there are 
no differences between the waveguide on the non-linear substrate and waveguide with 
non-linear cladding, as far as one considers a substrate as a cladding and vice versa. 

The results obtained in sections 8.2.1 and 8.2.2 allow writing different expressions 
in the unified form with no dependence on the signs of non-linear susceptibilities. 
Besides that the substitution к — ix makes it possible to derive expressions for NLSW 
case from the corresponding expressions for non-linear modes of a film under the 
additional requirement that mode index m should be zero. 

The electric field distribution in NLGW is given by 


A,[cosh(px) —(B/ p)sinh(px)] ', x<0, 
Ф(х) =) А [соз(кх) + (р / p) sin(kx)], О<х<й, . (8.227) 
со5(кй) + (p / р) зш(кй) er 


' cosh{g(x — A)] + (7 / q) sinh[g(x — A)]’ 


where A; is an electric field strength in NLGW at the interface x = 0. The mode index 
m, which appears from dispersion relation (8.2.17), is omitted. 
It is suitable to define parameters p,q by analogy with р and 4. Thus, introducing 


the effective non-linear dielectric permeability =, (i= 1,3) [46-49, 99], we have 
ВВ. Я =P Shea + (8.2.28) 


The introduced parameters & can be expressed in terms of usual non-linear 


ionl 


permeability: 


Ess, = 6, +8°) A? /2. 


ion 


As far as the electric field strength of NLGW at the interface x = h Аз is connected with 
А! by the continuity condition, there is also arelationship between the elements of 
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effective non-linear dielectric permeability = 


ionl* 


2 
&3,м-—(82 + €3)/2 poe ры 


Е S fe a 


where parameter a is determined by expressions (8.2.30) depending on the magnitude 
— (269 7.8 
of 613 = (En En): 


(8.2.29) 


1/2 


a=(1/2)|(e, -€3)°&\3 -(€) -8,)"] (8.2.30a) 


when 0< &,, < (=, —€,)’ /(€, —€3)° and 


a =(i/2)[(e, -8,)? -(@) -83)°E] (8.2.30b) 


when &); >(&)—£,)" /(€) —€3)’. 

It is worth to note that expression (8.2.29) presents an equation of conic section which 
was taken as a basis for classification of the TE-type NLGW [100]. On Fig.8.2.1 the 
qualitative picture of the electrical field distributions in the NLGW is presented in 
compliance with four types of TE-waves. 


Fig. 8.2.1. 


Profiles of the electric field of NLSW 


A condition of the existence of NLGW follows from the positively of к”, р”, g and 
it can be written as 


Seo = Sis Se Se (8.2.31) 
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Он Sey Ee), 


For power flow P the following expression was found [48,49]: 


Ail | р? P(p-p 4(4-4)(=› —=1, 
Г и, 125+ Pp В) Р 9 (9 a 27 Et) | (8.2.32) 
4k к к (р+р) к (9+9)(=> — €35n)) 
where non-linear effective thickness hey was determined by the expression 
hag =h+ (pt py! +2¢+q)". (8.2.33) 


(3) 


nl 


In the limits ¢,, +0 and ey —> 0 one can get the known expressions for P and h, eff 


for the linear planar waveguide. It is easy to verify that if to set €,,,,= €;, PD =D. = 
in (8.2.32) and (8.2.33), then the well known expressions for power flow and effective 
thickness come out. 

Further consideration of the dispersion relations can be made near the boundaries of 


the range for the constant В by the inequality 
2 2 2 go 
max {081 › оз, } ЗВ” < Коё>. 


Let us consider the behaviour of В as the function of parameter associated with the 
thickness of waveguide Г =А,й./=, — €, on the basis of the equation (8.2.18). In the 
vicinity of the minimum of the allowed value for B there are some points named as the 
transition points. Let for instance &/,„/> €3,,;- Points хи, and хз corresponding to the 
maximum of the electric field strength of NLGW, are located outside a waveguide (x; > 
0 and x; > h). When В approaches Вии =k (€,,/), condition ~ > 0 holds. That 
means that x, —> 0. The further changing of V causes either a cut-off of the mode or an 
increase of B. The value of x; can become neither positive nor negative herewith. The 
magnitude of Г, under which В reaches Виши, was named the transition points [48,49]. 


It is easy to find this value yor ) from (8.2.18) by assigning there p=0 


1 G [b+ 
VX) = — 4 arctan - +лтр, 
1 -Ь 9 {1-65 


where b = (¢,,,/-€,)/(€) —€,), and т is the mode index (mode number). 
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In a more general case, the analysis of dispersion relations of non-linear waves is 
carried out numerically. Thus, to illustrate the NLGW properties it is simpler to discuss 
non-linear phenomena in such waveguide on the base of numerical results. 

For the fixed power flow the plot of the propagation constant B vs. normalised 
waveguide thickness V is shown in Fig. 8.2.2. The curves marked as | and 2 correspond 
to the values of the parameters (=.-=:)/(&,-=,) 0.7 and 1.0, respectively. The bold 
points on the curves indicate the transition points. Note that for one and the same value 
of V two non-linear waves can propagate simultaneously in a waveguide, carrying the 
same power, having an alike mode index m, but being distinguished with the 


propagation constant. If V changes slowly near the transition point ye ) then the fluent 
switching between these NLGWSs will occur. 


Fig 8.2.2 Propagation constant as function of normalised waveguide thickness for x).<0 


Now let us discuss the limiting case when either substrate or cladding of the 


О 50 ог= 30. For this 


case all expressions for the characteristics of any interest can be obtained under 
corresponding limiting transition. For instance, let the medium (substrate) be a linear 
dielectric at x <0. Then =p and the dispersion relation for NLGW obtained from 


waveguide is a linear dielectric, that means that either 5 
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(8.2.15) has the form: 


From (8.2.32) it is possible to find a power flow transferred by this NLGW. It is 
interesting here to consider the propagation constant as a function of power flow P. 
Numerical solution of the dispersion relation made in [39] showed that the function В vs 
P had a qualitative different nature depending on the ratio й//, (ог V). Thus at A = 0,694 
и and m = 1,52, из = 1,55 and = = 10° cm'erg” the value of В is a monotonous 


function 


Fig.8.2.3 


Propagation constant as function of 
the power flow P for different 
mode indices m 


versus Р for the NLGW with т = 0 and #//, = 0,3 (Fig 8.2.3a), whereas at h/A=3 this 
dependence is ambiguous (Fig 8.2.3b). This ambiguity is seen particularly well for m=1. 


Fig.8.2.4 


Ration of the power flow in waveguide to total 
power P,/P in relation to the total power P 
for TE-mode (//i = 3.0) 
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In these plots the curves B(P) start from certain point indicated on Fig.8.2.3 with the 
light circle. That means the corresponding NLGWSs appear only if P exceeds a certain 
critical value Р“”, and that they can be switched off for P smaller than P”. If to 


denote the power flow inside the waveguide as P2, then for sufficiently greater values of 
h/. the dependence of P2/P versus P has an ambiguous behaviour (Fig.8.2.4). Two 
values of P2/P correspond to one and the same magnitude of P in some power flow 
interval. In ref. [39] this bistable behaviour was given the following interpretation: the 
state with the smaller value of B(P) corresponds to the NLGW which power flow is 
comprised inside the waveguide (0 < x < h), but alternatively the state with the large 
value of B(P) corresponds to the NLGW with the power flow located mainly in the 
non-linear cladding. 

Bistable behaviour of the NLGW was predicted in a general case of the linear 
waveguide in non-linear environment [50,96,101] too. But due to more complex 
systematisation of the NLGWs in this case the interpretation of this phenomenon is not 
easy. There are different sorts of non-linear modes and there is possible switching 
between different modes. 

The investigations of the NLGWs and the TM-type NLSWs [58] have shown that 
bistable behaviour of the non-linear waves takes place in this case as well (Fig.8.2.5). 


Fig.8.2.5 


The propagation constant as function of relative 24 
power flow in non-linear waveguide for TM-mode 
(h/X =1.4) 


P/p 


By finishing this section, attention should be drawn to the fact that non-linear modes 
with different indices m do not form the basis of orthogonal set of functions. This is the 
result of nonlinearity of the eigenvalue problem, and this makes an essential difference 
from linear modes of planar waveguides. 


8.3. Non-linear waveguides in a linear environment 


The planar waveguide that we are considering here consists of a linear dielectric, 
characterised by isotropic or anisotropic dielectric permeability in each of the regions 
x< 0 (substrate) and x > A (cladding), and a non-linear dielectric medium in the region 
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0<x<h. Thus a dielectric permeability tensor will be assigned by a function of a 
transverse co-ordinate 


2 х<0 
&(х) =1& +&,,(E), O<x<h 
4. ЖЪЙ 


The experience of the preceding chapters allows to assume that in the given case 
besides NLGWs the NLSWs will exist. Moreover the latter are the coupled waves 
propagating along an interfaces of non-linear and linear media. 


8.3.1. NONLINEAR WAVES OF TE-TYPE 


For these waves the nonzero component of the vector of the electric field strength obeys 
equation (8.1.2), whereas the transverse profile of an electric field of the TE-waves 
obeys equation (8.1.5). Taking into account the form of a total dielectric permeability 
tensor, equation (8.1.5) can be rewritten as three equations with constant coefficients: 


©, +(kg & ;-B)® = 0, х<0 
Ф, „+ =.-В?)Ф+ её „Ф? =0, O<x<h (8.3.1) 
Ф, +(kg & ‚ВФ = 0, h<x 


The boundary conditions as x — 00 give rise to 
p =В* -№081>0,  q? =В*-№53>0 
Then in the domain x < 0 and x > h function ®(x) can be written as 


Ф‘ (x) = A, exp(px) , х<0 


8.3.2 
® (x) = А, ехр(-4х), x>h pom 


As in section 8.2, in the non-linear layer in the field 0 <x < h equation for B(x) has ап 
integral of motion 


(®,,.)° +к?Ф? +к ?а?Ф* =C, (8.3.3) 
where C is a integrating constant, к’ =kje, - В? ,a? =koe,, /2K°. 


By exhausting different signs of parameters x”, а” and С one can observe different 
configurations of the non-linear modes. But it is better to choose another way. Having 
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solved equation (8.3.3) under the certain choice of the signs of all parameters, all other 
cases can be found by the extension of this solution on the region where these 
parameters adopt other values. 


Let к? >0 and ¢,, <0. Herewith we re-assign а? as а’ =k, |e,/\/2«” >0. Let 


function y(x) =а"?Ф(х) , which obeys the equation obtained from (8.3.3) 


(у. = ак’ (учу -у” /a), (8.3.4) 


where у = С/к” is a transformed integrating constant. Expression in brackets in (8.3.4) 
should be complemented to a complete square and rewritten in the form of two factors: 


уу У? /а= (7-07 - 2), 
where 
уг =(1/2a) +. (1/29)? -у, 


ys =(1/2a)-.(1/2a)* -у. 


It is expected here that 0<y<1/4a7. Then inequalities One ys >0 hold. Equation 
(8.3.4) becomes 


(u,,) =(ax?y? а -м?а- ku?) , (8.3.5) 


where u(x)=y(x)/y, and К? 5 ie <1. Equation (8.3.5) is well known in the 
theories of elliptic functions [102]. It is useful to note that it is possible to forget about 
С/к? and to consider К as a new constant of integration because А? is related to у = C/k* 
by the formula 


к? =[1- 14а? у)? [1+ 1-40? yy]. 


This constant can be determined by continuity conditions at the interfaces x = 0 and x = 
h. Besides this, 


oy SUS)". р dee)’: 


and now function ®(x) can be written as a single-parameter solution of equation 
(8.3.5): 


(x) = u(x;k). (8.3.6) 


k 
av1l+k? 
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Now, we can integrate equation (8.3.5) resulting in: 


K (x — хо) 


4 


+ 2 a а. 8.3.7 
+2 о - eo 


where хо 15 determined from the equation u(xo)=0, but it is simpler to consider хо as the 
second integrating constant. Function 


sin @ dé 
F = F(o,k)= 
me Le 


is an incomplete elliptic integral of first genus. Jacobian elliptic functions are defined by 
means of inversion of this integral: 


sin(g)=sn(F,k), cos(@)=cn(F,k). (8.3.8) 


The function @(F',’) is named as the amplitude of F, o(F,k)=am(F,k), К is the 


modulus. Except functions (8.3.8) there is one more elliptic function — “delta of 
amplitude” — dn(F,k) 


1/2 


dn(F’, k) = | a ae sin’am(F,k)| р 


Thereby, it follows from (8.3.7) and (8.3.8) that 


(x,k) ease | 
u(x,k) = sn} о; 
Vi+k? 


and in view of (8.3.6) the transverse profile of electric field strength of the NLGW in 
the 0 <x <h domain takes the form: 


ЗО oy Sea (8.3.9) 


avl+k? V1+k? 


Continuity conditions Ф(х) and ®, (x) at x = 0 provide 


‘6 кА cn(/);k)dn(/,;*) 


Е ksn(l,;k) 
a(1+k*) Г: 


pA, = | (8.3.10) 
avl+k? 


1 
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The following property was used to derive the above expressions [102] 


а sn(x,k) 


= cn(x,k) dn(x,k) 
dx 


-1/2 


and also parameter /) =—kx )(1+ к?) was introduced. Continuity conditions for 


Ф(х) and ®,, (x) atx = й give the second pair of expressions 


Ре. еп +1, К) dn +1,k) | 
а (1+4?) 


К 51 (0 + К) 


avl+k? 


where /=kh(1+k*)~’”.. Having excluded Аз from (8.3.10), the equation can be found 
to obtain /) for given k: 


(8.3.11) 
A,e@ =+ 


р сп(/,К)ап(1,К) 
eit Е: (8.3.12а) 


Having excluded A, ехр(-ай) from (8.3.11), we can find one more equation 
а 5 сп( +/,k)dn(/, + [,К) 
A Se пи 8.3.12b 
ee sn(l, +1,k) ( ) 


Now, there are two integrating constants, у = C/K” and хо, which are simply substituted 
for К and /,, and two equations (8.3.12). Expression (8.3.12a) links /) with К. 


Expression (8.3.12b) is the equation to determine А in terms of В, w and other 
characteristics of the waveguide. If we express В by means of this equation in terms of 
all remained parameters including k, then the dispersion relation for the considered type 
of NLGW will be obtained. 

For application purposes it is suitable to have power flow P as a parameter in 
dispersion relations. It is even more useful to separate P in parts: P= Pr + P4 , where 


Pee a ФОР de, 


ae 


Ра 


= a | ФС)? dx + | ФС)? dx |. 
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These quantities Pr and Ра are deduced in [55,56]. Their dependence on В, А and the 


different mode indices were derived by the numerical method. By taking into account 
the obtained results, the analytical expressions for power flows can be written as 


2 2к В 
"ley [1+ 
«’B da 
Ве, (+k?) 


{1+ E[am(/,,4)]— E[am(/ + /,,4)]}, 
(8.3.13) 


\q7'sn?(1+1,,k) + р” за? (1, К} 


А 


where Ё(2,^) is an elliptic integral of second genus [102]. Оп Fig.8.3.1 dependencies В 
on P are shown for different indices of modes under the choice of the following values 


Fig.8.3.1 


Propagation constant of the TE-wave 
versus normalised power flow in NLGW 
(Py) = 1 GWiem ) 


of the waveguide parameters: ¢, = 2,56, ¢, = 1, в, = 4,84, |e,,| = 107" его'сп? and 
h/. = 0,97 [55,56]. In this work function В vs P for the main mode (m=0) was found 


numerically under different values of h/X. The results found there show that with the 
increase of power flow P an electromagnetic field is pushed out from a waveguide (В 


decreases). 
This effect is confirmed by the dependencies of Pr vs P derived there (Fig. 8.3.2). 
Thereby, this non-linear waveguide operates as the power flow limiter. 


Let us consider the case of к” >0, €,, >0, (self-focusing waveguide) and let us 


assign a.” = i |157 /2«*. Repeating all variable transformations as it was done in the 
preceding case for u(x), we receive the equation 


(u,,) = (ax? y? dw?) + 22), (8.3.14) 
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where у’ = -(1/2a)+,/(1/2a)* +y , уз =(1/20a)4+ (1/20)? +y , 


Fig. 8.3.2 Power flow Pr (a) and relative power flow P,/P (b) versus total power in NLGW for different 
mode indices m 


and k? = ve / Ve <1. Unlike (8.3.5) in this equation in the last multiplicand the sign 


before k*u? is opposite. So instead of a standard expression for the elliptic integral of 
the first genus we have something different here: 


_ KO Xo) 


8.3.15 
Vi+k2 J *\(1+ k7E7) ; 


This integral is reduced to F(g,k) by making the substitution of variable 


V1+k? 
ex ae (8.3.16) 


It can also be seen that if to make a substitution А > ik' in the integrand (№ is a real 
value), then the elliptic integral F'(@, ik’) will appear. So there is a recipe to evaluate the 
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solution for Ф(х) Нот the known solution (8.3.6): 


©”) (x) = u(x3ik) . 


ik 
avl+k? 


The rest of the cases when к” <0, ¢,, >0 and к” <0, €,, <0 can be considered 


separately, or by setting rules to build up the desirable solution from (8.3.6). Let it be an 
exercise to be done by the reader. 
In conclusion it is useful to draw attention to the results of work [55,56], where the 


case к” >0 and ¢,,>0 is considered. That corresponds to the NLGW in a waveguide 
with a self-focusing layer. The profile of the field at 0<x<h has the form 


k K(x — Xo) 
©? (x) = 07K], 
oe ol — 2k? oy a | 


Dispersion relation for the NLGW derives from the continuity conditions at the 
interfaces x = 0 and x =/ and can be expressed by the couple of equations: 


Pe pape = sn(ly,k)dn(ly, k) 
K cn(/,,k) 
q ie sn(/y + /,k)dn(/y + 1,k) | 
к cn(/, + /,k) 


where J) =-Ахо(1-— 2k?) ?, 1=kh(—2k*)~'”.. For the power flow represented in 
the form Р = Pr + РА it was found that 


2« 

Pp = 3 : 2 
Ko |5 |Vl-2k 
KB? 

№ [=„ |@-2k7) 


{E[am(l, +1, ©] - E[am(/, .k)]-(-k? yl}, 


7 on?(+1,,k) + pen? (1, 


A 


The numerical study of propagation constant В and power flow in a non-linear layer 
Pr as functions of P revealed more interesting properties than those of in a self- 
defocusing medium (Fig.8.3.3). It appears that the highest modes have some threshold 


value P”) of the power flow, below which they do not excite. If P> P”, then the mth 


mode (т > 2 in the calculations in [55,56]) has two values of propagation constant. The 
greater value of В corresponds to the NLGW, which is located inside a non-linear 
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waveguide layer 0< x< h. The smaller value of В corresponds to the NLGW, which is 


pushed out from a non-linear layer. It was noticed in [55,56] that these phenomena 
could be applied to design the power limiter. 


Fig.8.3.3a 


Propagation constant as function of total power 
flow P in NLGW for different mode indices m 
P measured in W/cm? 


Fig.8.3.3b 


The ratio of power flow in non-linear layer to total 
power as function of total power flow P in NLGW 
for different mode indices m. 

P measured in W/cm? 


The investigation of the dependency of В on the thickness of a waveguide (or more 
precisely on the parameter й//,) fore,, >0 has shown that there is an interval of h/A 
where at one and the same value of a power flow P two NLGWSs with different В can 


propagate. When the magnitude of //X leaves the boundaries of this interval, either both 
of these modes vanish disappear or one of the mode is cut off. 


8.3.2. NONLINEAR WAVES OF TM-TYPE 


This sort of the NLGW is explored least of all. As it takes place in general for the non- 
linear waves of this type, the analytical study can be only carried out when a non-linear 
medium has an anisotropy of non-linear susceptibility in the form as it was given in the 
section 8.1 formula (8.1.13b). 
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Three equations for ®(x), describing the transverse distribution of longitudinal 


components of the vector of electric field strength of NLGW in three different intervals 
of x, come from (8.1.17): 


ФСЕ Je) (ko €- В?)Ф = 0, х<0 


Dn t(ep ГЕЕВ?) Феи Ев -В2)Ф? =0, O<x<h 
+(e)? = (= -В?)Ф=0, h<x 


Ф, 


The solutions for © (x) and ФЗ (х) in the corresponded intervals x < 0 and x > h, 
are chosen in compliance with the boundary conditions in infinity: both Ф(х) and 
Ф, (x) approach zero when |x |-> со. Consequently, 


O (x) = А, exp(px), — Ф®(>»)= A, ехр(-ах), 
where 


= (Е /e\) (BR? koe ))>0, gq? =(ey” ИЕР = 1)>0, 


for definiteness both р and 4 are assumed to be positive. If to determine parameters к 
and a as 


PE S05. ве 


: = (8| a le Vike С 
then the equation for ® (x), ie., equation for Ф(х) in the interval 0<x<h takes the 
following form 


Ф. +к’Ф+2к?а?Ф? =0. 


2хх 


Whence (after multiplying it on АФ / ах and integrating) the following equation writes 
(D,.)? +к’Ф` +K 7a’ D* =C, (8.3.17) 


where C is an integrating constant. Equation (8.3.17) exactly complies with equation 
(8.3.3) considered in the preceding section. Thereby, we can at once turn to derivation 
of the dispersion relations. 


As an illustration consider the case when к? >0 and ¢,, <0. All other choices of the 
signs of к” and ¢,, can be considered as exercise. This is done in [103] in detail and 
there is no need to consider them herein. The chosen example is interesting by 
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comparing the found dispersion relations with (8.3.12). Function ®(x) will be 


assigned by the formula (8.3.9). The continuity conditions (8.1.17) at the interfaces x = 
0 and x = h result in the following relations: 


51’ A, __ = Коп(А, Кв, ,К) ыы ksn(J,,k) 
р ка (1+?) ’ ‘а 1+? 


20 4,e™ : gk en(_, +1,k)dn(/, +1,k) Е ksn(1, + К) 
q ка [(1+^*) г — Ja) 1+4? 


where / and / are determined in terms of k, хо, formally as it was done in (8.3.10) and 
(8.3.11). Having eliminated 4; and A3exp(-gh) from above, we obtain two equations: 


&) к L,,k)dn(l,,k 
ее = ea (8.3.18a) 


(3) 
5 т к ee cn(/p +1,k)dn(/y +1,k) 


4 = sn(/, + 1, К) 


(8.3.18b) 


If to define /p as a function of p, g, к from (8.3.18a) and then substitute this quantity 
in equation (8.3.18b), the latter will transform to the dispersion relation. It determines В 
in terms of ko: B =B (ko, К), where elliptic function module К serves as a parameter. 

It is interesting that under condition А —+ 0 equation (8.3.18) leads to the dispersion 
law for linear waves of the TM type. In this limit parameter /p coincides with half of the 
value of a phase shift which appears under total internal reflection at the interface of 
two linear dielectric layers. 

For the NLGW considered here it is convenient to divide the power flow P 
transferred along a waveguide into two parts similar to what was done in the preceding 
section: the power flow transferred by NLGW in a non-linear layer Pr and that outside a 
layer Ра: Р = Pp + Py. As with the case of TE-waves, the total power flow is defined 
through z-component of Poynting vector 5. by averaging over the fast spatial and 
temporal oscillations. For the TM-waves 5, has the form 


S 


CBs 
= Bag, вт CO, CO 
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where, taking into account (8.1.15), it follows that 


2 
_ СВКо и € | (x) d® 
7 81 Ja lS) me 


By means of the results obtained in this section we can now get the expressions for Pr 


and P, [103]: 
1/2 
cp fe? Yer? ве оо 


a 81k, 


Bae Bn (8.3.19) 
cBKek? [Е а oe 
ae 2\3/2 sn’ (J,,4) + — sn? (1 +1,,k) : 
8k, (1+) [р q 


where for the sake of simplicity it is assumed that the media where the film is immersed 
are isotropic. The following notations are introduced: 


2 2..(2) 2 
kK? (heey =) 


Г») = [ сп? (и, К) ап? (u,k)du = м- (1+ К?)Т, (%) + Е? Г (№, 
0 
Г, (№) = [sn (uke. 
0 


The rest of parameters were determined in the preceding section. Integrals Г „ (№) are 
expressed in terms of elliptic functions, namely 


T,(w) =[w- E(amw,k)]k~, 
2(1+k) 


T,(w)= ap 


[w— E(amw,k)]+ = [sn(w, К) en(w, ©) dn(w,k) — "| 
It should be noted that in the limit й-—> 0 equations (8.3.18) provide the known result: 
=——=0 (8.3.20) 


that is a dispersion relation for the linear surface wave of the TM-type [1]. 
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8.4. Waves in non-linear directional couplers 


A two-channel waveguide is the simplest example of the waveguide structures, which is 
usually used in integrated optics. It is named as a directional coupler. Let us assume 
that the each channel is the single mode waveguide. For the electric field amplitudes of 
these modes we have the following system of equations 


ЧА, _, 2 dA, 2 
gal A, Yep ЗА Ay: 3 (8.4.1) 


We assume herein that both channels are similar and that there is no phase mismatch 
(AB = B, —B,=0). Parameter К is the coupling coefficient describing the inter-channel 


mode overlap [104] (see section 6.3.2 also). Parameter и is used to introduce the non- 
linear phase self-modulation of the modes. We assume the cross-modulation to be 
negligible. 

Let the mode amplitude in the first channel at z = 0 be equal to A,,), but there is no 
radiation in the second channel at all. If to transfer to real variables in (8.4.1) 


A, = Ари, exp(id,) , A, = Aju exp(id, ) , 


then system (8.4.1) can be rewritten as 


du, 
ae =u, sin® , (8.4.2a) 
dus | 
ae =-u,sin® , (8.4.2b) 
dD - 2 2 —1 —1 
Tae Blu; и) + (щи —Uuyu; )cos® , (8.4.2c) 


where 6=Kz, D=0,-6,, В=Н А K~'. System of equations (8.4.2a) and 
(8.4.2b) possesses an integral of motion м’ +и> =1. Thus, we can convert system 
(8.4.2) to the following two equations 


d 
Fenn sin®, (8.4.3a) 


dD ~ 2% -1 
—~ = B(1-2u3) + 


cos® , (8.4.3b) 
dé Uy 1-м 
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For the function f(u)=cos®(u) (index at variable и is omitted for brevity) system 
(8.4.2) results in a single equation 


df =” ЕО 


ди w—w)? А. 


(8.4.4) 


If we consider short distances, so that the amplitude in the excited first channel is 
constant, then the equation for complex amplitude in the second channel A, can be 


solved approximately, i.e., the nondepleting field approximation holds. The second 
equation in system (8.4.1) can be integrated. The solution is A,(z) = iKA,9z, Le., the 


phase difference as 2 > 0 goes to 2/2. Consequently, in general case the initial 
conditions for equation (8.4.4) should be taken as ®(0)=7/2 or f(0)=0. Equation 
(8.4.4) can be solved by a standard method of constant variation. This solution for the 
arbitrary initial conditions is given by expression 


f= 5 UNI 


uvl—u? 


Taking into account the chosen initial conditions we obtain 


uv1— (8.4.5) 


From (8.4.3a) and (8.4.5) equation for the mode amplitude in the second channel of 
coupler can be found: 


N |= 


Л (и) = 


aw? {1 www HP, (8.4.6) 


where п = B / 2. The change of variable и = sin(@ / 2), allows to solve this equation. It 
is 


-28 = = F(9,ji/2), 


“| д? /4)sin? x 


where the right hand side of these expressions is an elliptic integral of the first kind 
[102]. The definition of the Jacobian elliptical function сп(2&,п/2) = со$Ф(&) shows 


the way to find (&). After some algebra we can write the expression for intensity of 
radiation in the second channel of a non-linear directional coupler 


1, (8) = из (8) = (Up / 2)[1- en(26, 1/2). (8.4.7) 
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Thereby, the intensity of radiation in the second channel is expressed in terms of 
periodic function (it is the Jacobian elliptic cosine) only if its modulus is not equal to 
unit. This picture is almost indistinguishable qualitatively from the linear directional 
coupler. But still there is an important difference. Here the length of coupling L> (ie. 
the distance on which radiation from one channel flows over to another channel) 
depends on initial intensity of radiation 


Lc (Aj) = 2Le, K(G/2)/ 1, (8.4.8) 


where Ге, is a coupling length related to the equivalent linear directional coupler, 
K(*) is a complete elliptic integral of the first kind [102]. By taking the properties of 
K(*) into account, we can find from expression (8.4.8) that 


Ге = Га +” / 16), 
when п <<2. 


When the intensity of the input radiation in the first channel grows, one can reach 


the critical value AW when parameter п is equal to two. Then the intensity of radiation 


in the second channel is expressed by the formula 
Г, (€)=(, /2)[1 — sech(28)] . (8.4.9) 


As the amplitude А) increases further, this monotone dependence will change for 
oscillating of the intensity: 


1, (8) =(Uy /2)[1- dnié,2/ 0] , (8.4.10) 


where dn(X, k ) is a Jacobian function named “delta of amplitude’. It is related to 
Jacobian elliptic sine as dn? (Х, k)=1-k? sn?(¥,k) [102]. This is a periodic function 
since the intensity of radiation in the second coupler channel oscillates with increasing 
of € = Kz. The coupling length in this case is given by the following expression 


L(A) = (2L ey, / mf)K(2/ i) . (8.4.11) 


Maximum value of J, now is less than /9 and it is 


max I, = (Ip /21- ей | 
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For critical value of amplitude in the first channel we can obtain an expression 
[Ae SAR ars 


The formula for the maximum value of 7, shows that in weakly bounded channels of 


the non-linear directional coupler the critical value of amplitude А? is less than one in 


the strong bounded coupler channel. Transition from the mode with the deep amplitude 
modulation (8.4.7) to the mode (8.4.10.), where the total switching does not occur can 
be qualified as locking a directional coupler. 


8.5. Waves in non-linear distributed feedback structures 


Among the integrated optics devices the periodic waveguides or grating waveguides 
and another periodic structure attract attention due to many useful applications [104, 
144]. The distributed-feedback laser is one of them. Counter-propagation is a property, 
which distinguishes waves in such media from other waveguiding structures. The 
periodic structure is able to reflect the incident wave, serving as distributed mirror. The 
incident and reflected waves are coupled by Bragg scattering. We shall consider below 
the wave propagation in the periodic non-linear medium, which for the sake of 
generality will be named the distributed feedback structures (DFB-structures). 

The general form of the system of equation for waves propagating in the opposite 
directions has the form (see section 6.3.2) 


OA WGA le oi tea os Aes 
ap ty ap) TRA +iKAO =0, (8.5.1a) 
aA? та 
ear АКАР +iKA™ =0, (8.5.1b) 
2 У 


where dk =(B—k,) is a wave mismatch, А, =2/A is a wave number of periodic 


(distributed feedback) structure, A is a spatial period of DFB-structures, K is a 
coupling constant [144-146]. When 5k = 0 one says about Bragg resonance. Under this 
condition the reflective characteristic of DFB-structure has a maximum. 


The nonlinearity of waveguide medium causes parameter бк to be dependent on the 
electric fields strengths Е“? = A™ exp[—iot + 82]. The nonlinearity appears because of 


the dependency of A on the values of A“ (it refers to the effect of photoelasticity), 
heat expansion due to absorption of radiation (thermoplastic effect), a high-frequency 
Kerr effect, which affects the propagating constant and so on. The coupling constant can 
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depend on the electric field strength of interacting waves too, but we will not consider 
this case herein. So, 


[ea 104A 
092 a Ot 
04° 1040 

Oz у ot 


+i8k AM +i8k,, (APP AOP)AM +iKAW =0, (8.5.2a) 


] +640 + (|APP+AOP)AO +ЖА® = 0. (8.5.25) 


In these equations the group-velocity dispersion (particularly the second order 
dispersion) is not taken into account. This approximation is correct when dispersion 
length is larger than the extent of DFB-structures. For example, in the range of 
picosecond durations of optical pulses the dispersion length is of the order of hundred 
meters in glass fibre. 

System (8.5.2) presents an example of integrable system, which is close to Thirring 
models with the nonzero mass. Among its solutions there are solitons occurring in non- 
linear optics and solid state physic under the name of gap solitons. 


8.5.1. NONLINEAR OPTICAL FILTER 
If the pulse duration is sufficiently long or if the length of DFB-structures is sufficiently 


short, we can ignore time derivatives. Then the system of equations (8.5.1) will take the 
form 


dA 
qe 7 KAP ВА — 18k, ([APPHAOP)A® , 
2 
we (8.5.3) 
Е =iKA® + Bkg AO £18k, (|ACPHAPP)AO . 
2 


If the reflection from DFB-structure is considered, then we should accept boundary 
conditions in the form 


AM (z=0)=4,, AO(L)=0. 


That means the absence of the reflected wave on the right boundary of DFB-structures 
(1.е., at 2 = L) and the given field of incident wave on the left boundary (i.e., at z = 0). 

As with the case of non-linear directional coupler, it is useful here to transfer to 
dimensionless real variables: 


А = Ayu, exp(id,), — АС) = Аи, ехр(ф,), 
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so the system of equations (8.5.3) yields 


OS pokes (8.5.4a) 
dé =u, sin® , .5.4а 
BED sop igs (8.5.4b) 
dé =u,sn® , 52: 
ЧЕ = A+B? +и2) + (ши! +u,u;')cos® , (8.5.4) 
where &=Kz, ®=6,-6,, ВЕКА РК |, A=28k,K!. The boundary 
conditions are in the form 
и(Е=0)=1, u(E=KL=)=0, O(E=D=n/2. (8.5.5) 


From (8.5.4a) and (8.5.4b) the first integral of motion is obtained: 
и? (&)— us (€)=r? =const. (8.5.6) 


It can be found from boundary conditions that this constant is a transparency factor of 
DFB-structures [104,144,145]. 

By excluding u, from equations (8.5.4) by means of (8.5.6) we can get a system of 
equations (index at u, is omitted): 


d 
z = Vu? —r? sing, (8.5.7a) 


d® ee 2 =F 
— =A+B(Qu* -r*)+ 


cos® . 
dé a 


Let us define a new variable f(u)=cos®(u). For this function we can formulate an 
equation from (8.5.7): 


(8.5.7b) 


df 9 =r? 2Ви? +(A-Br?) 


Taare Ga 8.5.8 
du и(и? —r*) ИР” 
General solution of this equation has the form 
C,-Aw? В 
fw=—= - - Pui 2, (8.5.9) 


Quvu- —r 
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An integrating constant Co is found from the boundary condition at €=/ (1.е., on the 


output of DFB-structures): С, = Ar’. Therefore, we have a second integral of system 
(8.5.4) consistent with the boundary condition (8.5.5): 


созФ=-( A+B u*)(Qu)' \u?—-r’. (8.5.10) 


Equation (8.5.7a) and expression (8.5.10) lead to the equation characterising the spatial 
dependency of normalised amplitude u, of the wave propagating in the positive 


direction. If we introduce w= и, and p=r’, this equation can be written as: 
(dw/ dé)? =(w-p)|4w-(w—py(A+B wy]. (8.5.11) 
The right-hand side of this equation is the fourth degree polynomial, so this equation 


may be reduced to the equation for elliptic functions. 
Under condition of Bragg resonance the solution of equation (8.5.11) can be easily 


obtained. Let A =0 in (8.5.11) and let denote у? = w(w—p). Equation (8.5.11) will be 
now expressed in the form: 


(dy/dé)* =4(y* +.a’*)(1—-b’y’). (8.5.12) 
with the boundary condition у(0)=1-2а, y(/)=0.New parameters are used here: 
а=р/2=и?(1)/2, b=B/2=8k,, АСК”. 
It follows from (8.5.12) that 


2g-D= i — (8.5.13) 
о (а +x ine 


Changing of variable x = asinhy converts integral in (8.5.13) into 


w(S) 


dy 
2(E -lH= 
(Е-1) рн 


(8.5.14) 
Ь? sinh? w) 


where y(&)=asinhy(é). Let (ab)? =-к? and @ = iy, then expression (8.5.14) takes 
the form of an elliptic integral of the first genus [102] 
—iw(S) do 


(Е-Г) = : 
no J (1—«? sin? @) 


(8.5.15) 
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Hence a solution of (8.5.12) expressed in terms of Jacobian elliptic function of purely 
imaginary argument can be obtained 


y(&) = iasn[2i(I —&) , ix]. 


If we use the formulae for transformations of elliptic functions [102], then the 
normalised amplitude u, of the wave spreading in positive direction may be presented 
in the real form 

1+ 12 (ЕЛ, | 
2412 '(8-0, |’ 


uy (8) = иг (0) (8.5.16) 


yrs 


where v, = (1+a7b? . From this expression, by assigning &=0, we can get a 


transcendental equation to determine the transparency factor, which is r* = и? (0: 


1+ dn[2v;'/, v,| 


2259 
ee 2da[2v;"7, v;| | 


(8.5.17) 


By using the determination of all parameters in this expression, it is convenient to ге- 
write this equation to derive explicitly an unknown value. This provides an equation 
with respect to v,: 


by, 1+ 2 | 


= 7 2 dn|2v;7,v,| 


The root of this equation v,, specifies the transparency factor "2 = и? (1) according to 


(8.5.18) 


the formula 
r* =u (1)=40-v,, )(bv,4)~- 


Parameter b describes non-linear properties of DFB-structures. It determines the power 
of incident radiation at the boundary of DFB-structure. The non-linear DFB-structure 
becomes transparent at some values of this parameter. To obtain these values, we equate 


и? (Г) to unity in (8.5.16). Then from resulting expression one can find an equation to 
obtain the desired parameter b: 


2, |=1, (8.5.19) 
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whence / = ту" K(v,) , K(*) is a complete elliptic integral of the first genus and m 
= 0, 1, 2,... are integer numbers. Parameter у. is taken at a=1/2, thus Db is 


associated with у” by the formula у,” =1/[1+(b/ 2)?]'?. As far as the complete 
elliptic integral is a monotonously increasing function of its argument, solution of 
equation (8.5.19) exists. Moreover, these solutions form a countable set. Hence there is 
a countable set of values of incident power when DFB-structures become transparent. 

It is useful to note that if the parameter of nonlinearity b tends to zero, i.e. the 
medium of DFB-structures becomes linear, then from (8.5.14) it follows 


у(&) = =asinh[2(€ —J)], 
and expression (8.5.16) becomes 


cosh(€ — /) 
cosh/ 


> 


u(S) = 


which complies with the known result of the linear theory of waves in DFB-structure 
[104, 144-146]. 


8.5.2. STEADY-STATE SOLUTION OF THE EQUATIONS OF THE TWO- 
DIMENSIONAL MODIFIED MASSIVE THIRRING MODEL 


We shall consider a system of equations of MMT-model. These equations describe the 
optical waves of periodic dielectric medium, for example the DFB-structure. If we use 
the normalised variables €= Kz, t=Kvt and 9=06k,,/K, then under condition of 


Bragg resonance these equations take the form: 


aA б (+) 
i +19 (JAM P47 AOP)AM +40 =0, (8.5.20a) 
дЕ at 
0A” JAM 
19 (|AOP +r] AMP) A фм =0. (8.5.20b) 
ae at 


Here we introduce factor г for the sake of generality: at г = 1 system (8.5.20) describes 
optical pulse propagation in the non-linear DFB-structure, at ro, 9—0, under 
condition r9=g=const this system corresponds to equations of Massive Thirring 
Model [161-163]. In terms of real dependent variables 


A = Ava, exp(ib;), — АС) = Аза, exp(id,), 
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system (8.5.20) converts to 


Oa, om a ae Oa, Od, Ф 
et `5т =a,sin® , Е Ot =a,sin® , 
д д 
и —a,a;' cos®— u(a? +raz), (8.5.21) 
д д 
oe = a,a;' созФ+ u(a3 +ra?), 


where ® =, —o, and w=8k,, 45 /К. 
Let us consider stationary waves propagation, when all dependent variables are the 
functions of only one variable y=(1—V*)'’’(€+Vt). This assumption gives rise to 


the following system of equations 


= Ф НЫ Ф, 

ат 7 sin® aoe 

4$, =-и.и с05Ф- в [тушении ), (8.5.22) 
dy 14+V 
d 1 

a и cos + 1-7? [ ee dru?) ; 

т 2 


where и, =a,/V1-—V,u, =a,/V1+V . An integral of motion follows from equations 
for amplitudes 


и? (yn) - и> (и) = ie = const. (8.5.23) 


The value of this integral is defined by the boundary conditions. If we seek for the 
solution in the form of solitary waves with zero asymptotic, this integral vanishes and 
thus we have и, (1) = и, (1) ‚= = +1. Nonzero value of the parameter uw) corresponds 
to solutions in the form of waves on pedestal. Moreover, the case can be realised when 
one of the waves is “dark”, but another wave is “bright”. 

Let us consider uy = 0. From (8.5.22) two equations both for u(n)=u,(y) and 


@(n) can be obtained: 


du : 
—=eusin® , (8.5.24a) 
ат 


аФ ae 
aa = 2ecosO+2pu’ , (8.5.24b) 
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where p= 2uv1-V? | - Е + й . This system provides the second integral of 
motion: 
и? созФ + (ep / 2)u* = const 
For the chosen vanishing boundary values the constant is zero. Therefore, 
cos ® =—(e/2)pu* (8.5.25) 


and u(n) is defined by the equation: 


du a 
——==и\/1-(р/2)^и’. (8.5.26) 
dy 

This equation has the following solution 


и” (п) = (2/ Р) созв '[2(п- 1]. (8.5.27) 


Here Пу is an integrating constant of the equation (8.5.26). Substitution (8.5.25) and 
(8.5.27) into phase equations in (8.5.22) allows integrating the system. So we have 


фи (п) = фо + arctan{exp[2(n— no} (8.5.28a) 
2 (п) = bay — из arctan{exp[2(n- no} (8.5.28b) 


where фи and ф>›, are the integrating constants of the equations for phases. The 
parameters и, and и, are defined as 


S (he) ы Де, 
р о eae rays @ 


These steady-state solutions present a stationary solitary two-component wave 
propagating in one of possible directions in a non-linear periodic medium. The velocity 
of this wave is less than the group velocity of a linear wave. Moreover, this steady-state 
solitary wave does not exist in linear medium. This is one more example of an optical 
gap soliton propagating in the extended DFB-structure. 
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8.5.3. NON-RELATIVISTIC LIMIT OF THE MODIFIED MASSIVE THIRRING 
MODEL 


In relativistic theory of the field the free fermions are governed by the famous Dirac 
equation. If the kinetic energy of fermion is far smaller than the rest energy, then the 
Dirac equation can be reduced to the Schrédinger equation. One can say that the 
Schr6édinger equation is the non-relativistic limit of the Dirac one. The Thirring model 
is the relativistic generalisation of the free fermions model to interacting fermions. 
Hence it is natural that we expected that in a non-relativistic limit the Thirring model 
leads to some kind of the Nonlinear Schrédinger equation. The unitary Foldy- 
Wouthuysen transformation is the convenient tool of this reduction [166]. However, we 
will use the simplified approach. 
Let us consider the equations (8.5.2) and introduce the following designations: 


for the 2-momentum operator components. The system of equations (8.5.2) can be 
written as 


(By — PAD = KA —2gf] APP tra PAO, 


AM = KA” _2 (A 2 (-) р. (+) (8.5.29) 
(Po + pA = g\ AY се 


where 2g=06k,, . It is convenient to write these equations in a standard Dirac spinor 


form, which is simpler to make a transition to a non-relativistic limit of those equations. 
Introduction of the new variables 


2 AO TAM). 2 PAM) 
converts the system of equations (8.5.29) into a standard spinor form 


Pod, — Pio, =+Ko, — 25| AM |’ (AM +7rA)+| A le (AO +rA)], 
риф, — Bid, =-Kb, + ВАР (A = О) AP P (AO - 7]. 
Mass parameter in case of a non-linear DFB-structure is represented by the coupling 


constant K. Hence, non-relativistic limit of MMT-model corresponds to the limit of the 
strong coupling. Let us introduce the variables 


$ = ф, exp(iKvt), ф=ф, exp(iKvt). 


546 CHAPTER 8 


In term of these variables the standard spinor form of the system of equations (8.5.29) is 


PV - Рф =-gld+H( +15 +-+)© "+ Vo" bl, 
Рф Рф =-2Кф+ = (1+) (92 +/o7 b+ A-n(y@ 


Assuming that |Ф |<ч $ | and taking into account the terms only of the order 1/К , we 
obtain 


+ 
= 
Sl 


Роф = РФ- 1+7) 89 У, 
рф =2КФ. 


(8.5.30) 
Thereby, these systems of equations result in the Nonlinear Schrédinger equation: 


a ae м 
рф = Р-Р. 


In terms of initial independent co-ordinates this equation takes the form 


— 2—, 
т 


Ot 2K Oz’ 


+(+rgv| | Ф=0. (8.5.31) 


The solutions of Фе NLS equation (8.5.31) can be found by the familiar methods and 


the envelopes of the counter-propagating waves A and A“ are expressed in terms of 
the solutions of the NLS equation: 


= ov 
A®(z,t)=/2| vF exp(—iKvf). 8.5.32 
(2,1) |» oe р( ) ( ) 
Let us consider the same solution of the NLS equation, for example one-soliton 
solution. Assume this solution has the form 
(z,t) =, sech(z/z,)exp[ivt /2Kz;], 
the non-linear DFB-structure as 


where z, is the space width of soliton. Amplitude y, is connected with parameters of 


wi = [КЕ 1+2). 


NON-LINEAR WAVEGUIDE STRUCTURES 547 


Substitution of this expression into (8.5.32) leads to the following formula 


] 1 
А =~2w, sech = 1+ - tanh od exp, —i| K -— vt>. (8.5.33 
Yo 2 2К 2% 7. *P 2Kz, ( ) 


These solutions describe the standing solitary wave inside the non-linear DFB-structure. 
The real envelopes of these waves are equal, but the phase fronts are different. 

Let us consider another solution of the NLS equation, i.e., the running one-soliton 
pulse. This solution has a form 


2-Й 


$(2,1) = Vo st Jose, (2,1)] 2 


20 
where 


Fig. 8.5.1. 


Square of the modulus of envelopes: 
(+) for А® and(-) for A . 


0.00 


(z—Vt)/z, 


In this case the envelopes of the counter-propagating waves are 


A® =./2y, sech ome: [is ae ” tanh cats exp{-i@,(z,t) —iKvt}. 
АЕ, 2 


ze 2у 
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In Fig. 8.5.1 we can see these envelopes of the pulses propagating inside the non-linear 
DFB-structure at the V/v=0,5 and Kz, =2. 


8.6. Conclusion 


In this chapter we consider the simplest examples of the non-linear surface wave and 
guided wave in planar waveguides. These examples have been chosen for their 
convenience to investigation by the analytical methods in all detail. The case of the non- 
Kerr-like planar waveguide is more difficult to investigate only by analytical methods. 
The computer simulation is the main approach in this field. 

It is worth noting that the two-dimensional optical beams in thin film non-linear 
waveguides can be described in the framework of Nonlinear Schrédinger equation (see 
section 6.1). This equation has exact solutions, which we can interpret as spatial optical 
solitons. It is one more important example where the completely integrable model takes 
the physical meaning. We can say the same about the non-collinear second harmonic 
generation (section 7.2.4) or parametric three-wave interaction in a planar waveguide 
with the second-order nonlinearity. The SHG process has been analysed theoretically by 
evaluating the total electromagnetic fields that satisfy the polarisation driven wave 
equations and the boundary conditions at both interfaces [168]. 

Yet, another field of modern investigation of the waveguide structures is the non- 
linear waveguide arrays - NOWA (Sect.6.3.2). If the group-velocity dispersion can be 
omitted, then the system of equations describing this structure 


a =iK(A 
dz 


ЧА) + АРА, (8.6.1) 


n+l 


is the generation of equations (8.4.1). The total electric field is represented as 


E(x, y.2)= У. А, (2)¥ (x, y)expl-ia, + Bz], 


n=—0o 


where we assumed that all channels of NOWA are identical. The details are described in 
section 6.3.2. Equations (8.6.1) are the particular case of the system of equations 
describing the localised states in NOWA [169,170]. Strongly localised solitons in this 
structure were investigated in [171] by both analytical and numerical methods. It has 
been found that there are the stable narrow soliton-like discrete configurations of the 
amplitudes A, . For instance, they are the “odd solitons”, where 


A, =А(..., 0,4, а, а, 9, ,0,...)ехрИ (кА? +2K?/r4?)z}, (8.6.2) 


п 
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for symmetric distribution with a, =(rd47/K)', a, =(rA*/K)~ , or 


A, = A(...,0,0.,,0,0,+ 0,+01,,0,...Jexpti(rd? +K?/rA?)z}, (8.6.3) 
for anti-symmetric distribution with a,=1, a, =(rd’?/K)' . The “even solitons”, 
corresponding to distributions 


A, =А(...,0,а,1, = 1,+ 4,0,...)expli(ra? + K + K?/r?-A*)z}, (8.6.4) 
where 
a=(rA*/K)'+(ra?/K)~, 


are always unstable, and are converted into “odd solitons”. 

The system of equations (8.6.1) is not completely integrable and there is no soliton 
in a rigorous means. However, there is an integrable system (viz., Ablowitz-Ladik 
system) 


dA 
" =iK(A,,,+A,,)+ir|4, |? (А 


+A . 8.6.5 
dz van) ( ) 


n+l 


This system can be considered as zero-approximation for (8.6.1) [170], so the solutions 
of the equations (8.6.1) can be obtained in the framework of the perturbation theory. 
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CHAPTER 9 


THIN FILM OF RESONANT ATOMS: 
A SIMPLE MODEL OF NONLINEAR OPTICS 


A thin film of resonant atoms with a thickness much less than the wavelength of inci- 
dent light represents a very comprehensive model for studies of nonlinear surface waves 
[1,2] (see section 3.3) and nonlinear reflection of ultrashort optical pulses [3-5], which 
can be treated analytically. These phenomena are typical for Hamiltonian systems. 
Moreover, the model of a thin film of resonant atoms makes it possible to deal also with 
another class of nonlinear optical phenomena associated with nontrivial dynamics of 
open dissipative systems. The most familiar phenomena of this kind are optical bistabil- 
ity [6,7] and spontaneous pulsations (self-pulsations) [6,8]. The various types of coher- 
ent transients exhibiting new interesting peculiarities appear in the field of interactions 
of resonant light pulses with thin films [9-19]. On the other hand, thin film is a simple 
example of low dimensional systems attracting great attention in the last years. 

The description of nonlinear regime of resonant interaction of incident light wave 
with a thin film is characterised by two essential features, which considerably differ the 
treatment of optical resonance in a thin film from that of extended medium. The first 
feature consists in accounting for a specific Lorentz field, which describes the distinc- 
tion of the local field acting on an atom from the macroscopic field in the medium 
[20,7]. The account for the Lorentz field leads to the dynamical change of the condition 
of resonant interaction, namely, the detuning from resonance under coincidence of wave 
and atomic transition frequencies becomes proportional to both the Lorentz parameter 
and the population difference. This reveals as a specific type of relaxation. In the time 
interval less than the time of the irreversible relaxation the Rabi oscillations will be 
suppressed. A stationary bistable regime of interaction of an ultrashort pulse of a rec- 
tangular form with the thin film arises. Another manifestation of the Lorentz field oc- 
curs in the properties of differential equations of the model under consideration. The 
Lorentz field destroys the property of exact integrability of these equations. We should 
remind that in extended medium (except for complete optically dense medium) the ef- 
fect of Lorentz field is sufficiently small. 

We can ignore the Lorentz field and analyse the model equations since they coincide 
in some cases with the equations describing the transmission of a plane wave through a 
low-Q Fabry-Perot resonator with resonant atoms within the mean field approximation 
[6,21]. There are some other situations in which the model equations without the allow- 
ance for the Lorentz field are valid. In this model situation the inverse scattering trans- 
form method can be applied to study the nonlinear reflection of ultrashort optical pulses 
[4,5]. In the case of double resonance one can satisfy the condition of simulton forma- 
tion in the interaction of two-frequency ultrashort pulse with the thin film by selecting 
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the appropriate incidence angles. Attention should be drawn to the applicability of the 
IST method to the system of ordinary differential equations describing the reflection of 
pulses from the thin film. 

The second feature of nonlinear effects in the thin film reveals both in two-photon 
and higher order interactions. There is no requirement for the condition of spatially 
wave synchronism in the thin film. Therefore, with the account of reverse influence of 
resonant atoms on the incident light wave, it is necessary to include into consideration 
the effect of third harmonic generation along with the Raman scattering of this harmon- 
ics. 


In section 9.1 we will derive the main relations between the amplitudes of incident, 
reflected and refractive waves and film polarisation. Section 9.2 is devoted to the de- 
scription of optical bistability and self-pulsation in one-photon resonant interactions. 
The two-photon interaction of incident light wave with thin film is considered in section 
9.3. In section 9.4 we apply the method of the inverse scattering transform to examine 
the passage of an ultrashort two-frequency light pulse through a thin film under condi- 
tion of double resonance. 


9.1. Thin film at the interface of two dielectric media 


Let a thin film of atoms resonantly interact with electromagnetic wave locate on the in- 
terface of two dielectric media in the x-plane. The dielectric media adjoining the film is 
characterised by the dielectric constant €, for х<0 and & for х>0. Axis 2 is chosen to be 
in the interface plane. The resonant atoms are described in the framework of the effec- 
tive Hamiltonian model. 

Since the interface is planar, the system of Maxwell equations breaks up into two 


independent systems for TE waves E =(0,E a0) 3 H =(H,,0,H,), and TM waves 
E =(E,,0,E,), H =(0,H,,0). 
The reflected wave runs back in region х<0 direction, whereas the refracted (trans- 


mitted) wave propagates in x>0 direction. We present the field strengths E, H and 
polarisation of resonant atoms inside the film in the form 


Вов) = | OF expt + iBz)E(x,B,0), 
ИЯ 


H(x,z,t) — | SOF ера + 132) (х,В, 6), 


P(z,t) = | SO exp(—iot + iBz)P(p, @). 
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Outside the film the Fourier components of vectors E (x,B,@) и H (x,B,@) are defined 
by the Maxwell equation, and at x = 0 they follow from the continuity conditions. As a 
result we obtain the system of equations 


for TE-mode 


E (ke, pF =0, 


a. ss idE ~ 
=-(B/K)E, H, = =H, 
(B/k) ae 


(9.1.1а) 


Fm 


with boundary conditions 


E(x =0-)=E(x=0+), H,(x =0+)-H,(x =0-) = 4nikP,(B,o) (9.1.15) 


for TM-mode 


(9.1.2a) 


=—(В/К H, E,=— 
PIKES) is dx’ = 


with boundary conditions 

E(x =0-) = E,(x =0+) = Е(В,6), H(x =0+)— A(x =0-) = 4nikP.(B,@) (9.1.25) 
Here, j=1,2 and К =©/с. Outside the film the solution of eqs. (9.1.1а) and (9.1.2a) 
with the account of asymptotic behaviour takes the form 

for TE-mode 


A(B, ©) exp(iq,x) + B(B,@)exp(—ig,x), x <0 


EGE a) = | C(B, @) exp(iq, x), х>0 


qk '{A(B,@)exp(iq,x) — B(B,@)exp(—iq,x)},  х<0. 


ee a | q,k 'С(В, @) exp(igq, x), х>0’ 
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for TM-mode 
noe i oexp(ia,) + B(B,@)exp(—iq,x), ee 
С(В, ©) exp(iq, x), x>0 
E(x,B,0) = |. (кв!) {АС ©) exp(iq,x) — B(B,@) exp(—ig,x)}, p20 | 
— q,(ke,) 'C(B,@) exp(iqnx), x>0 


where q,=,k’e,-B’ , j=1,2. 


Boundary conditions at x = 0 (9.1.1b) and (9.1.2b) provide the relationship between 
the amplitudes of incident A, reflected B, refracted (transmitted) C waves and the film 
polarisation Р; = Б, (TE-mode) and P, = Р‚(ТМ-тоде) 


for TE-mode 
Ark? 
C(B, ©) = —— А(В, 6) +1 P;(B,@), 
и + 92 1+ GQ 
(9.1.3) 
НЙ 2 
В.о) = 1 Ао" Ро). 
г + 9 i+ 
for TM-mode 
25 . Anke 
С(В,) = 4 АСВ, 0) Ч р; (В,6) 
201 т 8192 £44, 192 
(9.1.4) 
ВСВ.) = 229—249: a(R, 9) +; AME p (8,0) 
2°11 112 2°11 1°12 


Instead of (9.1.4), we need the relations between the electric-field amplitudes E. Defin- 
ing the electric field amplitude of incident wave Е" as 


E"(B,@) =-q,A/ke.,, 


instead of (9.1.4) we obtain 


E"(0,B,0) = 2% "8, 0) +4719 р (вв). (9.1.5) 
E 5d, + &4› E 5d, + &4› 
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It is convenient to introduce the notation for Frenel coefficient of transmission and 
for the coupling constant as follows 


2 Ark? 
Te (B, 62) = Ч. >» Кл (В, 6) = > 

Ч; + 92 Ч: + 92 

(9.1.6) 
25 4n 
Тм (B,@) = 9, K ry (B,@) = TN 
524; + £4, 524, + €)q, 
The combination of the results (9.1.3) and (9.1.5) into a single expression yields 

Ех (В, 6) = Т,(В, @)E® + к ,(B,@)P,(B, 0). (9.1.7) 


Here, for TE-mode, A=TE and 
Ev =E", Е" =Е", Р,=Б, 


and for TM-mode, A=TM and 


The indices tr and in correspond to transmitted and incident waves. 

Relation (9.1.7) is general. It is independent from the type of resonant atom and 
from the frequency spectrum of an incident wave, and is valid for both plane and non- 
plane waves. Though we shall consider here only the case when there is no total internal 
reflection ¢, < €,, expression (9.1.7) can be extended to include the case &, > €,. At an 
incidence angle exceeding the critical angle of total internal reflection the quantity q, in 
(9.1.7) should be replaced for КВ? —k*e,)'” = iq',. 

Equations for slowly varying amplitudes can be derived in the same manner as it 
was done in section 1.3.1. By neglecting the dispersion of coefficients (9.1.6) and using 
equations like (1.3.4), one can obtain the same as (9.1.7) relation between slowly vary- 
ing amplitudes of electric fields and film polarisation. The parameters of the corre- 
sponding monochromatic waves will be the arguments in coefficients (9.1.6). 


Below we will consider the refracted wave in the case 5, < ¢, when the total internal 
reflection is absent at any incidence angle 0" = arccos(q, / k Je, ), and the refractive 


angle 0,, is determined by Snell relation: 


эт" = (B/k,/e,) =./e,/e, sind”. 
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If the film polarisation is found, the eq.(9.1.7) determines the fields in the whole space. 
Eq.(9.1.7) is the exact one because there are no assumptions about the variation of the 
field amplitude. To find film polarisation it is necessary to choose a specific model of 
resonant medium. 


9.2. Optical bistability and self-pulsation in thin film under the condition of one- 
photon resonance 


We assume that a thin film of two-level atoms, evaporated on an insulating substrate of 
thickness L, is illuminated normally by a plane electromagnetic wave (Fig.9.2.1) and the 
electric field of this wave is 


Е = & exp[i(kx — at )]+0¢.c., х<0. 


The equations describing the resonant interaction of light with such a film follows from 
(1.1.12) and (9.1.7) under the assumption of slowly varying field amplitude. If we allow 
for the wave reflected from x=L surface of the insulating substrate, we can rewrite 
these equations in the following dimensionless form 


[< А to) p(t) =ie(t)n(t), (9.2.1a) 

[< + ик = 2ife"(t) p(t) — вОр”(}+т, (9.2.1b) 
e(t) = w(t) + Re’w(t—1,), (9.2.2a) 

p(t) = -ify(t) — a(t) - vRe"y(t—1)}, (9.2.2b) 


where 


ПМ exp(iet), a(t) =2E, 


a 
Чы 


n= (pe, —Рыь)№' 7 р = Prada peu + 8” 2 


(т) = (&+&,)| = =(&, +&,) 


воз (=, 18, У= (5 -—Dd tn)", 


2y-1 
} Пр =V&,& =1, 


re 


то =2Ln,/ct,, & =h/t,|d,,|, & =(1 +n, )hc{2nwN,|d,, 


№ =М, -М,, t=t/t- 
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Fig.9.2.1._ Geometry of the resonant in- 
teraction of light with thin 
film at х=0 and reflected sur- 
face at x=L. 


thin film 


Here, R is the reflection coefficient of the x=L surface allowing for the absorption of the 
signal in the region 0< x<L; A represents the dimensionless defect of resonance, y, 


is the rate of relaxation of the polarisation and y is the rate of relaxation of the differ- 


ence between the populations of the upper and lower levels of a resonant atom. The val- 
ues № and М, are the stationary surface density of atoms at corresponding levels. 


Function s(t) describes the dimensionless amplitude of the electric film in the film, 


which consists of the incident and reflected waves or, equivalently, of the transmitted 
(forward) and the returned (backward) waves; a(t) is proportional to the amplitude of 


the incident wave. The quantity t, is the dimensionless time taken by the signal to 


travel from the х=0 plane to the x=L plane and back again, whereas 5 represents the 
phase shift due to such motion, including a contribution of a possible change due to re- 
flection by x=L surface. 


Equations (9.2.1) and (9.2.2) do not take into account the Lorentz field. We can con- 
sider them as fruitful model equations, but there are situations where these equations are 
valid. A thin film of metals under conditions of dimensional quantisation in a transverse 
quantising magnetic field can be described by eqs. (9.2.1) and (9.2.2). If R=0, eqs. 
(9.2.1) and (9.2.2) become identical with the equations describing a transmission of a 
plane light wave through a low-Q Fabri-Perot resonator containing a resonant atom in 
the mean field approximation. The mean field approximation consists of averaging the 
required values over the length of resonant medium inside the resonator cavity and in 
usual substitution of the average of production for the production of mean values. 


We allow for the Lorenz field in section 8.2.5. Below, in sections 8.2.1-8.2.3 we will 
discuss optical bistability and self-pulsation on the basis of recurrence relationships de- 
rived from eqs. (9.2.1) and (9.2.2). Then, we consider the influence of phase-sensitive 
thermostat on optical bistability. Finally, we point the attention to modifications in opti- 
cal bistability due to the allowance for the Lorentz field. The more striking result in this 
field is the bistable regime of interaction of ultrashort light pulse with a thin film of 
resonant atoms. 
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9.2.1. THE MAPPING EQUATION 


Equations (9.2.1) and (9.2.2) represent an extremely complex system of equations 
which cannot be investigated in the general form. However, if the rates y and y, of the 


relaxation processes are sufficiently high, 


У. Vg ee ly tas (9.2.3) 


so that during the time т, of the feedback mechanism action all relaxation processes in 


the thin film finish, 1.е., the system becomes the instantaneous-response system, and all 
the other changes occur on the scale of t,. Then the derivatives in eqs. (9.2.1) can be 


ignored. We can reduce eqs. (9.2.1) and (9.2.2) to their singular limits. Quantities 
Vv, =wint,), а, =a(nt,), п=0,1,2,,.. 
are described by the recurrence relationships deduced from the expression 


(Yo a А) nat ae Re Wi) (9.2.4) 


Ч = Was 7 vRe*y, + : 2 
Yo tA +4, + Ве”, Yo/¥ 


The implicit form (9.2.4) of point mapping distinguishes the model under consideration 
from the other models of optical systems that can be reduced to mapping. For simplic- 
ity, we shall consider only the case of pure absorption characterised by A =0, а mono- 
chromatic incident wave a,=a=const, and two quantities $=2лт and 
s=2n(m-—1/2), of the phase shift, where m=1,2,... Then eq.(9.2.4), expressed in terms 


1/2 


of variables x, = 2w, (уу, )"” and parameter a = 2a/(yy,)'’’, yields 
n n 0 0 


Vo Sid ir Вх,) 


1+ (х + Вх, у Ca) 


Q=X,,, — VRX, + 


n+l 


where R>O corresponds to a phase shift $ = 2mm and R<0- s=2n(m-—1/2). 


The different regimes of reflection of a monochromatic wave by a thin film of reso- 
nant atom under conditions defined by eq. (9.2.3) are closely related to stable fixed 
points and cycles of mapping represented by eqs. (9.2.4) and (9.2.5). Many relationships 
governing the appearance of stable cycles of one dimensional mappings x,,, = f(x, ) 
are determined by the presence and position of extrema of function f(x). We omit cor- 
responding expressions since they have an implicit form. 
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9.2.2. OPTICAL BISTABILITY 


The fixed points х = f(X) of the mapping of eq.(9.2.5) satisfy the following equation: 


(1+ R)yo'X 


a= xX(1—vR)+ р 
( ) 1+(1+R)’x’ 


(9.2.6) 


Using the notation 


У =a(1+R)/(1—-vR), X =(1+R)x, 
C = (1+ R){2y9(1- vR)}" 


we find that eq.(9.2.6) reduces to the familiar expression У = X(1+ 2C/(1+ X°)) of the 


mean field theory of passive optical cavities containing resonant atoms. If C>4, 1.е., 
when 


2 


1+R 2noN,|d,, 
1—vR (+n, )hicy,/T, 


> 4, (O27) 


a given value of the amplitude of the incident wave from the interval 


[© ‚=. 1 + (С? 4) |“ 


У <У<У, У, = 5 ae 
- С+(С“-4С) 


[3C+(C*—4C)'*] — (9.2.8) 


corresponds to three fixed points of mapping (9.2.5). We shall denote them by x,, хи 
and x,, in accordance with their value x, < хм < xX, . One can easily show that 


ae: > 0, ag <0, af > 0, 
dx X=X dx X=X ах Х=ХН 
so that for the same value of © we have 
a) ag cadet (9.2.9) 
dX |, 4 |, 


Everywhere with the exception of a narrow (~C™' when C>>1) interval of parameters 
У пеаг Y_, we also have the inequality 


(9.2.10) 
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The stability of these fixed points can be determined by considering small deviations 
X, =X, —X. Linearisation of eq.(9.2.5) in respect of these deviations gives 


у-0 


И 9.2.11 
110 2" ( ) 


Хи = R 


where 


а 1-Ха+8В)? 
ИВ)? 


One can easily show that the instability condition of the fixed points IR(v — 09)(1+ 0) >1 


is equivalent to the inequality ао/ах < 0. Therefore, in the regions defined by eqs. 
(9.2.7) and (9.2.8) we have bistable reflection of a monochromatic wave and the de- 
pendence of the reflected wave on the incident one is characterised by a hysteresis 
(Fig.9.2.2a). In other words there is a range of intensities of the incident radiation with 
the following property. The radiation can pass through the film in the regime of either 
high or low transmission of the film with two correspondingly different values of the 
intensity of transmitted radiation. Implementation of an explicit feedback mechanism 
(involving reflection from the x=L plane) reduces the critical density of resonant atoms, 
necessary for bistable reflection of a light wave from a thin film, by a factor 
(1+ R)/(1—vR) if R>O and increases this density by a factor (1+ УЕ) /d- IR) if R<O. 


Fig.9.2.2 


More traditional and detail description of optical bistability and its applications can 
be found in the book [22]. 


THIN FILM OF RESONANT ATOMS 567 


9.2.3. SELF-PULSATION 


Outside the range defined by eq.(9.2.7), the reflection of a monochromatic wave is a 
steady-state process if R>O and the dependence of the intensity of the reflected wave on 
the intensity of the incident wave is single-valued. This situation is different from the 
case when R<O. The easiest analysis can be carried out most for the values of R close to 
-1. We shall consider only this case characterised by R—-1. Then we have 


х=а(1+ у) '. It follows from eq.(9.2.11) that in the interval 


a_<a<Q,, OG, LS —1+ (С? AG yay 
В 
with 
2noN, а, | 
(-у)у, 1l-v(ltnp)hcy,/T 


the only fixed point of mapping (9.2.5) becomes unstable. We shall consider the fixed 
points X, and xX, of double iteration of mapping (9.2.5) forming the 2-cycle of the map- 
ping (see Refs.[23,24}]): 


Yo (X + RX,) 
1+ (xX, + ВХ)?” 


= >= 
+ Вх 

a = Х, — VRX, + o =X, —vRx, +o +). 
1+(X, + Rx,) 


If we introduce the notation у, =(X, + Rx,)/d+ IRI) and у, = (х, + Rx,)/(1+ IR). we 


find that 


Yo (1+ [Вру, 
1+ y¥;(1+|R|) 


Yo (1+ вру, 
1+, (1+|R\)’ 


(1-v|R))y, + =(1-v|R)y, + (9.2.13) 


and in the limit R— —1 we have 
у, +, =a(1—-|R)(1+v)". 


The solution of these equations is identical with the fixed points of mapping (9.2.5): 


yn) 
у, | 


Yo nui +В 
1 + (You са IR 


В=у,.-МЕВу, + 
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which describes the bistable reflection of a wave at a certain amplitude B from the same 


film of resonant atoms. But in this case the phase shift of the reflected signal is a multi- 
ple of 2x. The value В is governed by the condition (9.2.13). It follows that double it- 


eration of mapping (9.2.5) in the limit Е —> —1 in the range defined by (9.2.12) is char- 
acterised by a nontrivial fixed point forming а 2-cycle (y,, y,) of the original mapping. 
Three variants of 2-cycle are possible: (y,,¥i), (Уг,Ун) and (ум,ун). We can de- 


termine the range of parameter a, where this one or another 2-cycle exist (Fig.9.2.2b), 
using the inequalities (9.2.9) and (9.2.10). For example, in the interval 


min(y, + Ум ) < У, + Ум < max(y, + Ум) 


the quantities y,, ум, у, + Уи depend continuously and monotonically on f and eqs. 
(9.2.9) and (9.2.10) are satisfied. Therefore, each parameter a from the interval 


Oi Vid ре ee Oe PION) СЯ 
(1—|R)) (1-|R)) an? 


09 =min 


corresponds to one and the same one pair (y,,y,), namely (y,,y,), so that 
у, + уи =a- [ва +v)'. At the point a=a, this 2-cycle transforms continuously 
to the 2-cycle composed of the points (y,,y,,): 


у, + Ун = 91 -— RDC + vy! > 
which is defined in the interval 


Oi tYWA+V) a +a" 
(1—|R)) 2 


a, < 9 < а, = шах 


At the same time in the range a, <a<a, there is a 2-cycle of points (y,,,y,,). It 
should be emphasised that the values of y,, in each pair (y,,,y,) and (ум,Ун) are dif- 
ferent, since they correspond to different values of parameter В. The interval 
a_<a<a,, where the 2-cycle of the original mapping (9.2.5) exists is much wider 
than the interval a_<a<a, of instability of the fixed point of the same mapping 


(Fig.9.2.2b). 

The physical conclusions can be drawn from the obtained results provided we know 
the stability of the 2-cycles. One can easily show that the 2-cycles composed of 
(y,-¥u) and (y,,,y¥,) are stable and the 2-суе(ун, Уи) is unstable. 
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Thus, in the absence of steady-state regime, a_ <a<a, the only stable regime of 
reflection of a monochromatic wave by a thin film characterised Бу R— -1 is that of 
self-pulsations with a period 2t, and an amplitude , according to eq.(9.2.2a), propor- 


tional to |У, 7 У. At the point a=a_ the regime loses stability in a soft manner, 
whereas at the point a =a, and a =a, the change in the reflection regime is abrupt. In 
the range a, <a<a, there is a characteristic hysteresis of the steady-state pulsating 
regimes. 


Note, that the above description of self-pulsations is quite analogous to the multi- 
mode instabilities in the resonator with resonant atoms [25]. 


9.2.4. OPTICAL BISTABILITY IN PHASE-SENSITIVE THERMOSTAT 


Absorption bistability considered above depends strongly on the character of the relaxa- 
tion of a quantum system. In the field of broadband squeezed light the relaxation of 
atom significantly changes (see Appendix A) . It will be shown below that the optical 
bistability effect acquires new features when the film is additionally irradiated with a 
resonant radiation in a squeezed state. In this case the bistable regime of the transmis- 
sion (reflection) of the film depends not only on the parameters of the film but also on 
the phase difference between the coherent and squeezed waves. Moreover, besides hys- 
teresis in the amplitude of transmitted radiation as a function of the amplitude of inci- 
dent radiation, there appears a bistable dependence of the amplitude and phase of the 
transmitted coherent wave on the phase of the incident coherent wave. In turn, this 
changes very substantially the character of the transmission of phase-modulated pulses 
by the thin film. The other name for squeezed light - phase-sensitive thermostat - is 
thereby strikingly manifested. 

To show clearly the mentioned role of squeezed light we put v = R=0 and rewrite 
the main equations (9.2.1) and (9.2.2) to include the effect of light squeezing 


[ани ревт-бр', (9.2.14а) 
dt 
d aA я 
нра р-ёр)+у, (9.2.145) 
т 
e=at(Eti)p, (9.2.15) 


These equations differ from eqs.(9.2.1) and (9.2.2) by the presence of the relaxation 
term —др”, which is zero in the absence of squeezing. However, this term changes the 


character of relaxation by increasing the rate of relaxation of the real part of the polari- 
sation amplitude p and decreasing the relaxation of the imaginary part of p. This, in turn, 
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gives rise to new resonant interactions of coherent field, which depend on the phase of 
this field. We emphasise that the quantity 5 in eq. (9.2.14a) is assumed to be real, so 
that the phase ф of the amplitude of coherent field 


a =|ale’” 


represents the phase difference between the coherent and squeezed fields. Moreover, it 
should be noted that 6<./y,(y) +1). The equality corresponds to the ideal squeezing 


and the absence of the other mechanism of relaxation except for relaxation in a 
squeezed field. 

What else distinguishes eqs.(9.2.14) and (9.2.15) from eqs.(9.2.1) and (9.2.2) is the 
presence of parameter €=2A€,/30 ,where &, =1, A=1/k, and 6 is the thickness of 


the film. These parameters are responsible for the Lorentz field that we will discuss in 
the next section. 

The following equation below follows from eqs.(9.2.14) and (9.2.15). It describes 
the relaxation of the square of the “Bloch vector”: 


d 1 ae 
ину") 2% РГ 8(p? +p) + 1т п). 


It is obvious that in the stationary state 


peter, patoO tela, p=Rep, p'=Imp. (9.2.16) 
у | a В 


The simplest way to observe the effect produced by squeezing the electromagnetic 
field of thermostat is to consider the exact resonance Л =0. The Lorentz field effect is 
also neglected by assuming €=0. The stationary solutions of the system (9.2.14)- 
(9.2.15) can be easily found in the two cases: when the phase of a coherent field is equal 
to the phase of the squeezed thermostat and when the phase of coherent wave is shifted 
relative by the phase of the squeezed thermostat by 1/2. 

When the phase of coherent incident wave is equal to the phase of the squeezed field 
ф=О (or p=7.), the field inside the film also has the same phase. The polarisation р is 
then pure imaginary quantity р” =—p. The stationary solution of the system (9.2.14)- 
(9.2.15) has the form 


a=el+(y)-5+4]ef /у) 1], (9.2.17) 


which is identical to the familiar expression У = X(1+2C/(1+ X*)) with the coopera- 


tive parameter С = C, =1(у, — 5) '. One can see that the cooperative parameter С itself 
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depends on the degree of squeezing the field: the stronger the squeezing, the more fa- 
vourable are the conditions for formation of bistable regime. 

When the phase of incident coherent wave is shifted relative to the squeezed field by 
m/2 (or 3n/2), the polarisation of the film is real. Then it is easy to find that 


а = &[1 + (у, +6+4| /у) 1]. 


In the current case the cooperative parameter is C=C,,, =+(y, + 8) | and the squeez- 
ing of thermostat makes it more difficult to reach a bistable regime. 


In the case of arbitrary phase shift the coherent field in the film ¢= le e” can be ex- 


pressed in terms of stationary overpopulation n of energy levels as 


1/2 
Е E а | _ 605 _ | sin@ ; 
ЕЙ "122 п 


1+2C,n 


(9.2.18) 


where n is the solution of the equation 


(n—1)(1+2C,n)?(1 + 2C.,n)? + 


та 
+ Sak: [Са + 2C, ny cos’ @+ Ci. + 2C,,.n) sin’ p]=0. 


It is evident from eq.(9.2.18) that the absolute value of the field amplitude in the 
film varies strongly with the phase of incident field, vanishing in the absence of 
squeezing (6=0). 

The simple situations studied above make it possible to predict the existence of 
unique bistable regimes for transmission of a coherent wave through a thin film of reso- 
nant atoms. Evidently the first regime is bistable transmission of a coherent wave 
through the thin film depending on the phase ф of the wave (more accurately on the 


phase difference between the coherent and squeezed fields), since for the same values of 
the parameters у, and 6 the parameters of the system are that bistability occurs for 
© =0 (C>4) and instability occurs for @ = 1/2 (C<4). If we choose a value of a corre- 
sponding to the transmission of a coherent wave through the film for ф =0 under соп- 
ditions of low transmission, then as @ increases, for some value of @< 7/2 the transi- 
tion to a regime of high transmission takes place. This is illustrated in Fig. 9.2.3. The 
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figure also illustrates the characteristic dependence of the magnitude of the field ampli- 
tude on the phase@ in the regions where there is no bistability. We also note the bista- 
ble dependence of the phase of the field in the film on the absolute value of the ampli- 
tude of the incident coherent field (Fig. 9.2.4). Obviously, these effects are completely 
determined by the presence of the phase-sensitive thermostat. 


Fig.9.2.3. Magnitude of field amplitude Fig.9.2.3. Bistable behaviour of the 
in the film as a function of the phase of phase of the field in the film asa 
incident coherent wave. Here Су = 20, function of the absolute value of the 
Chi = 4, la| = 0.42,6=A=0,y = 2y. amplitude ofthe incident coherent 


wave. Cy =20, С;/> =4, ф=0.5, 
E=A=0,y =270- 


The other regime is associated with the variation of the degree of squeezing of the 
additional irradiation. Choosing the parameters so that for 6=0 we have C<4 and the 
cooperative parameter satisfies C> 4 as 5 increases, we obtain a bistable passage of a 
coherent wave through the resonant film depending on the degree of squeezing of the 
irradiation (Fig. 9.2.5). When these factors act together, the bistability picture becomes 
even more complicated. 


Fig.9.2.5. Amplitude of the coherent field in the film as 
a function of the degree of squeezing of the thermostat. 


Here yg =0.128, ф=0, |al=05, Е=А=0, 
¥=2Yp- 
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9.2.5. THE ROLE OF THE LORENTZ FIELD 


It is convenient to write the equation (9.2.14a) with reference to (9.2.15) in the form 
d : - # 
Ор O25 (9.2.19) 
т 


which demonstrates clearly the role of the Lorentz field, resulting in a shift of the гезо- 
nant frequency by an amount — &n, as well as the role of the field reradiated by the at- 


oms in the film. The latter gives rise to collective relaxation of polarisation (the term 
—np). These terms essentially determine the positive feedback mechanism which is 
necessary for the formation of bistable regimes. 


cw-operation 
We first discuss the changes in optical bistability. With the allowance for the Lorentz 
field (€ #0) and a detuning from resonance (A #0) the simple formulae like (9.2.17), 


demonstrating clearly the effect of the squeezing of thermostat under conditions of a 
bistable regime formation cannot be obtained. However, even here the squeezing of the 
thermostat gives rise to diametrically opposite effects in the typical cases when the 
phase of coherent wave is either unshifted (ф = 0) or shifted by 1/2 (@ = 1/2) relative 


to the squeezed thermostat. It is convenient to investigate the stationary solution 
(9.2.14) and (9.2.15) by means of eqs. (9.2.16) and 


a nla[(y, +n + 8)sing + (A+ En)cos@] 
ma лба 
7 nlal(y +п+0)со$ф — (А + €n)sing] 
7 (vy) tn) — 57 +(A+En)? 


When the phase of the coherent wave is equal to the phase of the squeezed field 
(o =0 огф=л), we have 


7(-п) — [(y +n + 8)(y, +n -8) + (A+ En)’ ] 
4п (vy) +5)(A+ En) +8 +(y, -S5(y, +n +8) 


lal = (9.2.20) 


Making the simultaneous replacements y,+5— y,—-6 and y,-d5—y,+5, we find 


that the result fora 2/2 shift of the phase of the coherent wave relative to the phase of 
the squeezed wave, 1.е., @= 71/2 or O=32/2, follows from eq. (9.2.20). Figure 9.2.6 


illustrates the typical changes produced by the squeezing of the thermostat (640), in 
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the plots of lal versus п for g =0(curve 1) and ф=д/2 (сигуе 2), compared with the 


case of no squeezing (5 =0, curve 3). As with the absence of a Lorentz field, squeezing 
of the thermostat expands the region of bistability when the phases of the coherent and 
squeezed fields are equal to each other and it narrows the region of bistability in the 
case of a m/2 phase shift. In summary, the characteristic features of the optical bistabil- 
ity of the thin film, which are caused by the additional irradiation of the film with a 
wave of resonant squeezed light, are practically independent from the Lorentz field and 
the detuning from resonance. 


2 
Fig.9.2.6. Shift of the plot of |] versus п caused by 
squeezing of thermostat 6=0.4 in the cases ф=0 
(curve 1) and @ = 2/2 (curve 2) relative to the curve 


ee 2 : : 
3, characterising | as a function of n in the absence 


of squeezing. Here у = 2y) =2, Д=-5, &=10. 


Pulse dynamics 


The Lorentz field is most pronounced in the interaction of an ultrashort pulse with a thin 
film. Let the form of the USP be rectangle. The relaxation process as well as the effect 
of squeezing are negligible small during the pulse. In the usual situation of extended 
medium the nutation oscillations arise near the leading edge of the USP. But in the thin 
film the Lorentz field provides the collective mechanism of relaxation according to 
(9.2.19). That, in its turn, leads to the transient stationary regime of the pulse transmis- 
sion with stationary state of field amplitude ¢, level populations, and п. This stationary 
regime exhibits bistability. 

From (9.2.9) and the conservation law for Bloch vector we find that the transmission 
coefficient T = le/ al for stationary state is determined by a stationary value of n : 


T=A[(A+En,) +r2J", (9.2.21) 


where n,, obeys the equation 


(1—nz)[(A + п)’ +n5,]-4a°’n: =0. (9.2.22) 


We note that this is a fourth-order equation in n,,, while in the case of ordinary station- 


st ? 


ary bistability in section (9.2.2) the corresponding equation is of the third order. 
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Here we investigate eq.(9.2.22) only in the simplest case characterised by such pa- 
rameters for which level populations remain close to the initial values. Then it is con- 
venient to introduce the dimensionless population of the upper energy level r so that for 
stationary regime г, =(1—n,,)/2 <<1. Eq.(9.2.22) transforms to the following 


r{[(A+8)-26r,P +H =a’. (9.2.23) 


Eq.(9.2.23) has either a single real root or three real roots. In the first case function 
Г. =Г,(а) is single valued. In the second case, however, three different set of popula- 


tions of atomic energy levels correspond to a certain value of a. This latter case reveals 
the possibility of a bistable behaviour of the system. 

The condition of obtaining three real roots can be found by determining the zeros of 
the derivative da*/dr,,. Introducing the notation и = A+ & —2ér,, we obtain 


Зи? —2(A+E)u+1=0. 
This equation will have three different roots if 
А+ё> Tee 


In this case the plot of the function г, = г,(а) has a wrinkle. The stability of this type of 


bistable regime should be studied to understand how it can be realised. The further de- 
tails can be found in ref.[11]. 


9.3. The features of two-photon resonance 


Let us consider in more details the case of degenerate two-photon resonance, when the 
double carrier frequency of an ultrashort light pulse is close to the frequency of opti- 
cally forbidden transition (case B of sections 1.1.1-1.1.3). In section 1.1.3 it is shown 
that in this case the wave with the carrying frequency , generates a polarisation of 


resonant medium on the frequencies @,and 3w,. Therefore, with account for the re- 


verse reaction of the medium, two fields 


E,, = © exp(-i®,) + К.с., E,, =@, exp(—3i®,) + k.c., (9.3.1) 


MD, = @ t —ByoZ, 20, = @,, 


affect atoms of a film under conditions of two-photon and Raman resonances (Fig. 
9.3.1); 
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The indices a and с denote the resonant levels Е’, 
and Е,. The fields (9.3.1) differ from the macro- 


scopic electric fields inside the film by a value of 
the Lorentz field. We remind that z-axis lies in the 
plane of a thin film. 

Let us derive the expression for polarisation 
of a film, which arises under the action of the 
fields (9.3.1). Atomic polarisation is determined 
by the standard formula (1.1.16): 


Fig.9.3.1 P(t, x) = Sp(pd). (9.3.2) 


Here we normalise the density matrix of the film atoms to make Spp be a surface den- 
sity of resonant atoms №, . The density matrix р obeys the usual equation (1.0.3) 


ine =[H, — Eguomdsp]. (9.3.3) 


Notation E 


We apply the method of unitary transformation of Hamiltonian which is slightly 
modified compared with section 1.1.2. Expansion of both matrix S, which determines 


the transformed density matrix fp =e pe’, and the transformed Hamiltonian 


=E,,+E,, is used for the electric field acting on atom. 


atom 


atom 


H =e“H,e-e“E,,,,de°—ihe® oe yields: 
t 


§= S94 529,50) A= HOO, FO) + FOYE FOO 4 (9.3.4) 


where S'") and Н"”) are the terms of n-th order on field E,, and of m-th order of 
field E,,. The relationships between them are defined by the expressions 
HOO) =H. 


A) = -£,d-i[s", Hrs, 
t 


A) Е d-ils,H, |+ ns, 
t 


i 


FO) = s[s0,B,d]-5[s0, #0 |-ifs*”,H,en Sse, 
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F0) _ Li gto) Es oe 1160,9) Fon 55 
Я 5", Еа]+ > 6, Е, а] [8.4 Fp (9) le Я | i[s' (1,1) нони 5 


> 


Ao) = sls (0,1) .E,,d|-=|s, (0,1) Foo] [s®),H ens, 


The same routine as in section 1.1.2 gives 


$0,9) = = се“ бе } 
i 


Daa ~ Do а ‚+ @) 


я “= Ев | 
: 3 


Daa ~ 3) at +34 


Effective Hamiltonian is chosen in the form 


He = Ho” + 2 4 HOY 4 Я) 
or 
Ht = 45 @7T1,,(@,)+ @,@,T1,,(-0, le?" =H", НИ —-F +E, (9.3.5) 


Е =|@|'11,(@,)+|@,/11,Ge,), а=а,с,с, 
The expressions for the parameters of two-photon interaction п. (©), Па (®,),..., аге 
given by the formulae (1.1.11). 


The polarisation of a film is expressed by eqs.(1.1.16) and (1.1.17) in terms of the 
transformed density matrix and effective operator of the dipole moment D: 


ca (- а» )е` a a, TT, (a, Je" v п. (- 3a,)e + п. (За, )e? 
D,, =-G@,II,(@, je" -@ п, 3a, )е 8% +k.c., (9.3.6) 
=-@,I, (a, )e" — @ Па, )e?” +k.c.. 


In the derivation of film polarisation we will neglect both the nonresonant terms and the 
terms proportional to Ct, in the effective dipole moment operator, assuming that 


la, (9.3.7) 
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Then, we receive 


P(t,z) = R(t, z)exp(-i®, )+ R(t, 2)ехр(-ЗЮ ,) + с.с., 
(EZ) = —(I1,(®) Poa + По (вре Qj 2 П*, (@))RQ, 2 R(t, 2) = п}, (—@))RQ, 2 
R r= rom ехр(21Ф.). 


Let us introduce the variable N=),,—,.. Since р. + P,. = const , the above expres- 


sions provide 
P(t,z) =-(I1,(@,) + H_(@,)N)Q@, + 1, (o,)RQ, , (9.3.8) 


where 


TT ,(@,) = 5 (1) a I1,(@)), I1_(@) = $(1,(,) = I1.(@)). 


We have put 9,,+),. =1. 
Quantities R and N are determined by the Bloch equation 


ons iAR+iAN, ON 550K INR) (9.3.9) 
ot ot 
with the following parameters 


A=[5@311,,(0))+ 4,@;T1,-0, i", 
(9.3.10) 
A =20, - ©,. - [а [11,(@,)- 11, (©, + вп. ®,)- п,@о, ре". 


The strength of an electric field acting on atom Е is defined by a field ina film Е, 


atom 


and film polarisation P: 


Eom = Е, + &P 


atom 


where 


Е, =& exp(-i@,t) + ©, exp(—i3a@,t) + c.c.. 
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For slowly varying amplitudes we have 


Ct, =r EDs Ct, =&,+€S, 
S(O) = T (Bo, 6%) 5, (6) + KB OIJRO, 
& s(t) = ie(3P,,30,) 20). 


Here the notation (9.1.6) is used and index TE is omitted. Vector Дуб, + p,é, is the 
wave vector of the incident resonant wave with amplitude &,. With reference to the 


relation (9.3.8) we can finally obtain the connection equation to complete system 
(9.3.9): 


@, =T(f,,@)U" ce + (§ -ix)(T1,(@) + _(@)N)&,, + (6 +i), (@)RE, } 


т 


(9.3.11) 
О = (1-&(П. (6) +П_(@,)№))? + «°(T1, (©) + П_ (6)? — (Е? + к?)]п.(@)ЕГ 


The condition of phase synchronism in an optically thick medium in the case of a thin 
film looks like a rule governing the angles of emission of third harmonic wave from the 
film. The relations between the angles of incident (in) reflected (ref) and transmitted (tr) 
have the form 


n,(3@,)sin 05! =n,(@,)sin0”, (9.3.12a) 
n,(3@,)sin OY, =n,(@,)sinO" , (9.3.12b) 
n,(3@,)sinO5, = п, (в) эт 0", (9.3.12) 


First we consider the normal incidence of ultrashort light pulse on a thin film. The 
pulse duration is about a period of Rabi oscillations. The numerical solution of the 
equations (9.3.9)-(9.3.11) shows that the form of the transmitted pulse on the main fre- 
quency @, repeats the form of incident ultrashort pulse. The transmission coefficient 


differs from calculated by the Frenel formula by less than 1%. The reason of this is that 
the Lorentz field destroys the conditions of exact resonance resulting in a weak excita- 
tion of resonant atoms. As the consequence, the insignificantly small response appears. 


The harmonic signal is of the order of size 10-4 of the incident amplitude (Fig.9.3.2). 
The increase of amplitude of the incident signal does not change the Frenel character of 
pulse reflection. The signal of a harmonic oscillates (Fig.9.3.3 as the result of fast evo- 
lution of Bloch vector. 
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PP a] 
20.00 30.00 40.00 i 20.00 30.00 40.00 


Fig.9.3.2. The envelopes of incident (In), transmitted (Tr), third harmonic (3) waves and popula- 
tion level difference (№. The incident pulse has the form aj,(t) = ag sech[(t—t,,)/t,] with 


тр = 6, and t,, = 20. The pulse amplitude is ag = 0,65 for a) and b) and ay = 1,13 for с) and 
d). 


Now we shall consider the normal incidence of an ultrashort pulse with the duration 
is much longer than a period of Rabi oscillations. The result of numerical simulation for 
a characteristic set of parameters is depicted in Fig.9.3.3. As it was mentioned above the 
form of transmitted signal repeats the form of incident pulse, but it is less in magnitude 
than it should be by Frenel formula. The essential difference from a previous case is that 
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the oscillations of atom population decay. The level population tends to a stationary 
value (rather than the equilibrium one). It is important to emphasise that the times of 
irreversible relaxation in the system are much longer than the pulse duration. The pulse 
behaviour becomes clearer if to write Bloch equations as 


40.00 60.00 80.00 


Fig.9.3.3. The dimensionless intensity of incident (In), transmitted (Tr), third harmonic (3) waves 
(averaged over a period of time of fast field oscillations), and population level difference (N). The 


incident pulse has the form’ of plateau аи (т) = dg {tanh[2(t — t,,)/T р] в 
— tanh[2(t-t,, — Ty)/T py} with ay = 0,75, i= 6, т, =6, and т, =8. The ordinate axis 


factor in the plot of third harmonic is =: 


= ~ i(A+Re( f)N)R+i(g, + g,N)N -Im(f)NR , 


where f, g, and g, are some functions dependent on an incident field and film parame- 
ters according to the general equations (9.3.9)-(9.3.11). One can see that the Lorentz 
field results in an effective mechanism of relaxation which makes the polarisation and 
level populations reach a stationary regime. This phenomenon manifests especially 
strikingly in the form of the third harmonic signal (Fig.9.3.4): the peak modulation near 
the leading front of the third harmonic is replaced by a stationary mode of harmonic 
generation. Once again we emphasise, that in a considered case the phase synchronism 
for the third harmonic generation determines a direction of harmonic radiation from the 
film. It has no effect on efficiency of harmonic generation. 
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9.4. Exactly integrable model of double resonance 


When ignoring the Lorentz field and the irreversible relaxation, the inverse scattering 
transform method in some cases can be applied to study the transmission of ultrashort 
light pulses through the thin film of resonant atoms. For these purposes the double reso- 
nance model seems to be the most general model of the resonant interaction. We will 
show Below how the IST method allows to investigate the reflection (transmission) of 
two-frequency light pulses by a thin film containing the three-level atoms. 

We consider the incidence of the plane front pulses of frequencies ©, and ©, 


Е") =& exp[i(B,z + рх- @,t)]+ & exp[i(B,z + p,x — 0,t)]+c.c. 
on a thin film containing three-level atoms under condition of double resonance 


0, ~(E,-E,)/h, @, +(E,-E,)/h. 


Fig.9.4.1. Geometry of the incidence of two pulses on thin film 
under condition of double resonance. 


Optically allowed atomic transitions forms V-configuration (see Fig.9.4.1). 
We write the relation between the amplitudes of transmitted pulses using (9.1.7) as 


Si (0 = Т. (В, 9, ) 5 (0 + ik 48,0) PO, 


(9.4.1) 
Sip (0) = Ty (By, ©, > (Е) + № ,(B,, ©, Fy (1), 


ctr 
where <); 


(t) and &,,(¢) denote as usual the slowly varying amplitudes of the electric 
field and film polarisation at the carrier frequency <, ‚ j=1,2. Quantities Ви, and В» are 


given by the incidence angles of the corresponding waves. 
The added index A (or B) indicates the type of electromagnetic mode. Various com- 
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binations of different field modes of a two-frequency pulse are possible: A=B=TE or 
TM and A=TE, B=TM or, conversely, A=TM and B=TE. 
Polarisation of the thin film is determined by 


Par = В aa > Эв› = Roo pic » (9.4.2) 


where the values R,, and R,, obey the eqs.(2.6.3): 


OR . | : OR . . ; 
oe = АВ, + iA, (Roy - В) ~iA, Rp, ae = 1AR,) + М (Ви — Ry) —iA,R,, 
OR . te OR | я ; P 
a =iA,R,, МВ», == = -i(A,R,, — A, Ri) —i(A {Ry — A> Roo) 5 (9.4.3) 
x =i(A,R,, -Л В), = =i(A,R,, -Л.В,). 


We consider the exact resonance with two-photon transition A, = A, = A. The relaxa- 


tion terms were omitted since the pulses are ultrashort ones. We introduced index A or B 
in the matrix elements of the dipole moment operator to indicate its appropriate compo- 
nent. 

Rupasov and Yudson [4] pointed out that an expression such as (9.4.1) can be re- 
placed by a differential equation with a singular right-hand side. This method can be 
applied here, too. We introduce auxiliary functions &,,(x,0) satisfying the equations 


sa = 2ik ,(B ,,@ )6(X)F, (Е) (9.4.4) 
For x = 0 these functions are defined by the relation 

&, (0,0) = 5[&,(0+,0 + &,(0-0]. (9.4.5) 
Integrating (9.4.4) from x = —00 to x=-¢ (C<<1) yields 


Syj(X = Sy (X =—0,t) = S(t) . 


If to integrate eq.(9.4.4) from х=-6 to x=C, one can obtain 


Sa (X =G,0)= Sa (X =—C,t)+ 2iK (В ,,@ Py (0) . 
In view of (9.4.5) it follows that 


5, (0, t) = &,(X = = + (В, ©, Ry (0) 
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This expression coincides with (9.4.1) if the identities below hold 
& (0,0) = (0, &(x=-60) = T,(B 0 )&x (0. 


The initial problem of the refraction of ultrashort pulses by the film can be solved on 
the basis of eqs.(9.4.1)-(9.4.4) by means of the following algorithm: a) one should de- 
termine the initial conditions (9.4.4) by a specific value of &;,(t). ; b) one should solve 
(9.4.4) for the indicated initial condition for &,,(0-,t) and &,,(t) to obtain &,,(x,t) for 


x>0 and consequently &,,(0+,t); с) one should determine the envelopes &;,(t). of the 


transmitted ultrashort pulse in accordance with (9.4.5): 
&(t) = 517,08 ;.0; Sq (0) + &,(0+,0)]. (9.4.6) 


For the equations that specify the evolution of the state of three-level atoms, we 
should take (9.4.3) with Л, =Gj\d,,/h and A, =&,,d,,/h; the definitions of the re- 
maining variables are the same as before. It can be directly verified that if the condition 


Id as “i 3(Bo,0s) (9.4.7) 


кд (В »@,) = бы 


is valid, the system of equations (9.4.3) and (9.4.4) is а zero-curvature condition for the 
U-V pair 


—r A, A, 
= A, 2d 0 |, (9.4.8) 
A, 0 4 
ie 8(x) (2 Roo 4 R, a R,,)/3 Ко Ryo 
У = ROT Ro (Roo — 2R,, + R,,)/3 = R,, (9.4.9) 
Rog № К (Ry —2R + Ви )/3 
where 


а 2 ss 
т. = №4, к(Вь)й". 


The main difference of U-V pair from that in extended medium is the presence of д- 
function in the expression for V. 


Condition (9.4.7) is similar to the one of the existence of a simulton regime of 
propagation of a two-frequency USP in a semi-infinite homogeneous medium (see sec- 


THIN FILM OF RESONANT ATOMS 585 


tions 3.2.1 and 3.2.7) Before we consider the solution of the system (9.4.3) and (9.4.4), 
it is worth to analyse in more detail the "simulton" condition (9.4.7), which appears in 
the problem under investigation. It is convenient to introduce two auxiliary functions 
Fg (0) and Fry (9) of the incidence angle 0, = On of each of the carrier waves of the 


two-frequency pulse: 
F,(9) = cos + (и? + cos” 0)”, 
1 1+7 
Ем (=, 
6050 (1? + соз? 0) 
where 77° = (=, —€,)/€, > 0. Condition (9.4.7) can be expressed in terms of the follow- 


ing functions: 
for A=TE, B=TE, 


2 
F,,(8,) = lay. "аз. (,/0,) Fy. (9,); 


for A=TM,B=TM 


Fy (9,) = оио Е (0); 


Чь / Ч 


for A=TE, В=ТМ 


2 
F,,(9,) = ap. ‘dy, (@,/@,)Fry (0,). 


We denote the factor preceding the function Рв(6>) by &. The question arises whether 
the appropriate incidence angles 0; and 82 can be found to satisfy the simulton condition 
(9.4.7), which reduces to finding the solution of the equation 


F,(0,) =6Еь(6,). (9.4.10) 


Fig.9.4.1. Plots of auxiliary functions РА (8). 
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Figure 9.4.2 shows the plots of the functions ЁтЕ(9) and Fry(8). Since the function 
Етм(0) unlimitedly increases as 0 > 1/2, it can be shown that eq.(9.4.10) has a solu- 
tion for any parameter € for A=B=TM. This is the most favourable case for satisfying 
the simulton condition. For A=TE and B=TM, there is a value 9,=6> at €<1, for which 
(9.4.10) is satisfied, and for given 02 one can obtain 0,(# 0,) for which (9.4.10) is also 
satisfied. Equation (9.4.10) cannot be solved for €>1. In this case it is necessary to 
change the wave types, i.e., to choose A=TM and B=TE. Then there must be 0; and 02 
pairs when (9.4.10) holds. 

The least favourable choice is A=B=TE. For the given dielectric constants differ- 
ence = -—=, there is an interval €...<€<6,,, where for given 02 one can find the 


max 


value of 8; satisfying simulton condition. Here 


Ев = Wt +12], Eng, = Er). 


In this case it is preferable to use the media with ¢,-e, <<e,. The solution of (9.4.10) for 
A=B=TE can be written explicitly as 


cos 8,= nsh{In[E F,,.(8,)/n]}. 
Similarly, for A=TE and B=TM we have 
cos8,= nsh{In[EF,,(8,)/n]}. 
Let us consider now the solution of eqs. (9.4.3) and (9.4.4) by the IST method with 


the assumption that the three-level system returns to the initial state after the passing of 
the USP. That means that at Е —> +0 matrix V(A,t) transforms into diagonal matrix 


VO (A): 
yo) = yO 
" _) 18(x) 1 ; 
VO =yO = ~ > diag} (2Ryy a В»), Roo — 2Ri1 + Re Rij es +81} 


where quantities R with the upper zero index correspond to t > —0. 

For the given values of 5х (Г) ог the normalised values ny (t) the spectral problem 
for U(X) can be solved to determine the scattering data - the transition matrix T'"(A,x<0) 
and the eigenvalues (discrete spectrum) {и} ". We can use the reasoning of ref. [4] to 
find T°(A)=T(A,x>0) and {A,}°" and to generalise it for covering the case analysed 
here. If we have V?=V" , then T(A,x) is defined by the equation 


Ora |i V |, (9.4.11) 
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Since УО is diagonal, the diagonal elements of matrix T are independent of x; conse- 
quently 


Ти (A) = Tyr (A). (9.4.12) 


Then we have unt = oe For the off-diagonal elements Thm 


9, =VO -VOYT,,, (9.4.13) 


х nm 


if V(x,Adiag(V, У, V).What makes the situation unusual is that V;? contains 
delta function. The definition of Thm (/,x) is completed at the point x=0: 


Tym (A 50) = № Tam (A504) + Tym (A50-)} (9.4.14) 
We put 
VO VO =26(х) Ги. (9.4.15) 


Integrating of (9.4.13), in view of (9.4.15), with respect to x from x 4-0 to x=-C€ 
(C >0,¢<<1) yields 


Tam (X = —G) = Tn (X = 20) = Tin A). 


Integrating of (9.4.13) from х=-6 to x=€ yields 
Tam(A5X = 6) = Tym (45% = —G) + 20 im A )Tim (250). 
The above equality with allowance for (9.4.14) provides 


_ 1+ Г) ти 


Ta (A,X = 6) tf (X) nm 


(A). (9.4.16) 


Since the right-hand side of (9.4.16) does not depend on x, we have 


out 1+Г (A) in 
Ти (A)=T.,, (A,X = 0+) = ——"— TF (A). 9.4.17 
rm (8) = Ty (hy X = 04) = FF Tin) (9.4.17) 


The solutions of eqs.(9.4.3) and (9.4.4) are the solutions of the inverse problem coupled 
with the scattering data {An}°", Tn°“(A) and eq.(9.4.6). In order to reconstruct the A,(t,x) 
and then to build U(A,x,t), we need the quantity rj(A,x) to be defined as 


HY)=T,A4)/TiA) (Я) =Т,(Я)/Ти A), 
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where T/,(1.) = dT;,(X)/d’. With regard to УС, the necessary quantities I’, and Г; can 
be found: 


i Ю-В, i Ю-В 
L(A) =—-—*—4,, [,4)=—-—* .. 9.4.18 
(A) 2t, A+2A vA) 2t, A+2A ( ) 
In addition, at the discrete-spectrum points we can represent rj" in the form 
(А) =2n, fy" exp[2n,t,1 j=, 2, (9.4.19) 
where 
= tin, ton =(2n,) Ши”. ,)} 
arta. т"), еб.) = Dr on ) | 
j 
By introducing new notations 
р 0 0 
i Roo —R;, — RO 44 
24, А+2А 1 oo 
we have 
ыы és 1+ В +1 
Г, (A в) = 2n,1; exp(2n,,C, ) (9.4.20) 


_ pm _s7(n)* 
1 В, il; 


If the inhomogeneously broadened line is symmetric in shape and if the USP incident 
on the interface is so that ¢,=0, then I 12 =0 and 


re" (4) = 2 ds” exp[2n, (ton +2), (9.4.21) 
where 
Е, =(2n,) | In[(1+ RY”) /(1- В). (9.4.22) 


It is useful to compare (9.4.19) and (9.4.21) with the analogous expressions from the 
theory of self-induced transparency. This yields a rule how to obtain the results we need 
from those already known. Namely, wherever the path Z covered by the pulse occurs in 
an expression, the substitution R;Z > 27,t,, provides an expression relevant to the 
problem considered here. 

Let for example the incident USP have an envelope S(t) so that 


(лы /П)Т, (В „в )5" (0) = 2n Lsech[2(t —t,)]. (9.4.23) 
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The solution of the spectral problem is then known: 


^-т т т т т 
in’ T, =f, =T,, =Ё =0 


Л =М, 


(the remaining matrix elements are unnecessary); r"(A1)=2hljexp(2ntr). The solution 
(9.4.4) with x> 0 generated by the IST method, can be written by means of the above 
formulated rule: 


Ba 
A (t,x >0)= 5 Вых > 0) = 2nljexp[2n(t, —t+t;,)]D", (9.4.24) 


D=1+exp[4n(t, — О? exp(4nt,,) + В exp(4nt,,)} 


For the У configuration of the energy levels we have R,")=R,"” , since if all the atoms 


are in the ground state at t = co, then В” = R},. Expression (9.4.24) simplifies to 


A (t,x > 0) = 21, sech[2n(t, —t+¢,)], (9.4.25) 
where 
Cty Sly = (21) " In[(1+ в?) = В 


ро = ИВ»: 
1 a 2 Qi? 
21, 4n°+A 


With the references to (9.4.6), (9.4.23), and (9.4.25) the envelope of the refracted USP 
has the form 


S(t) = 4T,(B „® [5 (0 + 6 (ЕВ). (9.4.26) 


Thus, the refracted USP consists of two subpulses - the first one is due to the dielectric 
constants step (Fresnel subpulse) and the second one is due to the resonant atom. The 
latter is delayed in time relative to the first. Note the logarithmic dependence of the de- 
lay time п on the parameter R;‘”. The value of this parameter depends both on the peak 
intensity of the electric field of the incident USP and on the incidence angle (via Ts). 

For a A configuration of the resonance levels with atoms initially in the ground state 
we have 


AEX 0) = 2m], Splines a 
1+exp[4n(t, — ЭР exp(4nt,,) +E} 
A,(t,x > 0) = 2m], exp[2n(t, —t+t,)] 


1+ exp[4n(t, — ОР ехать) +2} 
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These envelopes do not have the shape of a hyperbolic secant, and consequently do not 
duplicate the shape of the incident pulse. In addition, their time delays are different. 
This constitutes the difference from the case of two-level atoms. In general, if the atoms 
of a thin film are pre-excited in the initial state, the delays of the frequency components 
of the USP are not equal. 


9.5. Conclusion 


The main results concerning the role of the local field acting on atom have been ob- 
tained here with the help of phenomenological description of the Lorentz field. This de- 
scription supposes three contributions to the local field acting on atom. The first is the 
field formed out of the medium. The second is due to the interaction of the atom with its 
surroundings within some sphere of radius го. The third is depolarised field from 
bounded charges at surface of the sphere of radius гу. It is precisely this third field that is 


initially named as Lorentz field. Parameter гу can be essential if 27, ~ 4, where 6 is the 


width of the film. One can see from Fig.9.5.1 that only a part 
of sphere participates in the creation of the Lorentz field in the 
case 2r, -(. In addition, the second part of the local field 


changes with the variation of the atom position within the thin 
film. Thus, in the case 2r, ~ ¢ atoms located at the different 


distances from the surface are exposed to different Lorentz 
fields. The resonant wave incident on the film causes the dy- 
namical shift of the detunings from resonance, which are dif- 
ferent for various atoms. This determines the effect of dynami- 
cal inhomogeneous broadening of a spectral line. The de- 
scribed inhomogeneous broadening can determine the forma- 
tion of various transients in a thin film such as nutation echoes, 
for example. The more accurate approach to the mentioned 
Fig.9.5.1. problem includes the dipole-dipole interactions between atoms 
[27-29]. 

A set of spatially separated thin films represents a new important model of nonlinear 
optics. The propagation of light in such nonlinear structures is accompanied by the dis- 
tributed optical feedback that leads to diverse effects both in pulse dynamics and in the 
cw operation. In addition to optical bistability and self-pulsations, the band gap solitons 
[30-32] and symmetry breaking in distributed coupling [33] of counterpropagating light 
beams were predicted. An interplay of two effects, i.e., the symmetry breaking and 
transverse modulation instability, may lead to the nonsymmetrical patterns for the oppo- 
site directions of propagation. This situation was analysed by Logvin [34] in the simple 
case of two thin films separated by a large distance (Fig.9.5.2a). When we have many 
thin films separated with the distance equal to the wavelength of an exciting wave 
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(Fig.9.5.2b), the Brag diffraction in linear regime determines a forbidden band gap. In 
nonlinear regime of light interaction with a film of such set, the band gap solitary waves 
arise. The analysis of these waves is now of importance in connection with the problem 


b) 


Fig.9.5.2 


of localised photons in photonic band-gap materials [35,36]. The consideration of usual 
transients in the sets of thin films will continue evoking interest [37,38]. 
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APPENDIX 1 


THE DENSITY MATRIX EQUATION 
OF A SYSTEM IN BROADBAND THERMOSTAT 


We describe a systematic way for obtaining the density matrix equation and relaxation 
operator. We would stress at the outset that this approach is valid only for such thermo- 
stats which are described by Bose-Einstein statistics and can be simulated by 6- 
correlated processes. Our examples are the spontaneous atomic relaxation in an external 
monochromatic nonresonant wave and the relaxation in resonant broadband squeezed 
light. 

It is commonly assumed that the radiative spontaneous relaxation is due to one- 
photon transitions with the absorption or emission of resonant vacuum photons. Analy- 
sis of the spontaneous atomic relaxation in an external coherent field usually involves 
solving an equation for the density matrix with given spontaneous relaxation constants 
and then determining the effective relaxation times [1]. But in addition to one-photon 
processes, there is a complex hierarchy of multiphoton spontaneous processes in the ex- 
ternal field, when the transitions in an atom that lead to additional relaxation occur with 
the absorption of one or several photons from the coherent field simultaneously with the 
absorption or emission of a vacuum photon [2]. Owing to the intensity of the external 
field, such processes may be pronounced and can dominate ordinary one-photon spon- 
taneous relaxation. Obviously, when the intensity of the coherent field is high and the 
role of these processes is important, one must re-examine even the ordinary two-level 
model of an atom, since for any such field, either resonant or nonresonant to two se- 
lected energy levels, other energy levels and an appropriate frequency of the vacuum 
photon can always be found, with the result that the relaxation transitions from the two 
selected levels to the other levels involving photons of both coherent and vacuum fields 
should be essential. The respective relaxation constant will depend here on the intensity 
of the coherent field in the starting equations for the density matrix of the atom and 
must be taken into account in the N-level approximation. Needless to say, this constant 
will affect many optical phenomena. 

Another case when the external field changes essentially the relaxation picture is the 
interaction of atom with a broadband squeezed light [3]. The real and imaginary parts of 
atomic polarisation decay in the resonant squeezed light with different constant that af- 
fects many optical phenomena in coherent and squeezed fields. For example, absorption 
of a weak signal by a two-level system in squeezed and coherent intense waves is ac- 
companied by new narrow resonances [4-6]; new types of photon echoes arise under the 
action of separated in time pulses of coherent and squeezed light [7]; the simultaneous 
effect of coherent and squeezed light on optical resonator and thin film containing reso- 
nant atoms produces phase sensitive optical bistability [8-10]. 
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In this Appendix the above relaxation mechanisms in external fields are taken into 
account systematically. For the simplest case of one- and two-photon relaxations an 
equation is derived for the atomic density matrix containing, in addition to the usual 
Einstein relaxation constant, relaxation parameters that depend on the intensity of the 
external coherent electromagnetic field. The equation is generalised to the case of a 
squeezed vacuum, whose photons participate only in two-photon relaxation transitions. 
Relaxation constants that allow for these processes are obtained for the three-level 
model of an atom. Finally, we discuss generalisation of relaxation operator for squeezed 
field to allow for atomic level degeneracy and polarisation state of squeezed wave. 

In connection with the problems of nonlinear optics in coherent and squeezed light 
we would like to note that the standard semiclassical approach, which has been used 
with great success in laser physics, can be applied after a suitable generalisation to a 
wide class of problems that involve an intense broadband optical field in a squeezed 
state as well. In this latter case, as Gardiner and his co-authors showed [11-13], the non- 
classical properties of the pump are "hidden" in the relaxation part of the quantum me- 
chanical equations for the atomic density matrix. 

We first obtain the effective Hamiltonian taking into account classical and quantum 
fields (section Al.1.1). Then, in section А1.1.2 we summarise necessary information on 
the Ito's quantum stochastic differential equation [11,14]. In section А1.1.3 we derive 
the equation for density matrix. Expressions for relaxation operator of three-level sys- 
tem are given in section А1.1.4. The master equation for the atomic density matrix in 
the case of squeezed thermostat fields is obtained in section А1.1.5. The generalisation 
of relaxation operator accounting level degeneracy and polarisation state of squeezed 
field is presented in section A1.1.6. 


А1.1. The effective Hamiltonian of spontaneous processes in an external coherent 
field 


We describe the system consisting of an atom, the field of a classical electromagnetic 
wave of frequency v and electric field strength 


E=&e™' + с.с., (A1.1.1) 


and the vacuum electromagnetic field, by the Hamiltonian 


yess hee oak oer Oo? 


+V,, H,= iE ща.» Н, = | dohob;b 


(А1.12) 
=-5е "У 4 „ага, +Н.с., у, =-1>. [doK(o)d яа ‚И 


ооо оо" а о 


и 


coh. int 


where H, is the Hamiltonian of the isolated atom, Нь is the Hamiltonian of the photon 
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thermostat, Veohint 15 the operator of the interaction of the atom with field (A1.1.1), and 
Г, is the operator of the interaction of the atom with the thermostat photons. We have 
introduced the following notation: аа’ and ас are the creation and annihilation operators 
of the atom in a state with energy Е„ satisfying the commutation relations [аа du" | = 
Saa’» bo’ and b are the creation and annihilation operators of photon of frequency в, 
with [bo, bo" |=6(@-@'); doa. is the matrix element of the operator of the dipole moment 
between states with energies EF, and E,; and K(@) is the coupling constant. We have 
ignored polarisation effects and recoil and employed the one-dimensional approxima- 
tion, while the interaction with fields is considered in the electric dipole approximation. 

The initial Hamiltonian H describes the evolution of the density matrix p of the en- 
tire system: 


ihop/ ot =[H,p |. (A1.1.3) 
To identify the effective terms responsible for the hierarchy of the spontaneous proc- 


esses under discussion in this Hamiltonian, we perform the following unitary transfor- 
mation: 


p=e ре’, indp/dt=[H,p], Н=е“Не“ —- те de® /dt.  (A1.1.4) 


We write S and # in the form of series in powers of the strengths of the coherent and 
vacuum fields: 


S= 59% 4 SO +500 4, 
FF а Е 


where the left index in each pair of superscripts refers to the external coherent field and 
the right index to the vacuum field. Obviously, 


AH =H, +H,, 
H =... — so, HO] + nas” / at, 
H =V, -[SO, HO] + nds© /at, (А1.1.5) 


НИ = -G/2)[S©? Veo ine] — G/2) 00” Vi] - G/ 29? 0] - G/2)[ 8, HO] - 
= А + hos" /Ot,... 


Now we must require that H"® vanish since the external electromagnetic field (A1.1.1) 


is assumed to be out of resonance with the atom. The quantity H” must contain only 
terms with the appropriate frequency dependence, corresponding to absorption and 
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emission of resonant vacuum photons: 


FO — -i' {do (оо) КТ (о) аа „В O(E, — Ey) + Hc. (A1.1.6) 


aa! ™ a a в, (г) 


According to ref. [15], the frequency spectrum of the vacuum photons is divided into 
the independent individual source of noise resonantly related to each atomic transition 
whose frequencies are denoted by w(aa'). Here @(ac')=o(a'a), and the central fre- 
quency of this noise source, @(aa’), is equal to |@ao'|, where @ac' =(Ea - Ew)/h. We 
must also bear in mind that all the sources of noise mentioned above act as a single 
source in relation to an atomic transition out of resonance with these sources. We have 
also used the standard notation for the unit step function, that is, @(x)=1 for x>0 and 
0(x)=0 for x<0. Then, assuming that the coherent field is switched on adiabatically, we 
get 


жа. ee “aa. 
soe iy ae Я.С, 
й (6 и У) 


K(@)d „ала»в (aa) (Ew — Ba) 


5 =F [do aaa a, 


h(@ aa! ©) 


К а 4.40, -0(Е..-Е 
+ У; [do (ао) (@ (aa’)) ао'Чо Ча, ©; (aa’) ( а a) 


Н.с., 
ALO „„„— © (aa')] 


where the prime on the integral sign indicates the absence of terms with resonant de- 
nomuinators. 

We now substitute these expressions into the formula for Я“” and retain only the 
terms with the correct frequency dependence (by defining 5“? appropriately), which in 
the final analysis corresponds to the approximation of slowly varying amplitudes: 


A = 
7 


=-5 > [Чо olay )K(w (aye ага, Вау) + Hay (а УЕ, — Е,)+ 


ы о deo (ory) К (в „(а))6е "ага, В, „о, + Пи (-® (ay OE, Е.) + 
у 5 YJ do (ory )K(@ (oy SEMA 24, В; „Пи + Hay(-@ (ay ))]0(E, — E,) + 


+ 2% [чо „К(о )’еаза В, [I1,(v) + 11,(@,)]+ He. 


Qa a” ©, 


(A1.1.7) 
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The noise source We>(ay) with the central frequency @,(ay) is in two-photon reso- 
nance with the two-photon (optically forbidden) transition Е, > Е, that is, 
Q,(ay) tv=(Eo—E,)/h (Ео>Е,); the noise source @,(ay) with central frequency 
@,(ay) and the noise source @,(ay) with central frequency @,(ay) are in combina- 
tion resonance with the two-photon transitions £,—£,, that 15, 
@ (ay)-v=(E,-E,)/h (Е >Е,) and v-@ ay) =(£, -£,)/h (Е, >Е,); 
and the central frequency ©, of the noise source @, coincides with the frequency у of 
the nonresonant wave (A1.1.1). Here we have used the following notation: 


pial” 4 | 
Е, 


В Фр © „© 


determines the effective dipole moment of the two-photon transition, and 


И 
па ——+— } 


© gait @ Dy @ 
determines the Stark shift of the level Ра. Since 
IT,,(v) =11,,(@(ay)), T.,(v) =H,,(-@,(ay)), 1, (v) =H, (-@, (ay), 
and ignoring the frequency dependence of the IT parameters, we can write 


A => [do (ay)K((o (ay))Se“asa,b 


ay Фо (ay) 


II, (v)0(E, — E,) + 


ay @, (ay) 


+i) | do (ау )К (о „(ау ))5е aia be 1, (v)0(E, - E,,) + 
| (A1.1.7° 
+79) [do ,(ay)K(o „(ау ве "aja, by (ay ,(v)0(E, - Е,) + 


аут, (ay) 


+7) [do ,K(o )5е маза, В; (ay + Hc. 


The term Я” is obtained in the same way as in the classical case and describes the 
Stark shift of atomic levels: 


Я => \s/T1, (@)aza,. (A1.1.8) 


Thus, the effective Hamiltonian of the atomic system and vacuum photons in the field 
of a classical coherent electromagnetic wave can be written as the sum of four terms de- 
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termined by eqs. (A1.1.6)-(A1.1.8): 
Я =A + 4 HO + Fem. (41.19) 


The first term Я“ is the sum of the Hamiltonians of the atomic and photon subsys- 
tems isolated from each other and from the other fields. The term H characterises 
the Stark shifts of the levels in the field of the nonresonant wave (1). Both H®” and 
НЧ? correspond to spontaneous relaxation processes in the slowly-varying-amplitude 
approximation, with Ho corresponding to one-photon relaxation and H"” to two- 
photon relaxation involving thermostat photon and the coherent wave. It is convenient 
to think of the effective Hamiltonian (A1.1.9) as the sum of the Hamiltonian of the 
atomic system in the external coherent nonresonant field H;,,, the vacuum-photon Ham- 
iltonian Нь, and the operator of one- and two-photon interaction of the atom with the 
vacuum photons: 


(A1.1.9") 


int? 


Я = A. ll 6 
where Н„„=Н,-+Н”” and Н.. = H° + Я“), and for the sake of brevity we write 
у. int 


Hy = -iNY) | do Ко LOR}, - (ОВ, 1. (А1.1.10) 


In such expressions the sum index / numbers the atomic transitions and all the above- 
mentioned noise sources (Fig. Al.1.1) that are in resonance both with optically allowed 
transitions (j=/ and ©, * @ ,,,> 0) and with two-photon transitions (7=0 for the double 


resonance @,+v2@,,>0 and /=4 and j=p for the combination resonances 
®,-V*®O,,>0 and v—-@,~@,,>0).The operators К; and the parameters /(1) for the 


respective transitions are 
R,=a,a,9(F,-E,) A= dy, В, 
№ =aja,0(£,-E£,), fe(t)= Se “T1,,(v)/h, 
R,=a,a,0(E,-E,), f,(t)= Se TL „(-—)/й, 


R,=ara,0(E,-E,), f,O=S ell, (-v)/h, 
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Fig.Al.1.1. The energy levels and noise sources participating in (a) one-photon and (b)-(d) two-photon 
relaxation processes. 


In addition, 7 "incorporates" the noise source в, at the frequency of the nonresonance 
wave (1) (j=v at ® =у). In contrast to the noise sources су, Mp , @,, and @, , the ©, 


photons cause random variations to occur in the Stark frequency shifts rather than to 
participate in atomic transition. For this source, 


К, = У аза,П.(»), f,Q=-S'e"/A. 


If in addition to the nonresonant field (A1.1.1) there is а resonant classical electro- 
magnetic field acting on the atomic system, the atomic Hamiltonian Н.„ incorporates 
the term that allows for this resonant interaction in the slowly varying amplitude ap- 
proximation. This introduces additional terms into S“ that contribute to (A1.1.10) and 
to the Stark shifts of the resonant levels. In relation to nonresonant transitions some of 
these terms are the same as those considered above but are determined by this resonance 
frequency. The other fraction is different for resonant transitions and, besides, is the 
cause of the Bloch-Siegert shift. Often, however, these terms can be ignored. 


A1.2. The quantum equations of Langevin and Ito 


We go over to the Heisenberg representation and write the equation of motion for an 
operator of the atomic system, say A: 


у I + * 4 
А=-[А,Н„]- Yi [do,K(@ SOLAR; Ibo, - f; OLA R18, }- 
In this equation we replace Be. with the integral representation 


De = exp[—io ,(¢ - ty) Pow, + Kopf KOR, (Г)ехр[-ю ,(¢-¢’)]dt', 


to 
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where by, is the value ВБ, at the initial time /, and apply the Markov approximation 
[16] 


K(o,)=(x ,/2n)’. (A1.2.1) 
Assuming that 


[вова —t')dt' = SRO, 


to 


we arrive at the quantum Langevin equation 


FLA Hy] DARL Pa LO ALLA Of R 


(A1.2.2) 
+ x j 2+ 
-( 7 Pin OLD + [FOF В лу) 
Here Юг each noise source we have introduced the in-fields 
Bein (t) = [de , exp[-io (t= 1) yo, (A1.2.3) 


(Qn aay 
which satisfy the commutation relations 


[Pony Pin AEM =8 yS(t= 2), [Bin (Pim pt] = 0 


Note that 4/¥ Brin (OF; + 3% | ОИ: ‚ commutes with any atomic operator. We as- 


sume that the in-fields are sources of white noise: 
THE обуви} = (Bin (OP (LD) = NB y(t - 095 
TIP (in Pin, OPiny EI} = (Pin, DBiny (CY) = (№, +8 /5(t- 0), 


(Prin Bim (EY) = (b (in) Bing 7 (г) = 0, (А1.2.5) 


(А1.2.4) 


which corresponds to 
(Bio, Boo) = М8, - в), (ya, Boo, )= (NV, + 8(@, - 0), 


(Pre, Виа, )= (Вы ) =O: 
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with Pin) the density matrix of the in-fields. If we also assume that №, = N(@ ;)» where 


М№( 6) =1/[exp(h@/kT) —1], eqs. (A1.2.4) will correspond to the case of a photon ther- 
mostat of a temperature 7. 

According to ref. [11], we can also examine out-fields and the respective quantum 
Langevin equation reversed in time. But this will not be needed here. Barchielli [14] 
suggested a more elegant approach for obtaining out-fields. 

We introduce the quantum Wiener processes B((¢,7,) in the following manner: 


ВЕ) = [Ва (А1.2.6) 


Го 


with [В,(64),В (= (-1)6 „. Defining the Ito integral and differential in the 


usual way [16], we have the following basic formulas of stochastic analysis: 


ав, (t)dB,(t)=N 6 ,dt, dB (t)dB,.(t) =(N, +16 „4, (A127) 
dB (t)dB .(t) = dB* (дав (реа = dtdB* (г) = dtdB (t) = 0. = 


To obtain Ito's quantum stochastic differential equation from the quantum Langevin 
equation (12), we must replace Би, (К) with dB,t) and then add terms that will guaran- 
tee the validity in the obtained equation of Ito's rule of differentiation; namely, that 


а(А,А,) = (dA, ) A, oh A,(dA,) т (dA, )(dA,) 


for each pair of atomic operators А, and 4,. We seek the quantum Ito equation for the 
atomic operator A in the form 


dA= АН Jat - SAR 4 f (t)dB 9-х“ (OAR, ]aB* (1) + Idt , 


where the additional term /dt guarantees the satisfaction Ito's rule of differentiation. We 
seek this term in the form 


T= Dy, КВА В+, К +N) + Ули, (ЕДА, В+ „ AIR. 


The structure of J is suggested by the form of the expression (dA,)(d4,) when 
I, =I, =0, where 14 and 1,4 are the corresponding terms of the Ito equation for the 
atomic operator A, and A,. We have used the following expression for the Heisenberg 
operator Dy. = exp[—io ,(t- ty) Pow, and in the quantum Langevin equation (A1.2.2) we 


602 APPENDIX 1 


have omitted the terms proportional to y, describing the reverse influence of atom. This 


corresponds to the natural interpretation of the thermostat as a reservoir without inverse 
influence of a system. 
It is not difficult to show that 
1 2, 
Wij = Vo; = О) . 
This leads to the quantum Ito equation 
dA=—1 (AH, Jat —-S “Alf OPW, + DRI, 4 Lt АВ а 
=~ [AH „14 - SAF (O] ON, + DRAB] + [Ва + 
Xie (yf N(R [AR] +[R,, AJR?) d A1.2.8 
+ SOP N (RAR: 1418, AIR; at + (A1.2.8) 
Dae 


The structure of this equation coincides with that of the Ito equation of refs. [11,14], 


Ав лав ()— Da Af, (Of [4R; 1a, (0. 


but because of the factor | О the terms with j=0, /=4, /=р, and j=v are proportional 


to the intensity of the external field (A1.1.1) and describe the spontaneous processes of 
two-photon relaxation with simultaneous participation of the coherent wave (A1.1.1) 
and vacuum photons. 


A1.3. The equation for the atomic density matrix 


In the Ito equation the coefficients of dB,(t) and dB; (и are nonanticipating operator 
functions. Hence, averaging (A1.2.8), we get 


ae }- ile CARR, В 
и ан) -( Ул ИК CAR IR, - ВИК, AD 


= (re до м А.В. 1+ АВ, о) 


Here Фе average of an atomic operator in the Heisenberg representation is defined in 
terms of the density matrix 


p(t) = Tr, {exp[iH(¢ -t,)/Ti]p „(&)®р (ty) expl-iH (¢ -1)/} 


A(t) = Tri A(t )p (} 
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(initially, at its the density matrix is equal to the product of the density matrix p,)s(to) 
of the atomic system and that of the photon thermostat, рь(ю) ). Here 


(dA(t))  d(A(t)) _ | | 
a = a =Try A(t) Abo Has] 4: 
+ LEO, +1)(2R Ri -—pRIR,-RFRp) (A1.3.1) 


Хх; 2 + + + 
+ и № (2Е;рЕ, -РК,К, вв» 
Since 


d A(t) _ dp ol 
> т a (A1.3.2) 


and the above equations are valid for any atomic operator A, comparison of (A1.3.1) 
and (A 1.3.2) yields the following equation for the atomic density matrix: 


Ч р x j 2 + + + 
Fo Potts Deo FiO] У, + QR PR; — PRR, - RR) + on 


Х; 2 + + + 
+ № (2®рК,-рА,К, -Е,К,р). 


А1.4. The relaxation operator for three-level models of an atom 


It has proved expedient to write the equation for the transformed atomic density matrix 
р in terms of the relaxation operator Г as follows: 


(2 rp [H,.p]. (A1.4.1) 


Here the Hamiltonian H , of the atomic system may include, in addition to H gs the in- 


teraction of the atom with resonant (classical) electromagnetic fields. We assume that 
the appropriate unitary transformation (see section 1.1.1) has been applied to the initial 
density matrix and the additional terms in the initial Hamiltonian that describe this 
resonant interaction with classical electromagnetic fields. 

The simplest model of an atom allowing for spontaneous relaxation in an external 
field contains three levels, say E,, Еь, and Ес, that form two adjacent optically allowed 
transitions F,-E, and E;-E, and an optically forbidden (two-photon) transition E.-E,. 
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Three different configurations are possible here, A, Г, and 6, and in each configuration 
the frequency у of the coherent wave (A1.1.1) can be either lower or higher than the 
frequency Wcq of the optically forbidden transition. Below for these six three-level mod- 
els of an atom (Fig. A1.4.1) we list the expressions for the matrix elements of the re- 
laxation operator Фра The matrix elements of the other terms in eq. (A1.4.1) are 


well-known (see section 1.1). 


Fig. А1.4.1. Three-level models of an atom and two- 
photon relaxation transitions in which the photons of the 
monochromatic and noise fields participate. 


We write the matrix elements of the relaxation operator in a form that reflects the 
"closed" nature of the three-level system (1.е., the fact that the number of three-level at- 
oms does not change): 


(Гр) = Te? +p ge TEP Doce 

(Гр) = (79 +Г)р ы-ГОр „-Гр ee 

(Гр), = (Г + Г®)р „Гр „- Гр въ 

(Гр) = ie? + TE? + 1? + Г, ber 

(Tp), = (Г + 1G? + TG? + Гр oss 

о Be oe 
Е ae ak 
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In the formulas referring to the off-diagonal elements of the density matrix, the order of 
the indices in each pair of lower (upper) indices is unimportant. We write the constants 
Г.в» 43 В (Le., Pea, Гсь, and Гьа) in the unified form 


=х |.) - ПСР, + ИР. (А1.4.2) 


and the remaining constants for each possible configuration of the three-level system аз 
follows: 


1. A-configuration Е, <E.<E, with v>@¢q (Fig. Al.4.1a): 
Ч», (Мы т 1 12). Е > x bc 
(ST, (-v)/ (V, +1 /212, 

Ce =e 


(ba) _ 
Г». A x ba 


d,,/h\ (Мы. +1)/2, 


(са) _ 
cS = Xx 


4. 10] (N,,+1/2), Te? =% 5 


d,, hl (Мы +1)/2, 
Tye? = x JST (WIN, 1207, 
re) =y Ist, (vf, +1/2)/h’, 


= = x bel be /np МГ ео ны x ba 


d,,/hl Мы 12; 


2. A-configuration E,<E.<E, with v<@¢cq (Fig. Al.4.1b) 


Psy ld AND), Bay, 


d,./hl (N,.+1)/2, 
I = (x Jt.) N, ыы x (SIL., (у) №) /212, 
TO) Ч. ИМ, +1/2), To? =X 50 


be be 


d,,/hl (Ny, + 1)/2, 
re? =[x SH, (vf (N, +0 +х (So (No + D207, 
re =[y JSI1,,(—)f (NM, +1/2)4 x JST, (V)) (Vo +12), 
TO) = ХА, N,./2, TS? = ЯП N,,/2; 


3. V-configuration E,<E,<E, with v>@¢eq (Fig. Al.4.1c): 


Te) = 4 ald / AP (Nyy 41/2), TS =7 а (ALN /2, 
ray 51. (=)[ (М, + 1)/2n’, 
EY = xX cb dy (М, + 1/2), г) = xX ab diy /A Nu V2, 


re) =x 51, (У) М, /212, 
re) = JSIL,.(-v)) (N, +02), 


Tr = id, /A(N,+D/2, TO =%,, 


d,,/hl (Noy +1)/2; 
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4. V-configuration E;,<E,<E, with v<@,, (Fig. A1l.4.1d): 


(ab) _ 
Г = x ab 


diy /at (М, 5 1/2), в. a x cb 


аъ!" N,/2, 
ca = 2: и 2 

т = ЕП. N, + хп. Ми, 

ГО =x ald, /AP (Ney +1/2), Г =7 4 


d,,/hl N,/2, 

re? =[y JST, (УМ, +) +7 (STV (Ne + DI 207, 
re = [х 51. (-У) ОМ, +1/2) + x ST „(№ 1/2) 0°, 
Г = ald /AL (Na, +1)/2, TL = 


d,,/h| (Nyy +1)/2; 


5. 0-configuration E,<E,<E, with v>@¢q (Fig. Al.4.1e): 


(ba) _ 
be = x ba 


A yg [AY (Мы oF 1/2), Le = x cb 


d,,/h| N.,/2, 
Te =X, 


SI,.(-v)) (м, +1)/28?, 


(cb) _ 
Г = x cb 


d.,/hl (N,+1/2), TS? = 
Я „©П (=) 


dy, [Al (М, +1)/2, 


2 2 
М, / 212, 


re? = |5. (-У) СМ, +1/2)/®?, 


(cb) _ 
se 77 x cb 


d,,/A} (Ny, +1)/2, Te? =x, 


dy, (hl Ny, 12; 


6. 0-configuration Е, < Ес < Еь with у < ©. (Fig. Al.4.1f): 


(Ба) — 
| = x ba 


d,,/hl (Nj, +1/2), T= АИ N,,/2, 
ca es 2 Е 2 

Bs = L(x JS (-¥) №: Е x (SI. (У) № 1/27”, 

аъ” (М, +1/2), Г =x, 


Г” =[Х48Па, СУ) 


(cb) _ 
Г > x cb 


dy, /П (Nyq + 1)/2, 
(м, +1) +7 51. (Np +02, 


re = [х 51, (-У ОМ, +1/2) + x ST „№ + М2) 2°, 
в.” = Xx cb d., JA} (Nos Bg 1) 72, р = x ba 


d/h N,,/2, 


Here, we have used K(@,,,.) =(% ao! 20)” OP Yes Vos Cg ONE Vis: 
A method for determining the relaxation constant Г“ by photon echoes is pre- 


sented in ref.[2]. It is convenient to carry out such investigations using the Raman scat- 
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tering described in section 2.6.2. 


А1.5. Generalisation for squeezed fields 


The quantum Ito equation as well as the equation for the atomic density matrix can eas- 
ily be generalised to the case that lately has been a topic of intensive investigation, 
where a vacuum field (with j=/, 8, g, or p) or several such fields are in a "squeezed" 
state [16,17]. In refs. [11-14] and other papers the relaxation of an atomic system was 
considered as being in a squeezed vacuum in resonance with optically allowed transi- 
tions. The above reasoning, however, suggests that after the transformed Hamiltonian 
has been written in the form (A1.1.9') and (A1.1.10), the general analysis of ordinary 
one-photon relaxation and of the mechanism of two-photon relaxation can be conducted 
in an analogous way. The values @, denote the frequencies of the fields of the squeezed 
vacuum which are in one-photon resonance with optically allowed transitions 
(@ .*@,,,>0) and in two-photon resonance with optically forbidden transitions 


(@,+v*@,, >0 for a double resonance and © —v~@,, >0 and v-@,=@,,>0 for 


Raman resonances). The definition of the respective operators К; and parameters f,(¢) 
remains unchanged. For ideal squeezing the difference from the case of ideal white 
noise and thermostat consists in replacing condition (A1.2.5) with 


(Bis), OPunys(t)) = M8 S(t - 1), (Bin, OBGayo(C)) = M38 „ва-#), (А1.5.1) 
and, in deriving the Ito equation, instead of 
dB, (t)dB, (t) = dB (t)dB, (t) =0 
we must assume that 


dB (t)dB,(t)=M,5..dt, dB *(t)dBi(t)=M.8 „аь 


where the parameters М; and №, obey the condition \M a < М, (№, +1), with the equal- 


ity attained for squeezed light exiting from an ideal degenerate parametric amplifier 
[18]. Note that the parameters М, contain a rapidly oscillating term: 


М, = M, exp(-2i 6,1), 


where М , does not depend on time, and @, is the central frequency of the squeezed 


source. 
The following result can easily be obtained: 
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Ч i x j 2 + + + 
f= р,Н „+ FO] У, + QR, RF — PRR, - RERP)— 


Хх; 2 + + + 
= Lol № (2 РК, РАК, — RR p)— 
(А1.5.2) 
-У Алем, Кр; ~ pR;R! - К: - 


- DAS (OP м:@ВРЕ, - PRR, - В.К) 


where in the sums over j we have included the summation over 5. 


A1.6. Relaxation operator for degenerate atomic levels 


We generalise the result of ref.[11,14] to account for Zeeman level structure and state of 
squeezed wave polarisation. We follow the paper [19]. 


А1.6.1 INITIAL EQUATIONS 


We describe the system, which consists of an ensemble of noninteracting atoms and a 


classical electromagnetic field Ё , using the ordinary semiclassical approach in the elec- 
tric-dipole approximation by means of the Hamiltonian 


+ 1 res 4\ + 
Н „=> (Е. +h’ p’ /2М)а;, dp -у DEG Dou pup ga: (А1.6.1) 
ра pqaa' 


and the Maxwell equation 
2 2 
[a- 5S Jen а, (А1.6.2) 
с ть 


Here а», 1s an operator that annihilates an atom with momentum fp and mass М in the 


quantum state Ja) ‚ У is the system volume. The labels с,’ enumerate eigenstates of 
the Hamiltonian Н, of an isolated atom. For an atomic (molecular) gas, these states are 


distinguished from one another by their energy £,, and total angular momentum /, 
and/or its projection т. onto the axis of quantisation; the energy levels are degenerate 


with respect to different orientations of the total angular momentum. We denote by а», 


the matrix elements of the dipole moment operator of an atom, and write the matrix ele- 
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elements of a given atomic operator A, in the following equivalent forms: 


(= 


о) = (Es jays, АЕ т) = Aug =A 


The quantity E (q,t) is the spatial Fourier component of the electric field intensity: 
E(G,t= | E(F,t)exp(—ig?)d? . 

The polarisation P of the atomic medium is defined in the usual way: 

P=N | Sp(pd)d¥ , (A1.6.3) 


where p is the density matrix of atoms moving with velocities in the range from v to 
v+dv, and N is the density of two-level atoms. 

We derive equations for the atomic density matrix p for the case in which the atoms 
also interact with a quantized one-dimensional electromagnetic field propagating along 
the z axis. For simplicity we neglect the recoil during the absorption/emission of a pho- 
ton, Raman effects with the participation of the classical and quantum fields, and Stark 
shifts of the levels. We first obtain an equation for the density matrix of a single atom at 
rest, which we then generalise to an ensemble of atoms. In this case we treat the atom as 
a two-level system with quantum numbers F,,j,,m and &,, j,,~, which characterise 


the upper and lower levels, respectively. The total Hamiltonian of this problem has the 
form 


H=H,+H,+V,, (A1.6.4) 


7: УЕ. ана, + У Еаа„ _ VEE AVG ага, dal а) 
m uu 


ти 


ВЕН 


wom 


н, = >. [дойов.ь,, У, = NY. fdOK () F444 
Xr 


Лит 


Here Ру and b,, are creation and annihilation operators of a photon of frequency © 
with a polarisation unit vector é,,, and K(w) is the coupling constant. In deriving the 


operator Г, for the interaction of an atom with a quantum field, we use the rotating- 
wave approximation. 
А1.6.2. QUANTUM ITO EQUATION 


We assume that the quantized electromagnetic field represents ideal squeezed white 
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noise, which implies that 


(65 (BAY) = Nyt S(t), (БФ е))= (8,4. + Мите г), 


(A1.6.5) 
(6.(OB AC) = Mt S(t), (BACB, (OD) = Mim 8-1), 
where 
1 
b, (t) = И [ doxexp(—ia(t — 6), (to) (A1.6.6) 


the angle brackets imply averaging over the squeezed photon heat bath, the matrices 
ту). =т,„ and n,,,=N,, characterise the polarisation state of the squeezed field, the 
parameter М represents the degree of compression, and № „ fepresents the intensity of 
this field. We also assume that М „= м и |ехр(—2750, where the centre frequency of 


the squeezed heat bath is denoted by @. For a squeezed field prepared in an ideally de- 
generate parametric amplifier, the quantity @ is the centre frequency of the amplifier. 
Generally speaking, the centre frequency @ can be separated into right- and left- 
circularly-polarised photons. All such features are taken into account by the phases of 
the quantities n,,, and the off-diagonal elements t,,,. The annihilation operator for 


photons 5, , (t,) is referred to a certain initial time f, 


We write the Heisenberg equation of motion for a given atomic operator A: 


А=- А.Н, ]+ >. [о KARI Ri, Puo ~ Df deo KAR! leisy . (А1.67) 
hq Aq! 


Here we have introduced the operators 


: 
4 — + —4 Ч”: + 4. Ч 
R=) aja.dt Ri =-) аа, = (84. 

ит ит 


The labels а, q', etc., specify the spherical components of a vector (see section 1.4). 

We assume that there is no feedback of the atoms to the photon thermostat, so that 
the Heisenberg operators for annihilation of photons in (A1.6.7) are given by the ex- 
pression for free evolution 


Dy = Ь, „(и )exp(—io(t z= t)) И 
and that the operator b,,, commutes with the atomic operators referred to the same in- 


stant of time. 
Following section A1.2, we assume that the coupling constant K(@) does not depend 
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on frequency , which corresponds to the Markov approximation: 


K(@)=/x/27. 


Moreover, we assume that the polarisation vector е,, also does not depend on the fre- 


quency w: é,, =é,. Then the quantum Langevin equation follows from eq. (A1.6.7): 


A= Ан, + ХУ Аве, (© - ИА, ве. = (AL.6.8) 


The quantum Wiener processes В, (t,t, ) are 


В, (t,t))= [а ь, (г), 


Го 


where [В, (1,1, ), В. (1,1) = (t—%))6,,,. Defining the Ito integral and differential in the 


standard way, we seek the quantum Ito equation for the atomic operator A in the form 


dA = — S14, + Jy VIA Rea, (t)- yy 1A, RY е"ав»(1) + Idt, (1.6.9) 
nq №4" 


where 
dBi (t)dB,(t) = М ить dB, ()dBe (1) = (8. + NT Jat, 
dB, (t)dB,,(t)=M „ту, dB,(t)dB;(t) = М „ту, , 


dtdt = dtdB, (t) = dtdB, (t) = аВ, (В) = dB, (t)dt =0, 


T= 2D (RTA 9] + (RY AIR! 8,95 + Dog) ++ ХУ (44, В] + RY AIR! IL, ,- 


qq qq 
(валу My, — $40 (RLA RE 1+ RL AIRY IM", 
qq' qq 
Ти. = М er ty =Ti May = МУ Meh =M,,; 
aM Tl 
А1.6.3. RELAXATION OPERATOR 


It follows from the eq.(A1.6.9) and section А1.3: 
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Гр= 
=“ S"(2R"pR! — pRIR! — 4 р)5,+Т, )- ZY (2R%pR! - рЕч 4 — КЧК, + 
р. р р +“ + _р qq' q'q 5 +P — р — + — +P 94 
qq 94 
+ ED ba! pr: — pRIR! — КЧК + EDR! pr’ —pRIR" — RIR"p)Mi,,. 
94 94 


(A1.6.10) 


The matrix elements of the relaxation operator have the form 


(Fp). =X YF Py Gi Bog Eee ee Dd Pan mw dn Tyg п а Ри"т Tq > 


ugg’ т"наа' т"наа' 
(Г ре а А, nant (3, т Та a + Din ms Py (би Tyq)+ 
ет ‘qq' 2 my ‘qq 
т Dvn Pn my Та 
тт'44' 
(А1.6.11) 
(Г Phen aaa didn pum" арб. + Zig ae > Pun Diy iT yg aa Din Ри Ч ии М og » 
m'u'g а m'p'qq' 
(Г р) = ay хр (б + Тин г DF бы Г. ag НХ DFP mn Мо. 
и 2. има т'и'аа' 


When Т,=М„.=0 and the summation with respect to 4 includes the value 4=0, the 
relaxation operator (A1.6.11) coincides with the relaxation operator for spontaneous 
radiative decay under conditions where the energy level E, is the ground state If M/,,=0 
while Т,, #0 and q #0, then (A1.6.11) describes relaxation processes in the field of a 


noisy light wave that is structured and polarised in a certain way. Interaction with such 
a wave alters the distribution of atoms with respect to the Zeeman sublevels from the 
case of spontaneous radiative decay. Although squeezing of the electromagnetic wave 
directly affects only the optical coherence matrix, which determines transitions between 
Zeeman sublevels of different energy levels, in the final analysis this also affects the 
equilibrium distribution of atoms in the field of a coherent wave with respect to Zeeman 
sublevels of both the upper and lower energy levels. Moreover, the rate of relaxation of 
the real and imaginary parts of each optical coherence matrix element is explicitly 
changed, which in turn leads to different attenuation laws for the imaginary and real 
parts of each projection of the atomic polarisation (see the next section). 
It is important to emphasise that by virtue of the geometry of the quantized field 

chosen by us, the relaxation operator Гр does not contain terms with g=0 if we do not 


specifically require it to, and consequently does not take into account the spontaneous 
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decay of an atom with emission of a photon perpendicular to the direction of propaga- 
tion of the wave. Such processes, and also other channels for relaxation and/or cases in 
which the lower energy level £ is not the ground state, can be described with the help 


of the simplest generalisation of eq. (A1.6.10): 
a Piper Я (A1.6.10') 
dt ° pa a ve 


where we have introduced a phenomenological relaxation operator Гур with the fol- 


lowing matrix elements: 
(Гор) = Yi nm и» (Сор) рии ны» (CSP dan = Торы 


Here y,,y, and y,, are relaxation constants, while the terms W,,,,, and W,,, take 
pumping processes into account. As usual, we assume for simplicity that 
7..6 _ YN By 


Wis = Way = ь 
2). +1 2j, +1 


where N, and N, are the steady-state densities of atoms that populate the energy levels 
Е, and E,. Here and then we assume the density matrix is normalised by the atomic 
density. 

If the matrix p describes atoms (molecules) moving with velocities lying in the in- 
terval from У to v+dv, then it is necessary to replace the derivative dp/dt by 


Е + м} in eqs. (A1.6.10) and (А1.6.10'), and to make the following replacement in 


the matrix elements of the operator Гр : М > МЕ (у), М, > М,Е(у), where F(v) is 


the distribution function of the atoms with respect to velocity (see the end of section 
1.3.4 and Appendix 2). 


А1.6.4. RELAXATION OPERATOR FOR SMALL VALUES OF THE TOTAL 
ATOMIC ANGULAR MOMENTUM 


The simplest form of the relaxation operator is obtained for atomic transitions between 
levels with small values of the angular momentum: j =], =1/2 andj =0=j,-1 


For a resonant atomic transition with j =j,=1/2 we have 
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2 


Ta x\d а а 
Грузи = | 3 ии ВЕТ] 
(А1.6.12) 
Ta ха а а 
Гр-1/2 из = | г masta — Pall + О) 
г _а Хы а ха», ; b 
Грили = P22 + 4) - 3 Гору 
Fob, , — Leal ul er | A1.6.13 
Р1/21/2 = Рино РРР) (А1.6.13) 
= ха 2 
Гри» = aoe $’ van +2.) - eae | 
2 
Xba Хы a 
Epp 1/2 = inl Bink 22 +T, +7 )- | - Риз Пт 
ха dz, 
T:.. ba ha а xX а* 
а == Peat +27.) 3 ' М, 


° (А1.6.14) 


2 


TT. ba ха», ха; а а* 
Lp ay = - p_ “yag(l + 27;,) + г РМ 
x }а а ХА», ра* 
Гри р : a +T 14) 3 Мп, 
ра Мы a ba yd; a* 
pais. 1/2: = | р Pape’ 4 faa) ры, „М. 


6 


Here, the density matrices are furnished with appropriate labels that describe atomic 
levels b,a and transitions between them for the sake of convenience. 


When linearly polarised coherent light propagates in such a medium, interacting 
with the system of Zeeman sublevels of the resonant atomic levels, two independent 
subsystems separate out, one of which interacts with left-handed circularly-polarised 
photons of the coherent field only, the other with right-handed circularly-polarised pho- 
tons only. If the atomic medium is initially in thermodynamic equilibrium, then only 
relaxation operators (A1.6.12)-(A1.6.14) appear to be important. 

We now discuss the relaxation of the amplitude 
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р“ = = Ура exp(/@,t) 2 (Al .6.15) 


um 
of the atomic polarisation 
P= Sed. hues 
um 


It is not difficult to show that the corresponding relaxation operators for the real р’. ) 


and imaginary (p',) parts of the polarisation amplitude have the form 


“ 1) - dal | 
т aeel Pal Ty + Mal +5 Гри, Ты on (7 -Mal# 5} 


(repeated indices here do not imply summation!) Since М. <. T,,(7,, +1), When 


T,, >>1, and under certain conditions where M a = Ти, it is clear that there is appre- 


(1 , 
ciable suppression of the relaxation of р’, and enhancement of the attenuation rate of 
Ч 


Р 


real 


2 2 
ХА», 1 а г ХА», 
р м 0 ; Г Ч 2 er PP 
6 T Pim Preal a 


94 


Tp! = Зо а 
Гры oe То Preal - 


The picture we obtain of the density relaxation agrees with the solution of the problem 
without taking into account degeneracy of the resonant levels and polarisation states of 
the coherent and squeezed waves. 

Entirely different relaxation effects occur for the atomic transition j =0=/,-1. We first 


write the following expressions for the relaxation operator: 


4, d 
Гр“ _Х — РУ. deal ba 


q 


[ух ot ae ы 


For а squeezed field with the simplest polarisation structure 


abe + Pal ie (A1.6.16) 
рт ар t din 3 Pia 
q 


(Fo™). = = Hes ba 


1/2 
Tyg =8yyN qs My =8,9M,, |M,|<(W,(N, +) (A1.6.17) 


the relaxation operator for the transition 7 =0=j,-1 takes the form 
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2 d,/ 
Гр" = Bl pn +l = xd ae “(p' L (1+ М) +ри(1+ М. 5), 
z а, | а, | d,| 
Tp" = х — ic ы х > uty + bpd.) Mel ам, » (АТ.6.18) 


paged 4 A ba xd, РМ и. 


- Я 
([р“),= ха в Хх ae ; 


м +N,)+ 


From the last of eqs. (A1.6.18) we obtain the next term, which determines the at- 
tenuation of the real and imaginary parts of the spherical components of the atomic po- 
larisation amplitude vector for the transition 7 =0=j,-1 (when (21) is satisfied and the 


phases of the quantities М, and М, аге equal): 


[ie ule =. “( PAY Ng N, г ом ри 


(A1.6.19) 


г 114 ba Е 
Гра == 
Pim 6 


(мм. +N, -2м ре. 


It is clear that the suppression of relaxation of the imaginary part of the polarisation is 
maximised only when a squeezed field is used, consisting of photons with the same 


circular polarisation. For example when № ,=M_,=0, [м | = /N(N,+1), М, >> 1, we 


2 
1 8 d 
5 yy Pim *0 compared to Гру = 2 Mtl, Риш. 
1 


Because of the two available possible transitions from level Е’, to sublevels of level 


os ха, | 
can say that Гру = ——"- 


Е, with p=1 and и=-1, the smallest possible relaxation is determined by the expression 


d 2 
= Hal ws pr, 


Tp! ; 
Pim 6 min N 


max 


for the case of both left- and right-hand polarised photons are in the squeezed field. 
Here N =min{N,, М}, М, =max{N,, №}. Thus, we may conclude that for an arbitrary 
polarisation state of the squeezed field, the Zeeman structure of the resonance levels 
increases the smallest possible value for the relaxation (compared to the nondegenerate 
case and the specific case j =j,=1/2) of any quadrature component of the atomic polari- 
sation amplitude. 


А1.6.5. RELAXATION OPERATOR FOR THE ATOMIC ANGULAR MOMENTUM: 
QUASICLASSICAL DESCRIPTION 
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Let us assume that j >>1, 7,>>1. Then we can use the semiclassical representation 
of the 37 symbol [17] and assume that the matrix elements of the spherical components 
of the dipole moment operator are given by 


* 


d 
а ^ ba 1 Ч <! 
"т (-1) 


d 
din © Pi Dy, ;, (0,9,0)5 
where /=(7 +7,)/2, соз3 = K/ j, K=(ut+m)/2, while D’.(a,B,y) is the Wigner D- 


function. 
Following Nasyrov and Shalagin [20], let us go to a new representation for the ma- 
trix elements of the atomic density matrix: 


P, (9,0) = Py nen ехр(—5ф), К =(т+т')/2, &=(т-т'); 
ё 


и-та? “Vip ~;, (99,0) би > 


P, (3,0) = ая ехр(—&ф), К=(и+ы’)/2, G=(u-p'); (А1.6.20) 
§ 


Ры(9,Ф) = Py esses exp(-i§9), K=(utm)/2, &=(и-т); 
5 


with с053 = K/j,7=(j,+/j,)/2 everywhere. Let us assume that the effective interval 
where the density matrix is nonzero with respect to the variable & is much smaller than 
the characteristic scale of variation of the density matrix with respect to the variable K. 
Then the summation over & in eq. (A1.6.20) can be extended to infinity and 


20 


1 . 
Рк+Е/2к-&и2 = on J exp o)o(9,9)d0 . 


Thus, the transformation (A1.6.20) can be considered as analogous to the Wigner trans- 
formation for the incoming degrees of freedom. Assuming that quantities of type K are 
the same when they are in the same expression, we obtain semiclassical representations 
of the relaxation operators: 


Tp,(9,@) = Hea P,(9,0)5,(9,@) — Hea p,(%.@)(t,(9) + 5 (9,0)), 
Foca) = Mel p,(9,0)(t,(9) +5 (9,0))- Hla р.(9,6)55 (9,6), (A1.6.21) 


2 а? _ р 
Гр»(3,Ф) = ры (В.Ф. (9) + 25,(9,0))+ xd Heal Pia (SP) (9,@). 


The angles v and characterise the direction of the total angular momentum, while the 
quantity (o=j -j,) identifies the type of resonant transition. The following functions are 
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introduced: 
559,6) = $sin? 9(T,, + 7.,.,)—4sin? (ет + "7, } 
(9,0) = $(1+ cos’ 37, +7.) F boos AT, - 7, ,)+ tsi? 9(e7"7,, +e") 
5% (9.ф) = зщ? 9M, ,e"° +М ле “°) —4sin’ 9M,_, + M_,,), 
5, (9,@) = 
1(1+ с03° 9)(M,,e7""" + Ме 7°) F4cos9(M,,e"° — Ме”) + 4sin’ 9(M,_, + M_,,) 


T (9) =sin’ 9, t,,(9) =4(1 + cos’ 9). 


А1.6.6. THE MAXWELL-BLOCH EQUATIONS 


Assume that an atom that interacts resonantly both with the coherent field 
(A1.6.22) 


Е = Gexpfi(kz — ot)|+k.c., 
and with the squeezed field (A1.6.5) is characterised by many values of the angular 
momentum, so that in the resonance approximation Eq. (А1.6.10') can be written in the 


form 
ме 
Е Е в} (3,0) =y, 2) т Aeon ф)- Ry (3, QA <) 


— 7R,(9,9)5,(9,@) + К, (3,6)(т (97+ 5,(9,@)), 


а №, j 
(4 +n} (3,) = ra Е Blip R3,(9, 9), (9,ф)- Ry, (9, P) A (3, @))- (A1.6.23) 
—yR,(9,9)(t, (9) + 5,(9,0))+ YR, (9, 0) 5, (9,9), 


2. 
а . | © 
[4 she ты JR (8.0) = Ml a, ф) - А, (9,$ф))<7, (9,ф) — 


11(9,0)(t,(9) + 25, (9,9))— 78: (9$). (9,9). 


Here the following notation has been used 
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* 


R,(3,0) =p, (9,0), К, (9,0) =p, (9,9), Ry (9,0) = ры (9, ое око, A=0-@®), 


y= ial <. (3,Ф) = 2 ©, 3,0) еч® 4, [4 = &/6, 
J 


the function [.(3,Ф) differs from the function %(9,@) by the substitution of 


М а. = Mg €xp[2i(kz — ot)] for m,,,. Depending on the relation between frequencies @ 


and ©, the quantity m,,, can be an oscillatory function. 


In a semiclassical description of the angular momentum, the spherical component of 
the atomic polarization р” (A1.6.15) at @, = © is given by the expression 


—qo 


. 2 п 
pt =~ | dol sin(9)49D',,(0,9,0)2“R, (9.9). (A1.6.24) 
п 0 0 
Applications of eqs.(A1.6.23) are presented in ref.[19]. 
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APPENDIX 2 


THE DENSITY MATRIX EQUATION FOR A GAS MEDIUM 


Let us describe atoms of a gas by w -operator 


(Г) = he 


where a,, is the annihilation operator of atom in quantum state |) with the moment 

hp, V is the volume of a system. The annihilation and creation operators obey Bose 
. ' eee _ 

commutation relations for definiteness [а„„,а»]=05(Р — Р')б и, [Чр›Ч | =0. The 


Hamiltonian 3C of the system interacting with electromagnetic field E in electro- 
dipole approximation is defined as 


IC = | rw va +H,- Ей и 


or 
IC = I+, (A2.1) 
о DE pai 55a Ep, =&,+ Ey, &, =p’ /2M , (A2.2) 
=—— Ly fee. tei? ies =-—— р У Ва. Id getty. ay . (42.3) 
ei ee Г рава 


Here =, is the kinetic energy of atom with mass М, E(q,t) is the spatial Fourier 


component of the electric field strength, 
E(G,t)= | dFE(F,te™ . 


The dipole-dipole interaction between atoms is neglected that is valid for the 
sufficiently rarefied gas na’ <<1. 
The atomic density matrix y obeys the usual equation 


nce =[3C,¢], (A2.4) 
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whereas the electric field strength E obeys the Maxwell equation 


10’). 4n0°P 
A b= ; A2.5 
Cor Co OF ( ) 
where the polarisation is 
P=Sp(o®). (A2.6) 


The operator of polarisation in secondary quantisation is 
BF) = [ary FP) daF -F) WF) =). (A2.7) 


In order to establish the relationship between atomic density matrix yo (which is N- 
particle) and one-particle density matrix p=p(7,v,t) describing atoms moving with 
velocity У, we consider the polarisation of the medium. Atomic polarisation of the 
medium in terms of a one-particle density matrix is 


P= | dvSp(pd) = У [| Фра - 
The same expression in terms of (A2.6) and (А2.7) has the form 
D 1 ipl 7 ре 
P= SPO OP yo a Mp): 


Introducing new variables Mv =fi(p+ p')/2 and к=р-р', we have 


РЕ уса, x Au „аш = D> [ane ayo ikea lee 


в 2 the 2. в 2 
an 


We obtain the one-particle density matrix by comparing two representations of atomic 
polarisation: 


ры (9,6) = ера, ка) (A2.8) 


—a' —+—a 
й 2 й 2 


Now we exclude the kinetic operator from the Hamiltonian by the following 
transformation 


—_ ern еб = 
=e ‚ = Lert, po" ра. 
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Then, 
ine - [56,2], (А2.9) 
where 
FE = eG Cg HHI jpeprein 9 orien FE 4H, 
(A2.10) 
Hy = Банан, O=-— VEG Nd Tyga 
23 рава 
а, = eae" = a,, +i[K,a,,]—- ГС,» +... = а exp(—ie,t/h). 


The expression for the one-particle density matrix becomes as 


Pial?¥.2) = [Sere PP Airs + Big dD: (A2.8') 


a 
h 2 h 


; д 
Let us consider the derivative OP aot 


а ee [Ра a 
ih = е' ИУ aus = МУ Е БЛ Е: к _ aus _k Me к 
01 J ny о в 2 В’ RB hod 


We assume that the density matrix p is the slowly varying function along coordinate in 
comparison with exp(iMvr /h). Then, 


Sus вм в RAVE. (A2.11) 


Simple calculation gives 


(A2.12) 
SC] + [ys к Clays 5 I 
а + а 
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In eq.(A2.12) we do not specify the form of the Hamiltonian С. Unique requirement 
for ЭС is the determination of atomic dynamics according to eq.(A2.9). The 
Hamiltonian (A2.10) defines the following equation for the density matrix 


ine Lp SLAs oe DIE 


(A2.13) 


ЯК iz ae he AK га 
“5 —E(k,Odp(7,v -——,t) + p(7, Vv + —.,, E(k, t)d >. 
+ от \- и т ok м 


Thus the electromagnetic wave entangles atomic states with the moments 


distinguished by the moment of photon йк due to recoil in radiative processes. If we 
neglect the recoil, we obtain 


ina BV) p(F,¥,0) =[H, - Ed, p(7,7,0)]. (A2.14) 


The equation (A2.14) can be obtained directly in the described way by taking the 
Hamiltonian (A2.1) with interaction operator in the form 


=— DEG, t)d.,.a* Bap os . 


paa' 
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ADIABATIC FOLLOWING APPROXIMATION 


The dynamics of a state of the two-level atom is described by the system of Bloch 
equations for slowly varying envelope of off-diagonal elements of the density matrix 
p(t,¢) and for the population difference R(t,¢) (1.1.12). We shall write this system in 


a normalised form 


se =-idp+igR, (A3.1a) 
T 

OR i;. Е 

=! (q*p-ap’). A3.1b 
5 "р ар") ( ) 


Here д = Aot,, is the normalised frequency detuning from the resonance line centre, 4 
is the normalised USP envelope, а =d&t,,, /2n. 


When Aw #0 this system of equations can be solved by the adiabatic following 
approximation (AFA) method. It was offered by Grischkowsky [1] in his studies of the 
coherent transient processes. Originally the main results of AFA were obtained from a 
certain geometric picture, which presents the motion of the Bloch vector around the 
“pseudofield’ direction in the framework of the Feynman-Vernon-Hellwarth’s vector 
model [2] or the Bloch’s ‘pseudospin’ model [3]. Under condition of sufficiently large 
frequency detuning Aw, only this detuning will define an angular velocity of the Bloch 
vector rotating. The term in the equation (A3.1), which is proportional to electrical field 
of USP, will provide the corrections to the angular velocity. Geometrically the Bloch 
vector is nearly collinear to the ‘pseudofield’ vector and it follows it, when the envelope 
of the USP varies in time and in space. A more formal way to solve Bloch equations 
was offered by Crisp in [4], where Grischkowsky’s results were obtained as a specific 
case. The essence of the approach, used by Crisp, is the solution of equations (A3.1) by 
perturbation theory with the Rabi frequency to the frequency detuning |Aq| ratio 
serving as a small parameter. Below we shall consider this Crisp’s approach as far as it 
is completely analytical and it does not lean upon the model of “pseudospin ”. 

Formal integration of equation (A3.1a) results in: 


p(t) =i | q(t’) R(t’) ехр[- (y + i5)(t — тт = 


= if q(t—s)R(t- 5) exp|- (y+ id)s \ds ь (A3.2) 
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Here the attenuation coefficient у 15 introduced for generality. The product 
q(t—s)R(t—s) can be represented by a Taylor series: 


„ 9" (GR) 


q(t—s)R(t-s)= у с 5 Эт 


m=0 


Substitution of this expression into equation (A3.2) and integration with respect to s 
gives the following series representation of p(t): 


i foe) 4 1 т 0” (ак) 
= > A3.3 
Pt) y+id (5 | OT” ( ) 


In the case of USP we can now assume that y = 0. 


If we retain only the first term of the series (A3.3) and assume that R = Ro = 
R(t > —0) (in a non-inverted medium we have Ro = 1), the result is similar to one 


obtained from the linear theory of dispersion: 
p(t) =Ryq(t)/8. 


A non-linear generalisation of this theory can be done if we take into account the 
exact relationship that follows from the Bloch equations: 


|p|) +R? =R,. (A3.4) 
If in this expression we substitute р’ =qR/8, then one can find the expression for 
Rak 


R(D)=R (I+ |q(D P82)” (A3.5a) 


and it follows 


p(t) = [9/6 0+1 4(9 P18?) (A3.5b) 


The variation of p(t) with time (and in space) is determined only by the USP 
envelope g(t,¢). That means that the function p(t,¢) follows the function g(t, ¢). 

An even more rigorous expression for p(t,¢) can be derived by taking into account 
the following summand in the series (A3.3). 


icky, 
м | 


1 
= {Ra Е 
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Derivative ОК / Ot can be expressed from the equation (A3.1b) so, that 


1 iRO 
p()= 24 Ra + 2 pg pi}. 


бот 26 
1 wR Og? ..g* 
* = Ra* * *) Г. 
р*(®) \ я 25 Р u— ри р 


If to replace А in these expressions with ВЮ“ from expression (A3.5a), then the above 
system is converted to a linear system of equations for р and р’, the solution of which 


can obtained by usual methods. Thereby, we can find an expression for p™: 


—3/2 
Ro(, lam’ ot | a(x) |? 
(qt) =—9] 14+ +——=| |1+ + 
р’ Bl 52 17 8 at 28? 
и" aa 
+ i - 
и 5 Ot 


This result represents a certain generalisation of the known AFA formulas from [1,4,5], 
which can by derived from (A3.6) by omitting the second term in the square brackets 
(2) 


(A3.6) 


and expanding p*”’ into the real and imaginary parts. 

The validity of the approximate expression (A3.6) is attributed by the condition of 
convergence of the series (A3.3). If we additionally postulate that the amplitude of an 
USP is so small that the Rabi frequency is much less than the frequency detuning |6 |, 


then expression (A3.6) can be simplified by expanding it into powers of 90 =4|/6 and 


by retaining only terms of order 0*. In this case we have 


R bog lglg. Ola? Qs. 814 
OY cs aaa (A387 
lS aa [ у 2 в м 259 eo 


Let us consider the reduced wave equation 


—n 


Definitions к, = Аб "› and expression (A3.7) allow to write this equation as 


4 . 04 1 И 1 д 2 3 4 
= + +—K,— +-к . (A3.8 
i a als — 28 Ч". 15 (9 4) 2 sla| q-. (A3.8) 
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If we re-define the variables as 


q(t,C)=u(n,§) exp[ix,C], N=t-k,¢, §=¢, 


then the equation (A3.8) becomes 


“ 1 2 1 д 2 3 4 
eK ee ee +-к A3.9 
Горки ик (uP w+ Ks ии (A3.9) 


Thus we obtain the dispersionless generated non-linear Schrédinger equation that was 
discussed in section 5.2.1. Introduction the real functions a and ф so as и=аехр(1) 


results in 
Chef Sh, (A3.10a) 
% 2° On 
о а (A3.10b) 
0 2 on 2 2 


Equation (A3.10a) as known, describes the shock-wave formation or self-steeping 
phenomenon [6]. Solution of this equation can be written as 


вит. = Fn кет, (A3.11) 


with 


a(n,€=0)= f,(n). 


If the transition frequency of the two-level atoms is approximately equal or 
sufficiently close to double frequency of the carrier wave of the USP, then they say 
about the two-photon resonance transition. In such situation many coherent effects are 
possible, which are analogous to those under one-photon transition [6]. The 
investigation of these effects can also be carried out by using the adiabatic following 
approximation [7-11]. Shock wave formation under two-photon resonance conditions 
investigated in [12] without AFA. 

Bloch equations for two-photon resonance transition (4.4.12b,c) can be written in 
the form 


Pi +3y)p +1847, (A3.12a) 
т 

on i * ‘ 

—= (pg =p 4”), (A3.12b) 
ou 2 
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where 6=(@,,—@,)t,9 iS a normalised frequency detuning. Normalised Stark shift 


5,, =2b|q|? was defined in section 4.4.1. 

The system of equation (A3.12) is completely identical to (A3.1) provided we assign 
q(t,C) аз q°(t,C) and ignore the Stark shift, 1е., |5,,|<<|5|. (This condition is in 
agreement with the assumption of smallness of the Rabi frequencies compared with the 
frequency detuning from the resonance |4’ | <<|6|.) For this reason we can use the 
expressions (A3.6) in order to find the formula for the polarisation of resonance atoms. 
However, if we retain only the terms whose order of smallness is 0°, where 
@=|q° |/5, then the following formulae should be used 


R ioe 2 4 2: 
Ре а а’ аа | 


50 25 
а а oot (A3.13) 
а“ ik (_. 
КЮ Sgr 358 | а } 


The equation, describing the evolution of the envelope of an ultrashort pulse under 
adopted approximation, can be obtained from (4.4.12a) and (A3.13): 


54, 1 
+—«,b = + 
aC ts к, |’ |? q' ок: Га’ дк 19’ Ра' 
om Bs lq" (A3.14) 
И ан d нева 


In the equation (A3.14) coefficients к,,п=1,2,3 is defined as above. The functions 4’ 


is 4’=9(т, 6) exp(—ibR,C). 
If the absorption line is described by the symmetric form-factor, then к, =«, =0 
and the equation (A3.14) can be rewritten as 


=0. (A3.15) 


i 2 
As above, we can consider the real system of equations that leads from (A3.15) 
=0, (A3.16a) 


— bk, a’. (A3.16b) 


а 
OT 
oP + xa? BaF 
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Once again the equation describing the shock wave formation (A3.16a) is found. Thus, 
we are concluded that the principal effect following from AFA condition is the optical 
shock wave formation. 
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RELATION BETWEEN EXACTLY INTEGRABLE MODELS 
IN RESONANCE OPTICS 


The exactly integrable models of resonance optics corresponding to different reso- 
nance conditions are studied as a rule independent of one another. This is perfectly 
natural from the mathematical viewpoint, since both the evolution equations and their 
Lax representations needed to apply the IST method, differ substantially for different 
models. Yet, various optical-resonance theories can be developed in a single manner by 
using a unitary transformation of the total Hamiltonian of the system (see chap. 1). It is 
interesting to consider the relation between the exactly integrable models of optical 
resonance. It should be noted that the gauge equivalence of certain exactly integrable 
theories had been discussed earlier (see sec. 4.5). As to optical-resonance theories, it 
must be emphasised that they cannot be mutually gauge equivalent, since each of them 
is equivalent to a principal chiral field on different groups, for example SL(3) and SU(2) 
for models of propagation of two-frequency USP in double (Fig. А4.1.а) and Raman 
(Fig. A4.1.b) resonance, respectively. 

It is shown in this Appendix that the unitary transformation, just as it connects the 
Hamiltonians of different optical-resonance models, makes it possible to obtain from 
the Lax representation of one exactly integrable theory a Lax representation of another 
theory. The operators of the U-V pair of the IST method serve as the Hamiltonian under 
transformation in the unitary transformation method of Chapter 1. It becomes possible 
to construct new exactly integrable models of nonlinear optics simultaneously with their 
Lax representation. As an example, we consider exactly integrable models of double 
resonance with resonance energy levels that are nondegenerate and degenerate in differ- 
ent orientations of the total angular momentum. This choice is not accidental. One can 
see here quite clearly the role of the unitary transformation that excludes adiabatically, 
when applied to the Hamiltonian of a three-level system, a common level of adjacent 
optically allowed transitions (level Еь Fig. A4.1.a), transforming the system to a Raman 
resonance with an optically forbidden transition. The integrability of polarisation mod- 
els of Raman resonance by the IST has been proved. Our treatment is based on the pa- 
per [1]. 

Section A4.1 describes in detail the use of the proposed method for double reso- 
nance with nondegenerate levels, and repeats the results previously obtained for Raman 
resonance by differential-geometry methods [2,3]. Instead of using the results of Chap- 
ter 1, we develop the unitary transformation method as applied to three-level system 
from the first principles. In the next section the Lax representations of polarisation 
models of Raman resonance with nondegenerate and threefold degenerate energy level 
are obtained. 


632 APPENDIX 4 


A4.1. The unitary-transformation method for three-level system 


We obtain first the equations that describe the propagation of two-frequency USP hav- 
ing an electric field of the form 


B=8e™4+8c™+e0, ©, =0t-kz, j=12 (А4.1.1) 


ша half-space 2 > 0 filled with three-level particles. We start with the classical Max- 
well equations 


Oe ee Cano 3S 
[2 ОЕ" | : Е = ati 


and the quantum-mechanical equation for the density matrix p: 


ine p= [H, - Ed,p] (А4.1.3) 


where Мо and 4 are the Hamiltonian and dipole-moment operator of the three-level par- 
ticle, and P is the polarisation of the medium 


P =Sppd . (A4.1.4) 


Fig.A4.1.1. Energy-level structure for double (a) and Raman (b) 
resonances. 


The density matrix is normalised to the density N of the three-level particles, Spp=N. 
We have left out of (A4.1.3) the relaxation terms by virtue of the short duration of 
the USP. Furthermore, we neglect the inhomogeneous broadening of the spectral lines. 
We assume also that the energy levels E,, E,, and Ес form a A configuration: the transi- 
tions E, > Е, and Е, > E, are optically allowed, Е, > E, is optically forbidden, 


and Е, < Е. < Еь. In the present section we neglect the energy-level degeneracy and the 
USP polarisation. 
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We transform the density matrix using the unitary operator e”* (see sec. 1.1.1): 
р — ep e”. 
The equation for the transformed density matrix р, 


п Б= [Я,Р], (A4.1.3') 


is determined by the Hamiltonian 


ry =i, i, — i, gi, д i 
H=eHe”® —e “Ede” —ihe ae 
t 


which we expand in a usual manner: 
Н=Н,-15$,Н]- %[$.[5,Н- 


Bd +15, Ба] + 4{S,[S,Ed]] +... the® Se", 


The polarisation (A4.1.4) of the medium also takes a similar form 
P= Sp{p(d —-i[S,d]— Z[S,[S,d]] —...)} (А4.1.4') 


We represent 5 and Я by series in powers of the electric field intensity: 


5=59+50+.., H=HO+ HOLA +... (А4.1.5) 
Неге 
A =H, 
H® =-Ed 4S", H)]+h2S”, (А4.1.6) 
Я® = 25°, Ed] 15°, - 15°, Н]+й5-5° 


The succeeding simplifications differ here and depend оп the USP propagation 
conditions. 


For the double resonance 


-1 21 
OO, O,F0,, ®,=(Ё,-Е,)й, 0,=(4,-£,)h , 
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we stipulate that the only nonzero matrix element of the operator H should be the 
following: 


r7(1)_ _< -i®, _ py ()* Г) — _< -i®, _ 7ТО* 
Ны = —&d,,€ = Ни > Нь = —6,d,€ ` = Но ы 


and that the operator H" should be diagonal and contain no oscillating exponentials 
exp(+7® ,). We obtain then from (A4.1.6) 


| С лев а мы 
(1) id, &,e ce: <, е © er 
S., = + + й 
h\@,,-®, @,+@, @,,+0, 
. > i ~ * io ~ * > 
fie. td | Sie". Se" ве" 
S.. = + + . 
h\@,-®, ®,+0@, @,+0, 


We do not present here the expressions for 52), which will not be needed. It is important 
that the 50) and 52) contain no resonant denominators and confirm that the assumptions 


made concerning Я are not contradictory. 
The effective double-resonance operator defined in this manner 


H? =H 41 4 7 
has the matrix elements 
Hy = —54„е °°" = Teer H, = -6,d,,e°"" = ies He: = fy +Е%, 
St ~ |2 ~ |2 St < |2 ~ |2 
E* =|&|T1,(@,)-|d,,] Ио +), Е’ = | П. (© )- 1.6 /h(@ +), 


ce 
d 5 (< „+®,), 


bc 


Es =-6 ГП, (© )- © ГП, (®,)+ 9,5 | /A(,.+ ©) + 


where 


doa i 1 = 
I] = ) =(Е -ЁЕ, 
a(®) — hi ть и. ‚Фе Песь 


a,a' = a,b,c, the quantities Е” are the Stark shifts of the levels, and their terms that do 


not contain the factor IT,, are the Bloch-Siegert shifts. 

The main contribution to the polarisation (A4.1.4') of the medium is made by the 
first term, namely P = Sppd . Transforming (A4.1.2) and (A4.1.3') to slowly changing 
variables and reducing them to dimensionless form, we obtain evolution equations that 
can be written here for convenience in the form 


о, Р-Р (A4.1.7) 


oc 2 Ot 
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This equation contains new independent variables с = 2/с® and т = (1 — z/c)/to and also 


b be ba 0 


-1 0 0 та a 6 5 | 
J=|0 то . R=|r" у т Е= 4: 0 : 
0 01 nn nn = 0 


о _ > —1 ba _ ~ -1 id bo _ ~ -1 id са _~ -1_i(®,-®,) 
г = Ра 3 OS PV eu! a И P,.V e° ‚г = р. № eu! р > 


"NY, 3=(0,- 04) =(@,- © ,.My- 


€=td,6h', ty) =(h/2no|d,, 
With the aim of further analysis of the exactly integrable case, we neglect the Stark 
level shifts in (A4.1.7) and assume that 


2 


(A4.1.8) 


“=o Ч 


© 1250 
In the case of Raman resonance 


—1 
9-°,“ O oy» © „=(Ё,-Е,)й 


we must put H =0 and Я © =Я С) =0, retain in the expressions for H © only the 
terms that do not contain rapidly varying exponentials, and retain in A“ only the term 


proportional to exp[-i(®; - ®2)]. The unitary transformation is then determined by the 
matrix 


~ -i® ~* i®, 
() а, Фе os ©, e/ 
Soo! =~ > + ь 
й jaa ФФ, ФИО, 


and the matrix elements of the effective Raman-resonance Hamiltonian 


H® =f 4A, 
take the form 
HE =-66,TL,,(@ ev =H, HE =E,+ES, 
ES = ВП. (®)+| ВП. (©,), 


п ны | 


where 


Gi O,-+O W,,-@ 


with I1.,(@1)=I1-¢(-@2), and I1,(@) the same as in the case of double resonance. 
The polarisation of the medium in Raman resonance is determined by the second 
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term of (A4.1.4'): 
PSD gD yt COt iy a HP eins 
where D = i[d,S“”] denotes the effective dipole moment, 


dD, 52 VIS H., (= je ° + &/Tl,, (© pert ] =D 


J=1,2 


ca 


Dies > ST, (@ je a ee 


1=Ь2 


The desirable evolution equations are obtained from (A4.1.2) and (A4.1.3') by going 
to slowly varying amplitudes and neglecting the reaction of the waves generated at the 
combined 2 -@2 and |2@1-@2| frequencies. It is important to emphasise that the matrix 
elements H* have turned out to be interrelated by virtue of the restriction of the initial 
particle model to three levels. 

The Hamiltonian H® can also be obtained by a unitary transformation and from H”: 


ea ee 
H® =e *He* —ihe® — еб. (A4.1.9) 

Ot 
As a rule, however, Stark levels are not taken into account when double resonance is 
considered. This leads to an effective Hamiltonian H* and an effective dipole moment 


D with somewhat different parameters: 


H® =-5 6, d,d,,[2h(@ ,-©,)] ехр[-КФ, —®,)]= A”, 


He = E, a) IS А», ; /N(O 4.- © ›), 
He = Е. Sd, | /N(@ „— © ›), 
De = dd,(&,e°” + eer )/h(@ be © 2), 


D,, = id... Se (© „— ® 5) + С.С. 


р = Ч 6,e°" /h(@ hoe (0) 5) + C.C.. 


It is recognised here that by virtue of the Raman-resonance condition we have 
© pq 9 | O,,~O- 

We do not need the evolution equations for Raman resonance, since we obtain their 
Lax representation from the Lax representation of the double-resonance equations 
(A4.1.7). The ensuing restrictions are determined entirely by the relation between the 
parameters of the Hamiltonian H® and by condition (A4.1.8). 

We proceed now to analyse the Lax representation of the double-resonance equa- 
tions. Eqs. (A4.1.7) are the condition for the compatibility of the solutions of a system 
of third-order linear equations 
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д a д e 
= Ug, = Па. А4.1.10 
5-Я q ac! q ( ) 


Here, we write the Lax operators U and V in the form 
U =i(X—8/2)J +iE, V=i(2a)'R. (A4.1.11) 


Recall that the evolution equations (A4.1.7) are obtained from the zero-curvature repre- 
sentation 


OT 0 
06 д 


(the conditions for the compatibility of the solutions of (A4.1.10)) after substituting in 
them (A4.1.11) and equating the expressions for equal powers of the spectral parameter 
Xr. 

We transform the auxiliary equations (A4.1.10) in a manner similar to the one used 
above for eq. (A4.1.3): 


U =e Ue? —e Se, р =e ЗУе® —е ® О (А4.1.12) 
T 


We represent the new Lax operators and the matrix О by series in powers of the field Е 
(just as in Eq. (A4.1.5)): 
0=0° +09... 
0° =. -5/2) 4, (А4.1.13) 


Go = 10°, 90°] +В -г5-0°, 
T 


0 - оо Е-НО® TF] 0%1-;9 00. 
д re at 
Assume that the common level Ёь of the adjacent optically allowed transitions 
Е, > Е, and Е, > Е, is not at resonance with the two-frequency USP, or more accu- 


rately, that the detuning 5 from the resonance is much larger than the spectral width of 
the USP. This allows us to require that the effective operator 
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have the block form 
U'=|0 . .. (А4.1.14) 
0 


То this end we must have 


YO =~ 9) ~99 =0О =9 =0 
11 22 33 23 32 


T T 
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and the principal role is played here, by virtue of the assumption made, by terms result- 
ing from integration by parts: 


0 _ —-&2 (0 _ E> (0 — 51 a _ 51 


о о 8). HOR 6) о 


Defining Об) as the solution of the equation 


510” -6",£]- 19,2 |-i 9 =0, 
2 OT 


we obtain 
U* =i(X -8/2)J + ¥[O,E], 
2. 2 
3/2) ЕЕ: 0 0 
(21-8) 
2 
Cie 0 43/242 вв (ORAS) 
(22 —8) 
2 
0 5 5 0-5). = le 
(21-8) 


As to the operator V we find that, with the accuracy to the first order in the field inclu- 
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sive and with allowance for the evolution equations (A4.1.7), the effective terms 
BaP TAO peo HO 
Г =V-i[Q Vine (A4.1.16) 


also take the block form (A4.1.14). 

We now reduce U* and V° to 2x2 matrices consisting of U* and Г° elements 
with indices 2 and 3. We remove the inessential identical diagonal elements i(A—6/2) 
from U*, and confine the terms of zeroth and first (which equals zero) orders in the 
field in V°. This results in the following Lax operators: 


(a | ев | р - (A4.1.17) 
2-9 Е 25 le,| 2. \r% ра 


which are the Lax representations of the Raman-resonance equations with Hamiltonian 
H" , with account taken of the condition (A4.1.8). This can be easily verified directly. 
In addition, the Lax representation (A4.1.17) coincides with Steudel's result in which 
we put f= 0 and redesignate the spectral parameter. It must also be noted that after de- 
termining (A4.1.17) it is easy to dispense with the restrictions of the model and obtain 
the results of ref. [2] with f #0. 

The above derivation of the Lax representation of the Raman-resonance equations 
seems quite natural if it is noted that the role of the operator U in the double-resonance 
problem is played by H” (after neglecting the Stark shifts of the levels and separating 
the slowly changing variables), while the first equation of (10) is an abbreviated 
Schrodinger equation [4]. The requirement (A4.1.14) has therefore turned out to be per- 
fectly analogous to the assumptions that reduce H? to H® under the transformation 
(A4.1.9). What remains surprising is only the corresponding transformation of the op- 
erator V . It must also be emphasised that direct substitution of the abbreviated combi- 


nation-resonance Hamiltonian H* for the operator U does not make it possible to find 
a Lax representation in analogy with refs. [6,7] according to calculations [5]. 


А4.2. Lax representation of polarisation models of Raman resonance 


Following the proposed method, we discuss now the theory of propagation of arbitrarily 
polarised USP (eq. (A4.1.1)) under Raman-resonance conditions on the basis of the ex- 
actly integrable double-resonance polarisation models. It is shown in ref. 7 that in dou- 
ble resonance of two-frequency USP with energy levels E, ,£;, and Ес. characterised by 
angular momenta J, = Л. =J,— 1 = 0 and J, = Л. = Л + 1 = 1, the evolution equations 
can be integrated by the ISP method and are the conditions for the compatibility of the 
solutions of systems of auxiliary linear equations (A4.1.10) of the fourth and fifth order, 
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respectively, with Lax operators of form (A4.1.11) but with matrices J, Е , and В of 
their own. 


In the case J, = Л. = Лл-1 =0 we have 


0 О = г 8) НИ, И Py Р> 
= a 0 0 1 1 > 1 1 
= diag(-1,-1,1,), Е =- ee | 5,  €, ‚ В= Ц a Ц i Pi P2 | 
в 0 0 ро рог 
(А4.2.1) 
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In the case J, = Л. = Лл-1 =0 we have 


J = diag(-1,1,1,1, 1), 


O° 2A ЕЕ. wo Pp р Р Р 
ec 0 0 0 0 р О TES, ae, Ss 
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(A4.2.2) 
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+1 


Here &; are the dimensionless spherical components of the vector 5, the superscripts 


in the re matrix р label the matrix elements for transitions between energy levels 
whose lower indices indicate Zeeman sublevels with different 4, g' = 0, +1 components 
along the quantisation axis of the corresponding total angular momentum. For a unified 
description of various cases J, = J. = Л-1 = 0 and J, = J. = J, + 1 = 1, the notation is 
somewhat different from that in ref. [8]. 

We transform eqs. (A4.1.10), (A4.1.11) and (A4.2.1), and (A4.2.2) in accordance 
with (A4.1.12) and (A4.1.13) assuming, just as in the preceding section, that the detun- 
ing from the resonance is large enough. We stipulate here that the block form of the ef- 
fective operator U* should be the following: 
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Such a transformation is effected by the matrices 


for J, =J. =Л-1=0 


5 — 81 20) — 81 А — 81 А — at 
= GORSO) «HOR SB) OP GOS 6y SH GO 8) 


0) — ae В 8 5 — 82 Fy) — Er 
ПЕ р. OO TORSO ОО) “В 


the remaining matrix elements are zero. 

As а result of the calculations (A4.1.15) and (A4.1.16) of the effective operators Ц“ 
and V° and their reduction we obtain the following Lax operators that realise a zero- 
curvature representation of the polarisation models of Raman resonance: 


for Jy = Л = 0 


we! Е. г | Ве г] (А4.2.3) 
2-6 |= =, Е, 2), (гу 


for ja = ‹=1 
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The Lax representations (A4.2.3) and (A4.2.4) serve as the basis for the investigation, 
by the ISP method, of the polarisation singularities of the propagation of USP in Raman 
resonance (the corresponding evolution equations are given in the general form in 
sec.1.4.1). Following refs. [9-11], it is easy to find the Darbou transformation and the N- 
soliton equations. 
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